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Abstract

Objectives: Our aim is to find new families of di graphs that admit
linear incidence edge prime labeling. Methods/statistical analysis:
Here the vertices are assigned with 0,1,...,m—1 and edges with 2g(v)
+ g(u), where u is the initial vertex and v is the terminal vertex and g
is the vertex labeling function. The graph is prime when the greatest
common incidence number of vertices with in degree greater than
one is one. Findings: Here we prove that di graph of corona product
of P, with K, strong shadow graph of path P,,, strong splitting graph
of path P,,, square graph of path P,, tortoise graph of path P,,, graph
obtained by joining the corresponding internal vertices of two copies
of path P, strong Z graph of path P,, admit linear incidence edge
prime labeling. Application/improvements: One can generalize
these results and find some structural properties. These results may
be applied to the transportation problem, chemical graph theory
and decision analysis.
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1. Introduction

Here all di graphs are finite and connected. Each edge of graph G is assigned a direction
from the vertex v to the vertex u iff the vertex label of v is less than the vertex label of u.
Here we label the vertices with the numbers 0,1,...,m—1. The edges are labeled with 2g(v)
+ g(u), where u is the initial vertex and v is the terminal vertex and g is the vertex labeling
function. In [6], we introduced the linear incidence edge prime labeling of di graphs. We
use some results, definitions, and notations from [1-6]. In this paper, we investigate linear
incidence edge prime labeling of some families of path related di graphs.

Definition 1.1 The greatest common incidence number (gecin) of a vertex of in degree
greater than or equal to 2 is the greatest common divisor (gcd) of the labels of the edges
incident on that vertex.
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Definition 1.2 If each edge of a graph has a direction, then that graph is called a di
graph.

Definition 1.3 Number of edges incident on a vertex of a di graph is called the in the
degree of that vertex.

2. Main Results

Definition 2.1 Let G be a graph with m vertices and n edges. Define a relation g: V(G) —
{0,1,2,..., m~1} by g(u)) = j-1, for every j from 1 to m and define a relation g;ep, : E(G)
—> set of natural numbers N by g,*l.e ol (”i”j ) =g (ui ) +2g (uj ) for every direct edge

u;u;. G is a linear incidence edge prime graph if it satisfies the following 3 conditions.

1. gis1-1and onto.
2. gliepl is 1-1.

3. gcin of each vertex of in degree greater than or equal to 2 is one.

Theorem 2.1 Direct graph of P, 6 K, (m > 2) is a linear incidence edge prime graph.

Proof: Let G be the di graph and uy,u,,...,us,, are the vertices of G~
Here [V(G™)| = 3mand |[E(G”)| =4m-1.

Define a relation g: V. — {0,1,2,...,3m-1} by

g(uj) =j-1, j=12,.,3m

It is evident from the definition that g is a 1-1 and onto mapping.

Edge labeling g;epl is defined as:

gl*iepl (u3j72 Us; ) = 9j-7, j=1.2,...m.
gl*iepl (u3j—2 u3j) = 9j-5, j=12,...m.
ot (Ui Us,) = 954, = 1.2,...m.
Gept (U Usy ) = 9j-3, j=1,2,...m-1.

Clearly g;epl is a one-one mapping.

gein of (ug) = ged of { gl*iepl (”3_1‘72 us; ), gl*iepl (ua_H us; )}
= ged of {9j-5, 9j—4}
-1, j=12,...m.

Hence, P, 0 K, is a linear incidence edge prime graph.

Theorem 2.2 Direct strong shadow graph of path P, (m > 2) is a linear incidence edge
prime graph.
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Proof: Let G~ be the di graph and uy,u,,...,u,,, are the vertices of G~

Here [V(G™)| = 2mand |E(G)| = 5m—4.
Define a relationg: V. — {0,1,2,...,2m-1} by

g(w) =j-1, j=12,...,2m

It is evident from the definition that g is a 1-1 and onto mapping.
The edge labeling g, is defined as follows:

gl*iepl (”2/‘—1 Uy;) = 6j—4, j=12,...m.

Gt (1 U 111 = 6-2, = 1.2,..om-1.
Girept (U 1y 111 - 6j-1, = 1,2,..,m-1.
G (1, 15 1,5) = 6j, j=12,...,m-1.
Grept (U 105, = 6j+1, j=12,...,m-1.

Clearly g;epl is an injection.
gein of (uy;,)) = ged of { 8 (u, o101 ligp (u, jUy )}

= gcd of {6j-2, 6j—1}

-1, j=12,..,m-1.
gein of (uy,,) = ged of { flpl (uzjq Uyiin) fzpl (uz_/ Uy in)}
= gcd of {6}, 6j+1}

= 1’ ]: 1,2,...,1‘1’1—1.

Hence S{D,(P,)},is linear incidence edge prime graph.
Theorem 2.3 Direct strong splitting graph of path P, (m > 2), is a linear incidence edge
prime graph.

Proof: Let  be the di graph and uy,u,,...,u,,, are the vertices of G~ .

Here [V(G™)| = 2mand |E(G)| =4m-3.

Define arelation g: V. — {0,1,2,...,2m-1} by

g(w) =j-1, j=12,...,2m.
It is evident from the definition that g is a 1-1 and onto mapping.

The edge labeling g;epl is defined as follows:
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gl*[epl (uy, ;) = 6j-4, j=12,..m

gl*iepl(MZj Uy i) = 6j-1, j=12,...,m-1.
gl*iepl(u2j—1 Uyin) = 6j, j=12,...,m-1.
g;epz(uzj Uyir) = 6j+1, j=12,...m-1.

Clearly g;gpl is a one-one mapping.

gein of (uy,5) = ged of { gl*iepl (”2,‘71 Uyjin)s gl*iepl (u2j Uy}
= gcd of {6, 6j+1}
= 1’ j= 1,2,...,m—1.

Hence S{S, (P,)}, is a linear incidence edge prime graph.

Theorem 2.4 Square graph of path P, is a linear incidence edge prime graph.
Proof: Let G be the di graph and u,,u,,...,u,, are the vertices of G .
Here [V(G™)| = mand [E(G)| =2m-3.

Define a relation g: V. — {0,1,2,...,m—1} by
g(w) =j-1, j=1.2,...,m.

It is evident from the definition that g is a 1-1 and onto mapping.
The edge labeling g, is defined as follows:

gl*iepl(uj Upy) =3j-1, j=12,...,m-1.
G (1 10,) =3j+1, j=1,2,...m-2.
Clearly g;gpl is an injection. . .
gein of (uj;) = ged of { g, (”j U2 )s liepr (uj+1 Uy}
= gcd of {3j+1, 3j+2}
=1, j=1,2,...,m-2.

Hence (P,,)? is a linear incidence edge prime graph.
Theorem 2.5 Tortoise graph of path P, (m > 3) is a linear incidence edge prime graph.
Proof: Let G~ be the di graph and u,,u,,...,u,, are the vertices of G .
Here [V(G™)| = mand [E(G™)| = 3m=3 :
Define a relationg: V. — {0,1,2,...,m-1} b%r
g(w) =j-1, i=12,....m.

It is evident from the definition that g is a 1-1 onto mapping.

The edge labeling g;epl is defined as follows:
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* . . m_l . .
Zliepl (“2j-1 Uy, ) = 6j—4, i=12,..., S if m is odd.
. m-2
i=12,..., ,if m is even.
2
Gliep! (uzj_1 Uy = 6j-2, i=12,..., S if m is odd.
. m-=2
i=12,..., , if m is even.
* m-—3
8liept (uy; ty;,5) = 6j+1, j=12,..., 5 if m is odd.
. m-2
i=12,..., 5 ,if m is even.

3m—4.

*
gliepl (um—l um )

*
Clearly g, is one-one.

% *
ged of { gy, (u2j U2 )> liepr (“2j+1 Uy )}

gein of (uy;,,)

= gcd of {6j+1, 6j+2}
: m-=3 .
=1, i=12,..., ,if m is odd.
2
m—4
i=12,..., ,if m is even.

gein of (u,) ged of { g;ep, (u, ,u,) g;ep, (u, u,)}

gcd of {3m-5, 3m—4}

=1
Hence Tot(P,) is a linear incidence edge prime graph.

Theorem 2.6 Let G is the graph obtained by joining the corresponding internal vertices
of two copies of path P, (m > 3) by edges. Di graph of G is a linear incidence edge prime
graph.

Proof: Let G~ be the di graph and u,u,,...,u,,, are the vertices of G”.
Here [V(G™)| = 2mand |E(G™)| =3m-4.
Define a relation g: V — {1,2,...,2m-1} by

g(uj) =j-1, j=12,...,2m.

It is evident from the definition that g is a 1-1, onto mapping.
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The edge labeling gy, is defined as follows:

Giiept (U Uy 1) = 6j-2, j=12,...,m-1.
gliepl(qu Uy )= 6j+1, j=12,....m-1.
Griept (U1 Uy 1) = 6j+2, j=12,...,m-2.

Clearly g;ep, is a one-one mapping.

* *
ged of { gy, (u2j Uy ii2)> liepr (“2j+1 Uy )}

= gcd of {6j+1, 6j+2}

gein of (uy;,,)

=1, i=12,.,n-2.
Hence G is a linear incidence edge prime graph.

Theorem 2.7 Direct strong Z-graph of path P, (m > 2) is a linear incidence edge prime
graph.
Proof: Let G be the di graph and u,,u,,...,u,,, are the vertices of G .
Here [V(G™)| = 2mand |E(G™)| =4m-3.
Define a relation g:V — {0,1,2,...,2m—1} by
g(w) =j-1, j=12,...,2m.

It is evident from the definition that g is a 1-1, onto mapping.
The edge labeling g, is defined as follows:

Sliept (”2171 Uy;) = 6j—4, ji=12,...,m.
Giiept (U Uy 1) = 6j-2, i=12,...,m-1.
Giep (U U 111) = 6j-1 j=12,...,m-1.

Giiept (U Uy ;15) 6j+1 j=12,...m-1.

Clearly g;epl is one — one mapping.

gein of (uyj,) = ged of { gy, (uzjq Uy i1)> Eliep (u2j Uy )}

ged of {6j-2, 6j—1}

= ]_’ j= 1,2,...,m—1.

* *
ged of { g (uzj Uy is2)> Sliepr (”2j+1 Uy )}

= gcd of {6j+1, 6j+2}
1, j=12,...,m-1.

gcin of (Uzj42)
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Hence, S{Z(P,)} is a linear incidence edge prime (Figures 1-6).

V1 vy

(2]
4

11 13

2 Vi Vs Vg vy Vo

FIGURE 1. Linearincidence edge prime labeling of P3 0 K2.

FIGURE 2. Linearincidence edge prime labeling of S{D2(P4)}.

V7

3 ()
V7 V4 Vg VE

FIGURE 3. Linearincidence edge prime labeling of S{S, (P4)}.

4 o 7 o 14
V1 V2 Vi V4 Vs

FIGURE 4. Linearincidence edge prime labeling of (P5)2.
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2

V1 Vi Vs V4 vy

4 14 {2 11 I )

FIGURE 5. Linearincidence edge prime labeling of Tot(P5).

Va2 V4 Vg Vg

FIGURE 6. Linearincidence edge prime labeling of S{Z(P4)}.

3. Conclusion

Here we established the fact that certain classes of path related di graphs are linear
incidence edge prime graphs. Other researchers can find more graphs that admit linear
incidence edge prime labeling.
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