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Abstract
Objectives: Our aim is to find new families of di graphs that admit 
linear incidence edge prime labeling. Methods/statistical analysis: 
Here the vertices are assigned with 0,1,…,m−1 and edges with 2g(v) 
+ g(u), where u is the initial vertex and v is the terminal vertex and g 
is the vertex labeling function. The graph is prime when the greatest 
common incidence number of vertices with in degree greater than 
one is one. Findings: Here we prove that di graph of corona product 
of Pn with K2, strong shadow graph of path Pn, strong splitting graph 
of path Pn, square graph of path Pn, tortoise graph of path Pn, graph 
obtained by joining the corresponding internal vertices of two copies 
of path Pn, strong Z graph of path Pn admit linear incidence edge 
prime labeling. Application/improvements: One can generalize 
these results and find some structural properties. These results may 
be applied to the transportation problem, chemical graph theory 
and decision analysis.

Keywords: Linear, Incidence, Prime Labeling, Strong Z Graph of 
Path Pn, Strong Shadow Graph of Path Pn, Strong Splitting Graph of 
Path Pn.

1.  Introduction
Here all di graphs are finite and connected. Each edge of graph G is assigned a direction 
from the vertex v to the vertex u iff the vertex label of v is less than the vertex label of u. 
Here we label the vertices with the numbers 0,1,…,m−1. The edges are labeled with 2g(v) 
+ g(u), where u is the initial vertex and v is the terminal vertex and g is the vertex labeling 
function. In [6], we introduced the linear incidence edge prime labeling of di graphs. We 
use some results, definitions, and notations from [1–6]. In this paper, we investigate linear 
incidence edge prime labeling of some families of path related di graphs. 

Definition 1.1 The greatest common incidence number (gcin) of a vertex of in degree 
greater than or equal to 2 is the greatest common divisor (gcd) of the labels of the edges 
incident on that vertex.
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Definition 1.2 If each edge of a graph has a direction, then that graph is called a di 
graph.

Definition 1.3 Number of edges incident on a vertex of a di graph is called the in the 
degree of that vertex.

2.  Main Results 
Definition 2.1 Let G be a graph with m vertices and n edges. Define a relation g: V(G) →  

{0,1,2,…, m−1} by g(uj) = j−1, for every j from 1 to m and define a relation *
lieplg  : E(G) 

→  set of natural numbers N by ( )*
liepl i jg u u  = ( ) ( )2+i jg u g u   for every direct edge 

uiuj. G is a linear incidence edge prime graph if it satisfies the following 3 conditions.

1.	 g is 1−1 and onto.
2.	

*
lieplg   is 1−1.

3.	 gcin  of each vertex of in degree greater than or equal to 2 is one.

Theorem 2.1 Direct graph of Pm θ K2 (m > 2) is a linear incidence edge prime graph.

Proof: Let →G  be the di graph and u1,u2,…,u3m  are the vertices of →G
Here |V( →G )|   =  3m and  |E( →G )|  = 4m−1.

Define a relation g : V →  {0,1,2,…,3m−1} by 

g(uj) = j−1 ,	  j = 1,2,…,3m

It is evident from the definition that g is a 1−1 and onto mapping.

Edge labeling *
lieplg  is defined as:

	 *
3 2 3 1(  − −liepl j jg u u )	 =  9j−7,		   j = 1,2,…,m.

	 *
3 2 3(  −liepl j jg u u )		 =  9j−5,		   j = 1,2,…,m.

	 *
3 1 3(  −liepl i ig u u )		  =  9j−4,		   j = 1,2,…,m.

	 *
3 2 3 1(  − +liepl i ig u u )	 =  9j−3,		   j = 1,2,…,m−1.

Clearly *
lieplg  is a one–one mapping.

	 gcin of (u3j)		  =  gcd of { *
3 2 3(  −liepl j jg u u ), *

3 1 3(  −liepl j jg u u )}

				    =  gcd of {9j−5, 9j−4} 
				    =  1,		   j = 1,2,…,m.
Hence, Pm θ K2 is a linear incidence edge prime graph.

Theorem 2.2 Direct strong shadow graph of path Pm (m > 2) is a linear incidence edge 
prime graph. 
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Proof: Let →G  be the di graph and u1,u2,…,u2m  are the vertices of →G

Here |V( →G )|   =  2m and  |E( →G )|  = 5m−4.

Define a relation g : V →  {0,1,2,…,2m−1} by 

	 g(uj) 		  = j−1 , 		  j = 1,2,…,2m

It is evident from the definition that g is a 1−1 and onto mapping.
The edge labeling *

lieplg  is defined as follows:

	 *
2 1 2(  −liepl j jg u u )		 =  6j−4,			   j = 1,2,…,m.

	 *
2 1 2 1(  − +liepl j jg u u )	 =  6j−2,			   j = 1,2,…,m−1.

	 *
2 2 1(  +liepl j jg u u )		 =  6j−1,			   j = 1,2,…,m−1.

	 *
2 1 2 2(  − +liepl j jg u u )	 =  6j,			   j = 1,2,…,m−1.

	 *
2 2 2(  +liepl j jg u u )		 =  6j+1,			   j = 1,2,…,m−1.

Clearly *
lieplg  is an injection.

	 gcin of (u2i+1)		  =  gcd of { *
2 1 2 1(  − +liepl j jg u u ), *

2 2 1(  +liepl j jg u u )}

				    =  gcd of {6j−2, 6j−1}	

				    =  1,			   j = 1,2,…,m−1.

	 gcin of (u2i+2)		  =  gcd of { *
2 1 2 2(  − +lpl j jf u u ), *

2 2 2(  +lpl j jf u u )}

				    =  gcd of {6j, 6j+1}	

				    =  1,			   j = 1,2,…,m−1.

Hence S{D2(Pn)},is   linear  incidence edge prime graph.

Theorem 2.3 Direct strong splitting graph of path Pm (m > 2), is a linear incidence edge 
prime graph. 

Proof: Let →  be the di graph and u1,u2,…,u2m are the vertices of →G .

Here |V( →G )|   =  2m and  |E( →G )|  = 4m−3.

Define a relation g : V →  {0,1,2,…,2m−1} by 

	 g(uj)			    = j−1 , 		  j = 1,2,…,2m.

It is evident from the definition that g is a 1−1 and onto mapping.

The edge labeling *
lieplg  is defined as follows:
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	 *
2 1 2(  −liepl j jg u u )		 =  6j−4,		   j = 1,2,…,m.

	 *
2 2 1(  +liepl j jg u u )		 =  6j−1,		   j = 1,2,…,m−1.

	 *
2 1 2 2(  − +liepl j jg u u )	 =  6j,		   j = 1,2,…,m−1.

	 *
2 2 2(  +liepl j jg u u )		 =  6j+1,		   j = 1,2,…,m−1.

Clearly *
lieplg  is a one–one mapping.

	 gcin of (u2j+2)		  =  gcd of { *
2 1 2 2(  − +liepl j jg u u ), *

2 2 2(  +liepl j jg u u )}

				    =  gcd of {6j, 6j+1}	
					     =  1,			    j = 1,2,…,m−1.
Hence S{S, (Pn)}, is a linear incidence edge prime graph.

Theorem 2.4 Square graph of path Pm is a linear incidence edge prime graph. 

Proof: Let →G  be the di graph and u1,u2,…,um are the vertices of →G .

Here |V( →G )|   =  m and  |E( →G )|  = 2m−3.

Define a relation g : V →  {0,1,2,…,m−1} by 

	 g(uj) 			   = j−1 , 			    j = 1,2,…,m.

It is evident from the definition that g is a 1−1 and onto mapping.
The edge labeling *

lieplg  is defined as follows:

	 *
1(  +liepl j jg u u )		  = 3j−1,			    j = 1,2,…,m−1.

	 *
2(  +liepl j jg u u )		  = 3j+1,			    j = 1,2,…,m−2.

Clearly *
lieplg  is an injection.

gcin of (uj+2)			   = gcd of { *
2(  +liepl j jg u u ), *

1 2(  + +liepl j jg u u )}

				    = gcd of {3j+1, 3j+2}	

				    = 1,			    j = 1,2,…,m−2.
Hence (Pm)2, is a linear  incidence edge prime graph.

Theorem 2.5 Tortoise graph of path Pm (m > 3) is a linear incidence edge prime graph. 

Proof: Let →G  be the di graph and u1,u2,…,um are the vertices of →G .

Here |V( →G )|   =  m and  |E( →G )|  = 
3 3

2
−m

.

Define a relation g : V →  {0,1,2,…,m−1} by 

	 g(uj) 			   = j−1 , 				    i = 1,2,…,m.

It is evident from the definition that g is a 1−1 onto mapping.

The edge labeling *
lieplg is defined as follows:
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	 *
2 1 2(  −liepl j jg u u )		 =  6j−4,		   j = 1,2,…,

1
2
−m

 , if m is odd.

						       j = 1,2,…,
2

2
−m

 , if m is even.

	 *
2 1 2 1(  − +liepl j jg u u )	 =  6j−2,		   j = 1,2,…,

1
2
−m

 , if m is odd.

						       j = 1,2,…,
2

2
−m

 , if m is even.

	 *
2 2 2(  +liepl i ig u u )		  =  6j+1,		   j = 1,2,…,

3
2
−m

 , if m is odd.

					      	 j = 1,2,…,
2

2
−m

 , if m is even.

	 *
1(  −liepl m mg u u )		  = 3m−4.

Clearly *
lieplg  is one–one.

	 gcin of (u2j+2)		  =  gcd of { *
2 2 2(  +liepl j jg u u ), *

2 1 2 2(  + +liepl j jg u u )}

				    =  gcd of {6j+1, 6j+2}	

				    =  1,		  j = 1,2,…,
3

2
−m

 , if m is odd.

						      i = 1,2,…,
4

2
−m

 , if m is even.

	 gcin of (un)		  =  gcd of { *
2(  −liepl m mg u u ), *

1(  −liepl m mg u u )}

				    =  gcd  of {3m−5, 3m−4} 

				    = 1.
Hence Tot(Pn) is a linear incidence edge prime graph.

Theorem 2.6 Let G is the graph obtained by joining the corresponding internal vertices 
of two copies of path Pm (m > 3) by edges. Di graph of G is a linear incidence edge prime 
graph.

Proof: Let →G  be the di graph and u1,u2,…,u2m are the vertices of →G .

Here |V( →G )|   =  2m and  |E( →G )|  = 3m−4.

Define a relation g : V →  {1,2,…,2m−1} by 

	 g(uj) 			   = j−1 ,			    j = 1,2,…,2m.

It is evident from the definition that g is a 1−1, onto mapping.
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The edge labeling *
lieplg is defined as follows:

	 *
2 1 2 1(  − +liepl j jg u u )	 =  6j−2,			    j = 1,2,…,m−1.

	 *
2 2 2(  +liepl j jg u u )	=  6j+1,				     j = 1,2,…,m−1.

	 *
2 1 2 2(  + +liepl j jg u u )	 =  6j+2,			    j = 1,2,…,m−2.

Clearly *
lieplg  is a one–one mapping.

	 gcin of (u2j+2)		  =  gcd of { *
2 2 2(  +liepl j jg u u ), *

2 1 2 2(  + +liepl j jg u u )}

				    =  gcd of {6j+1, 6j+2}	

				    =  1,			    i = 1,2,…,n−2.
Hence G is a linear incidence edge prime graph.

Theorem 2.7 Direct strong Z-graph of path Pm (m > 2) is a linear incidence edge prime 
graph. 

Proof: Let →G  be the di graph and u1,u2,…,u2m are the vertices of →G .

Here |V( →G )|   =  2m and  |E( →G )|  = 4m−3.

Define a relation  g : V →  {0,1,2,…,2m−1} by 

	 g(uj) 			   = j−1 , 			   j = 1,2,…,2m.

It is evident from the definition that g is a 1−1, onto mapping.
The edge labeling *

lieplg  is defined as follows:

	 *
2 1 2(  −liepl j jg u u )		 =  6j−4,			   j = 1,2,…,m.

	 *
2 1 2 1(  − +liepl j jg u u )	 =  6j−2,			   j = 1,2,…,m−1.

	 *
2 2 1(  +liepl j jg u u )		 =  6j−1			   j = 1,2,…,m−1.

	 *
2 2 2(  +liepl j jg u u )		 =  6j+1			   j = 1,2,…,m−1.

Clearly *
lieplg  is one – one mapping.

	 gcin of (u2j+1)		  =  gcd of { *
2 1 2 1(  − +liepl j jg u u ), *

2 2 1(  +liepl j jg u u )}

				    =  gcd of {6j−2, 6j−1}	

				    =  1,			    j = 1,2,…,m−1.

	 gcin of (u2j+2)		  =  gcd of { *
2 2 2(  +liepl j jg u u ), *

2 1 2 2(  + +liepl j jg u u )}

				    =  gcd of {6j+1, 6j+2}	
				    =  1,			    j = 1,2,…,m−1.
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Hence, S{Z(Pn)} is a linear incidence edge prime (Figures 1–6).

FIGURE 1.  Linear incidence edge prime labeling of P3 θ K2.

FIGURE 2.  Linear incidence edge prime labeling of S{D2(P4)}.

FIGURE 3.  Linear incidence edge prime labeling of S{S, (P4)}.

FIGURE 4.  Linear incidence edge prime labeling of (P5)2.
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FIGURE 5.  Linear incidence edge prime labeling of  Tot(P5).

FIGURE 6.  Linear incidence edge prime labeling of S{Z(P4)}.

3.  Conclusion
Here we established the fact that certain classes of path related di graphs are linear 
incidence edge prime graphs. Other researchers can find more graphs that admit linear 
incidence edge prime labeling.
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