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Abstract
Objectives: The main objective of this article is to introduce 
*-Jordan ideals of a certain class of semirings called MA-semirings 
with involution and to investigate some conditions for which 
the above said ideals contained in the center. Methods and 
findings: We use the Jacobian identities and 2-torsion freeness 
of MA semirings. In this connection, we establish some important 
results of ring theory for the class of MA-semirings. Applications/
improvements: The commutative property is helpful to study the 
theory of semirings with ease therefore we find some conditions to 
impose commutativity in semirings, which are indeed novel idea 
in the field of semirings. Furthermore, these conditions are used in 
a most generalized way that these conditions bring the *-Jordan 
ideals to the center, therefore, it would be the corollary of result that 
semiring is commutative.
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1. Introduction and Preliminaries
In literature, usually a self-inverse antiautomorphism for a given algebraic system is referred 
as involution [1–6]. It is worthy to be noted that the study of semirings with involution was 
also focussed by many authors in di_erent aspects. The notion of semirings was introduced 
by authors in Refs. [7–8] introduced the concept of inverse semirings in 1974. In Ref. [9], 
Javed et al. studied additive inverse semirings satisfying ( ) ( )' ' , ,y x x x x y x y S+ = + ∀ ∈  

( )'.  ,i e x x Z S+ ∈ where the ( )Z S  is the center of S  and 'x  is the pseudo inverse of x , 
and they named such semirings as MA-Semirings. The theory of commutators along with 
derivations and certain additive mappings in MA-Semirings were further investigated 
[10]. The main aim of this study is to generalize some fundamental results of *-prime 
rings proved in Refs. [11–12] and investigate the condition for which the *-Jordan ideal is 
contained in the center of an MA-semiring. 
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Now we include some necessary preliminaries for the sake of completeness. By a 
semiring S, we mean a semiring with absorbing zero ‘0’ in which addition is commutative. 
A semiring S  is said to be additive inverse semiring if for each x S∈  there is a unique 

'x S∈  such that 'x x x x+ + =  and ' ' 'x x x x+ + = . where 'x  is called the pseudo inverse of 
x. An additive inverse semiring S  is said to be an MA-Semiring if ( )' ,x x Z S+ ∈ x S∀ ∈ .  
In fact every ring is MA-semiring while converse may not be true. The following is one 
of the examples of prime MA semiring which is not a ring. Such examples motivate us to 
generalize the results of ring theory in MA-semirings.

Example 1.1. The set { }0,1,2,3,....S =  with addition ⊕ and multiplication 
respectively defined by { },a b sup a b⊕ =  and { },a b inf a b= is an MA-semiring. In fact, S 
is a commutative prime MA-semiring.

Throughout the paper by a semiring S, we mean a proper MA-Semiring unless 
mentioned otherwise. S is prime if 0aSb =  implies that 0  0a or b= = and semiprime if 

0aSa =  implies that 0.a =  S is 2-torsion free if for ,x S∈  2 0x =  implies 0x = . An 
additive mapping *: S → S is an involution if , ,x y S∀ ∈ (x*)* and (xy)* = x*y*. The notion 
of .*-primeness and *.-semiprimeness for inverse semiring is defined in Ref. [13]. An 
inverse semiring S is *-prime if *0aSb a Sb= =  implies 0  0a or b= =  and*-semiprime if 

*0aSa a Sa= =  implies 0.a =
Example 1.2. Let ( ), ,S + ⋅ be an MA-semiring. Then the set S with addition ‘+’ and 

multiplication • defined as .a b b a• =  forms an MA-semiring called the opposite 
MA-semiring of S. We usually denote it as OS . Consider the set OR S S= ×  with addition 
⊕  and multiplication  respectively defined as ( ) ( ) (, , ),a b c d a c b d+⊕ = +  and 

, ,  ( ) ( ) ( ),);   (.a b c d a c b d ac db= • = . Then ( ), ,R ⊕   forms an MA-semiring. Define  
*:R → R by (x,y)* = (y,x). Then *defines an involution on .R  The MA-semiring ( ), ,R ⊕ 

with involution *forms *-prime MA-semiring which is not prime. This example 
shows that a prime MA-semiring is a *-prime MA-semiring but converse is not true 
in general. An additive mapping :d S S→  is a derivation if ( ) ( ) ( ). d xy d x y xd y= +  We 
define the commutator as ,   [ ]x y xy yx= + , ,x y S∀ ∈ . By Jordan product, we mean

, ,x y xy yx x y S= + ∀ ∈ . An additive subsemigroup G  of S is said to be a Jordan ideal if 
, ,x r G x G r R∈ ∀ ∈ ∈  (see [14]). For all , ,x y z S∀ ∈ following identities hold which will 

be frequently used in the sequel:

] [
] [

] [
] [

1 2
' ' '

3 4
' ' '

5 6

7

: , , , ,           : , , ,                
: , , , ,          

( ) [ ] [ ] ( ) [ ] [ ]
( ) [ ] [ ] ( ) ( )
( ) [ ] [ ] ( ) (

 : ,  
: , , , ,              :  )

( ) [ ]
,

(: , ,

I xy z x y z x z y I x xy x x y
I x yz x y z y x z I xy x y xy
I x y x y x y I x y z x y x z
I x y y x y x

= + =

= + = =

= = + = +

+ = +

  

' ') ( ).x x y y= +

First, we introduce the notion of ∗-Jordan ideal for inverse semirings which is the 
generalization of the relevant concept of rings.

Definition 1.3. A Jordan ideal G  is ∗-Jordan ideal of S  if G* = G.
Definition 1.4. An element x S∈  is hermitian if x* = x. and skew hermitian if x* = x'.  

The sets of all hermitian and skew hermitian elements are denoted by H and K, respectively 
and ( )

*
.aS S H K= ∪
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We can easily establish the following lemma.
Lemma 1.5. Let S be a semiring with involution ∗ and :d S S→  be a derivation. Then 

for any ,x y S∈ , we have the following 

( ) ( ) ( ).  i x x
′ ∗∗ ′=

 ( ) ( ) ( )( ).   ii d x d x
′′ =
 ( ). ,  y ][ [ ,  ]iii x y x∗ ∗ ∗=

2. Main Results
Lemma 2.1. Let G  be a nonzero Jordan ideal of a semiring S . Then [ ]2 ,S S G G⊆  and 

[ ]2 , .G S S G⊆
Proof. Let ,r s S∈  and  j G∈ . Then by the definition of Jordan ideal we have
[ ] ( ), , ,   j r s G j r G j r s G∈ ∈ ∈    and ( ) .  j s r G∈  As ,s S′∈  therefore
[ ] ( ) ( ),j r s j r s j s r G+ ′ + ∈     . By using definitions, we have ( )( )j rs s r jr rj s+ ′ + + ′ 

( )js sj r G+ + ∈ . As S  is an MA-semiring, therefore  2js r rsj jsr rsj s rj G′ + + + + ′ ∈ . The use 
of definition of MA-semiring and simplification imply that ( )2   , , ,rs s r j G r s S j G+ ′ ∈ ∀ ∈ ∈  
and hence [ ]2 , , , ,r s j G r s S j G∈ ∀ ∈ ∈ . This proves that [ ] 2 ,S S G G⊆ .

Using the similar arguments, we can show that [ ]2 , .G S S G⊆

Lemma 2.2. Let  be a nonzero ∗-Jordan ideal of a 2-torsion free ∗-prime semiring S.  
If ,a b S∈  such that aGb = a*Gb, then either 0a =  or 0b = . 

Proof. We have 

 aGb = 0 = a*Gb for some ,a b S∈  (1)

Suppose 0a ≠ . In view of lemma 2.1, we have [ ]2 , ,  , ,r s j G r s S j G∈ ∀ ∈ ∈ . As S  is 
2-torsion, from (1) we have for all , ,r s S j G∈ ∈

 [ ],   0a r s jb =  (2)

In (2) replacing s  by sa  we have [ ],   0a r sa jb = . Using above identities and (2) again, 
we get [ ], 0as r a jb = . Using (1), we get 0asa rjb′ = , which implies 0asarjb =  and hence

 0,  ,aSarjb r S j G= ∀ ∈ ∈  (3)

From * 0a Gb = , in the similar fashion, we get

   0a Sarjb∗ =  (4)

As 0a ≠ , using *-Primeness of S , in view of (3) and (4), we obtain

 0arjb =  (5)

In (2), replacing s  by sa*, we obtain , 0,  [ , ,]a r sa jb r s S j G∗ = ∀ ∈ ∈ . Using (1) and 
simplifying we get *   0asa r jb′ =  and hence

 0aSa r jb∗ ′ =  (6)

Again from (1), we can write ,   0,  [ ,] ,a r sa jb r s S j G∗ ∗ = ∀ ∈ ∈ , which further gives

   0a Sa rjb∗ ∗ =  (7)
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Using ∗-primeness of S , in view of (6) and (7), we get

 0a Sjb∗ =  (8)

Using *-primeness of S in (5) and (8), we get

 0Gb =  (9)

As G  is a Jordan ideal, in view of (9), we have ( ) 0j r b =
. Consequently, 0jrb = and 

hence

 0jSb =  (10)

As G is ∗-invariant, therefore

 0j Sb∗ =  (11)

In view of ∗-primeness of S as 0,G ≠  using (10) and (11), we get 0,b =  which completes 
the proof.

Following result is a generalization of Lemma 3 of [5].
Theorem 2.3. Let G  be a nonzero *-Jordan ideal of a 2-torsion free *-prime semiring 

S . If [ ], 0G G = , then [ ], 0S G =  and so ( )G Z S⊆ .
Proof. For all ,x y G∈ , we have

 [ ], 0x y =  (12)

In view of lemma 2.1, replacing [ ] by 2 , ,  , ,x x r s x G r s S∈ ∈  in (12) and since S  is 
2-torsion free, we obtain [ [ ] ] ,  ,  0x r s y = . Using the above identities and (12) again, we 
obtain [ ], ,   0x r s y  =  and hence

 [ ], , 0G r s y  =  (13)

By using the same arguments as of theorem 2.2 equation (9), we get

 [ ] ,  ,  0r s y  =  (14)

Replacing s  by ,  ,sr r s S∈  in (14), we get [ ] , , 0r sr y  = . By using the above identities 
and again using (14), we get

 [ ][ ],  ,  0r s r y =  (15)

Replacing s  by xs in (15) and using (15) again, we get [ ] [ ] , , 0r x s r y =  and hence for all 
, , ,x y G r s S∈ ∈

 [ ] [ ] , , 0r x r yS =  (16)

Since G = G*, therefore, replacing y  by y* in (16), we get

 [ ], , ] 0[r x S r y∗ =  (17)
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For any ( )r Sa S∗∈  (17) becomes

 [ ] [ ] , ,  0r x S r y ∗
=  (18)

By the ∗-primeness of S , using (16) and (18), we obtain

 [ ], 0r x =  (19)

As ( ) ) ,(r r Sa S r S∗∗′ + ∈ ∀ ∈ , simplifying through the above identities and using (19), 
we get

 [ ] [ ], , , ,r x r x x G r S∗= ∀ ∈ ∈  (20)

Replacing r  by r* in (17), we get , , 0,  , , ,[ ]r x S r y x y G r s S∗ ∗ ∗ = ∀ ∈  ∈ . By using (20) 
and Lemma 1.5 (iii), we get

 , , 0r x S r y ∗
      =  (21)

In view of *-Primeness of S , using (16) and (21), we get [ ], 0r x = , therefore, [ ], 0G S =  
and hence ( )G Z S⊆ .

Following result is a generalization of Lemma 4 of [5].
Theorem 2.4. Let G be a nonzero ∗-Jordan ideal of a 2-torsion free ∗-prime semiring S

and d  a derivation of S  satisfying ( ) 0d G = . Then [ ]0  , 0d or G S= = .
Proof. By the hypothesis for any j G∈  we have

 ( ) 0d j =  (22)

As G is *-Jordan ideal for any ,j G r S∈ ∈  we have j r G∈  and therefore 0( )d j r = .
Using (22), we obtain

 ( ) ( ) 0d r j jd r+ =  (23)

In (23) replacing  by ,r rs s S∈  after simplification, we get
( ) ( )( ) ( ) ( )) 0(j d r s rd s d r s rd s j+ + + = .

From (23), using ( ) ( )jd r d r j= ′ , we get ( ) ( ) ( ) ( ) 0d r j s d r sj jrd s rj d s′ + + + ′ =  and 
therefore

 ( )[ ] [ ] ( ), , 0d r s j j r d s+ =  (24)

Replacing  by s g G∈  in (24) and using (22), we get

 ( )[ ], 0d r g j =  (25)

In (25) replacing  by ,r rt t S∈  and again using (25), we get ( ) [ ], 0d r t g j =  and so

 ( ) [ ], 0d r S g j =  (26)
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Since G = G*, from (26) we have

 ( ) , 0d r S g j ∗
  =  (27)

By the *-primeness of S , using (26) and (27), we get that either [ ]0 or , 0d G G= = . As 
d  is nonzero, by Theorem 2.3, [ ], 0G S = , we get ( ).G Z S⊆

Following result is a generalization of Theorem 1 of [5].
Theorem 2.5. Let G be a non-zero *-Jordan ideal and subsemiring of a 2-torsion free 

*-prime semiring S . If d is a nonzero derivation that commutes with ∗ and satisfies either 
( ) ( )( ) ( ) 0d jk d j d k+ ′ =  or ( ) ( )( ) ( ) 0d jk d k d j+ ′ = , then ( ).G Z S⊆
Proof. By the hypothesis ( ) ( )( ) ( ) 0 ,d jk d j d k j k G+ ′ = ∀ ∈  i.e

 ( ) ( ) ( )( ) ( ) 0d j k jd k d j d k+ + ′ =  (28)

In (28) replacing  by ,k kl  we get ( ) ( ) ( )( ) ( ) 0.d j kl jd kl d j d kl+ + ′ =  After simplification 
and using (28) again, we get ( )( )( ) ( ) 0j d j kd l+ ′ =  i.e.

 ( )( )( ) ( ) 0j d j Gd l+ ′ =  (29)

As G = G* and d commutes with *, therefore replacing  by l l∗  in (29), we have

 ( )( )( ) ( )( )  0j d j G d l
∗

+ ′ =  (30)

In view of theorem 2.2, using (29) and (30), we have either ( )( )( ) ( )0 or 0j d j d l+ ′ = = .
Case-I: If ( )( ) 0j d j+ ′ = . As G is subsemiring, therefore replacing  by j jk , we get

( )( ) 0jk d jk+ ′ = . By using ( )( ) 0j d j+ ′ = , we get ( )  j d j= , therefore the last equation 
becomes

 jk  (31)

In (31) replacing  by k r k  where ,r S∈  we get 0( )j r k =
 and using (31) again, we get  

jrk = 0, which implies that

 0jSk =  (32)

Since *G G= , therefore from (32) we have

 0jSk∗ =  (33)

By the *-primeness of ,S  using (32) and (33), we get 0,G =  a contradiction.
Case-II: If ( ) ( )0 i.e  0.d l d G= =  By Theorem 2.4, we have ( )G Z S⊆  since d  is 

nonzero. Secondly, assume that ( ) ( )( ) ( ) 0d jk d k d j+ ′ =  and therefore 

 ( ) ( ) ( )( ) ( ) 0d j k jd k d k d j+ + ′ =  (34)
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In (34) replacing  by j jk , we get ( ) ( ) ( )( ) ( ) 0d jk k jkd k d k d jk+ + ′ = . Simplifying and 
using (34) again, we get

 ( ) ( )( ) ( ) 0jkd k d k jd k+ ′ =  (35)

Replacing  by j lj  in (35), we get

 ( ) ( )( ) ( ) 0ljkd k d k ljd k+ ′ =  (36)

From (35), we have ( ) ( ) ( )jkd k d k jd k= , therefore (36) becomes
( ) ( )( )( ) ( ) 0ld k d k l jd k+ ′ =  or ( ) ( ), 0,d k l jd k   =  which implies that

 ( ) ( ), 0d k l Gd k  =  (37)

Since d and ∗ commute, therefore for any ( )*k G Sa S∈ ∩ , we have

 ( ) ( )( ), 0d k l G d k
∗

   =  (38)

By Lemma 2.2, using (37) and (38), we get either ( ) ( ), 0 or 0d k l d k  = = . For 
any k G∈ , one can easily observe that ( )

*

'  ak k G S S∗ + ∈ ∩ , therefore, we have either
( ) ( )' *' 0 or  , 0d k k d k k l∗  + = + =  . If ( )'  0d k k∗ + = , then ( ) ( )' 0d k d k∗ + =  and 

consequently ( )( ) ( ) d k d k
∗

=  and therefore ( ) ( )
*ad k S S∈ . Therefore, (37) becomes

 ( ) ( )( ), 0d k l G d k
∗

   =  (39)

By lemma 2.2, using (37) and (39), we get either ( ) ( )0 or , 0,  d k d k G k G = ∀= ∈
.Secondly, if '[ ( ) ,   ]  0d k k l∗ + = , then

 ] [ ( )[ ( )  ],  ,d k l d k l∗ =  (40)

In (37) replacing  by k k∗ , we get [ ( ) )] ), 0(d k l Gd k∗ ∗ = . Using (40) in the last equation, 
we get

 ( ) ( )( ), 0d k l G d k
∗

  =   (41)

In view of lemma 2.1, using (37) and (41), we get ( ) ( )0 or , 0d k d k l  = =  and 
therefore ( ) ( )0 or , 0d k d k G  = = . Consider the sets   1  0G k G d k  ∶  and  

  2 , 0 .G k G d k G    ∶ Clearly 1 2G G G= ∪ . We claim that either 1G G=  or 2G G=  and 
for this we can show that either 2 1 1 2 or .G G G G⊆ ⊆  Suppose that 1 2\j G G∈  and 2 1\k G G∈ .  
We have 1 2 1 2  j k G G G G G+ ∈ + ⊆ ∪ = . Therefore either 1 2   or    .j k G j k G+ ∈ + ∈  If 

1  j k G+ ∈ , then ( ) ( ) 0d j d k+ =  and therefore ( ) 0d k =  since ( ) 0d j = , a contradiction. 
If 2  j k G+ ∈ , then ( ) , 0, ,d j k l l G  = ∀ ∈ +  therefore ( ) ( ), , 0, .d j l d k l l G  + = ∀   ∈  But 
since 2k G∈ , therefore ( ) , 0,d j l l G   = ∀ ∈ which implies 2j G∈ , a contradiction. So, we 
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conclude that 2 1 1 2 or .G G G G⊆ ⊆ This means 1G G=  or 2G G= . If 1 ,G G=  then ( ) 0d G =  
and therefore by Theorem 2.4 we have G ⊆ Z(S). If 2G G= , then

 ( ) , 0d j k  =  (42)

In (42) replacing  by j jk , we get ( ) , 0d jk k   and using (42) again, we get

 [ ] ( ), 0j k d k =  (43)

In (43) replacing  by j jl  and using (43) again, we get [ ] ( ), 0l k jd k  and therefore

 [ ] ( ), 0l k Gd k =  (44)

Using similar arguments as above us can write

 [ ] ( )( ),  0l k G d k
∗

=  (45)

Employing Lemma 2.2, (44) and (45) yield either ( ) [ ]0 or , 0, .d k k G k G= = ∀ ∈  Let 
  1 0U k G d k  ∶  and   2 , 0U k G d k G    ∶ . Following the same process as 

performed earlier in this theorem, we get either 1G U=  or 2G U= . Hence we have either 
( ) 0d G = or [ ], 0.G G =  If ( ) 0d G = , then by Theorem 2.4 we obtain 0d =  or ( )G Z S⊆ . If 

[ ], 0G G = , then by Theorem 2.3 we have ( )G Z S⊆ . This completes the theorem.

3. Conclusion
This article introduces the notion of *-Jordan ideals of MA-semirings with involution∗ 
and presents some fundamental results in this regard. We specially focuses on deferent 
conditions satisfied by derivations on the above said ideals of a *-prime MA-semirings 
and extend some results of *-prime rings for the general class of *-prime MA-semirings. 
The concepts presented in this article have a lot of potential for nourishing. Therefore, this 
article is very useful as it invites the researcher’s to explore more for other types of ideals 
and semirings.
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