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Abstract

Objectives: Classical stratified allocation rules optimize statistical precision
without regard to per-unit sampling costs. This study inverts that optimization
problem to recover a closed-form, per-unit cost structure implied by any
fixed-budget allocation, establishing a reverse diagnostic framework for survey
auditing. Method: The Lagrangian solution to cost-constrained Neyman
allocation was inverted to yield a general inverse-cost expression, with equal,
proportional, and Neyman weights substituted to produce rule-specific closed-
form formulas. The framework was validated through four tiers: algebraic
derivation, a five-stratum provincial illustration, a 5,000-replication Monte
Carlo simulation, and an empirical post-hoc audit of a published survey
(HILDA Wave 18, L = 5 strata). Findings: Each allocation rule implied a
distinct, non-cost-neutral cost structure. Equal allocation produced a uniform
implied cost of 11,549.25 across all strata regardless of population size
or variability, while proportional and Neyman-weighted allocations produced
implied costs ranging from ?657.52 to #75,870.99 depending on stratum size
and variability. Monte Carlo results based on 5,000 replications showed mean
absolute rounding error ranging from 0.83 percent under equal allocation to
2.90 percent under Neyman allocation by standard deviation, with individual-
stratum errors as high as 85.88 percent and error escalating from 1.45
percent to 12.22 percent as the number of strata increased from three to
twenty. In the empirical audit, the framework’s recovered implied cost diverged
from the originally reported cost by more than 500 percent in four of five
strata, compared with a stepwise versus full-precision computational gap
of no more than approximately 3 percent in the same allocation. Under
the cost-only reading of the allocation, this indicates that the divergence
reflects the structure of the allocation rule rather than a rounding artifact.
Novelty: This study introduces the first inverse-cost diagnostic framework
for stratified sampling, converting conventional allocation rules, previously
treated as statistically neutral defaults, into falsifiable, auditable per-unit
cost assumptions, and demonstrates its use as a post-hoc auditing tool for
allocations already in the field.
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1 Introduction

Stratified random sampling requires both a total sample size and its allocation across strata, and cost-constrained allocation
continues to receive active attention in the survey methodology literature. Recent work has extended optimal allocation to
box-constrained sample sizes through a recursive Neyman algorithm ("), jointly determined strata boundaries and sample sizes
under a total cost constraint through dynamic programming®), formulated multivariate compromise allocation as a chance-
constrained program that minimizes cost and variance simultaneously®), and proposed compromise allocation techniques that
explicitly control measurement cost across multi-character surveys®. A parallel and rapidly growing line of work has derived
mean estimators that trade estimation accuracy against assumed sampling costs: recent studies have proposed a linear-cost
estimator for the population mean under stratified sampling ), a related estimator that explicitly balances estimation accuracy
against cost®, and a family of generalized exponential estimators optimized jointly for cost and precision through integer
programming and Lagrangian methods ?). The same estimator-focused line has continued to expand into closely related survey
settings, extending cost- and auxiliary-informed stratified estimation to time-scaled surveys using dual auxiliary variables®
and, most recently, to memory-based exponential-cum-product estimation with agricultural survey applications®, alongside
non-linear and more broadly budget-constrained estimation variants (10) 1) Elsewhere, per-unit stratum costs have been used
to construct optimum strata boundaries ®, optimization algorithms for multivariate allocation under auxiliary variables have
been compared !?, linear inequality constraints have been enforced on balanced integer allocation !, and computational
stratification methods have been empirically benchmarked against real household and early childhood education survey
data¥,

Across this literature, three limitations recur. First, per-unit cost is consistently supplied as a known, exogenous input rather
than as a quantity that can be checked against an allocation already chosen, since no study offers a means of recovering cost
assumptions after the fact, a gap that persists even in the most recent estimator- and allocation-focused work 7,11, (13 Second,
where classical allocation rules such as equal, proportional, or Neyman allocation are used at all, they are treated as statistically
motivated defaults rather than as choices that encode an implicit, testable claim about cost. Third, empirical validation, where
present, evaluates estimator or algorithm performance directly, rather than auditing whether an already fielded survey’s
allocation was consistent with its real per-unit costs.

This study addresses all three gaps by reversing the conventional allocation to cost relationship. Inverting the Lagrangian
solution to cost-constrained Neyman allocation yields a general, closed-form expression for the implied per-unit stratum cost
consistent with any allocation rule and a fixed budget, requiring no externally supplied cost input. Substituting the equal,
proportional, and Neyman weights into this general form demonstrates that each classical rule encodes a distinct, testable cost
assumption rather than a cost-neutral default, a distinction further sharpened by showing that conventional stepwise rounding
of intermediate sample sizes distorts these implied costs unevenly across strata, thereby motivating full-precision computation
as part of the diagnostic itself. The framework is then applied to both a simulated illustration and a published, real-world
allocation, demonstrating its use as a post-hoc auditing tool for completed surveys, a capability unavailable to the forward-only
approaches described above.

2 Methodology

2.1 Derivation of Cost-optimal Allocation

Cochran’s formula provides an initial estimate of the required sample size, N, o1, 0 n> Dased on desired precision and estimated
variance. Cochran’s formula '®),(19 for population variance:

22/2 0,2
Ncochran| o2 = (1672 ey
For Cochran’s !> formula for population proportion (p):
Z313p(1—p) (2)
2

NCochran | p

When the population size Nis known and finite, N, opran 1S Usually rounded up and refined using the finite population
correction (FPC) (19);

_ NCochran _ NnCoch'r'an
n
Coch FPC — -
oehran 1+ Ncochran — 1 N+nCoch7“a'rL —1 (3)
N
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Once Nepepran o 1S obtained, it must be allocated across strata with ceiling-rounded sample sizes. Three allocation
schemes are commonly used in practice: equal allocation, proportional allocation, and Neyman allocation, expressed as
Ny, = Wh  Nooehran b o> Where the allocation weight w;, takes the form:

1
% (equal)
w,, = N]\g (proportional) (4)
Lhih (Neyman)
Zi: 1 Ni Sz

Let W), = JX} , The variance of the stratified mean estimator 1>),(19),(17) i5 given by:

L
WZ2S?
Var(g,,) = M (5)
Th
Assuming a linear total cost function:
C:CO+ZhChnh (6)

where ¢, is fixed overhead cost and c;,is the marginal cost per sampled unit in stratum h, minimizes Var(Y,,,..+: fiea) for
fixed C'is derived below:

The total cost function (Eq. 6) assumes a linear relationship between sample size and cost within each stratum, with a constant
marginal cost c;, per sampled unit. This is the standard assumption in the cost-constrained allocation literature '®, 1), (19 and is
retained here for tractability, since it permits the closed-form inversion central to this study’s contribution. In practice, per-unit
costs may exhibit economies of scale or diseconomies arising from travel and logistics in geographically dispersed strata. The
implied-cost expressions should therefore be interpreted as the linear-equivalent per-unit cost consistent with a given allocation,
rather than as a claim that true marginal costs are constant within each stratum.

To continue, using a Lagrange multiplier A:

L=, Wh+>\<2chnh ) (7)

Setting aaTL} = 0 and solving yields the cost-optimal allocation !®),(18) (19);

NiSn
N, S Ch
Ny, X \;‘qha Ny =NcochranFPC® LL]\/"LSZ (8)
=1 \/a
Nh Ph<1_Ph)
N, /P, (1—P ¢
np X h h( h)7 Nh =NCcochranFPC" \/7 (9)
NGs L NiyP(A-P)

Zi:l \/a

L (10)

Np X Nh/\ﬁha Np =NCcochranFPC "’
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2.2 Derivation of Cost-constrained optimal allocation.

While the literature ©, 1D, (13 addresses only the derivation and application of the optimal n;, from known c;,, this study derives
the inverse of this approach by determining the per-unit cost ¢;, consistent with a given allocation n;, under a fixed budget C.
Deriving the inverse cost from that condition:

. (C—cy)N?S3
h— " an2Q2
L N; S (11)
hzz 1

n;

Writing n;, = Wy, Ncochran Fpc for general weight wy,, the implied cost formula was generalized to:
_ (C—co) NS,

Cp =
h L N2S? (12)
nCochranFPth Z,L 1

n;

2.3 Multi-Method Validation Approach

To establish methodological rigor, ensure reproducibility, and address empirical validation requirements, the proposed cost-
constrained optimal allocation was evaluated through a four-tiered validation design. All computations were implemented in
the Python programming language ** and performed the numerical operations using NumPy ! for array-based computation
and pseudorandom number generation. This approach integrates algebraic derivations, a synthetic baseline scenario, a Monte
Carlo simulation study, and empirical testing on real-world survey data.

2.3.1. Algebraic validation

Each rule-specific inverse-cost formula (Eqs 13-18) was analytically derived by substituting rule-specific allocation weights
(wy,) into the general inverse-cost expression (Equation 12). Deductive internal consistency was confirmed by verifying that
every rule-specific equation collapses back to the cost-constrained Neyman optimality condition. Furthermore, an algebraic
convergence proof was established to demonstrate that Neyman allocation for proportions under maximum variance (P, =0.5)
reduces directly to the proportional allocation cost structure.

2.3.2. Synthetic Baseline lllustration

Since ¢;, is usually used in optimal allocation in stratified sampling, there is a limited open-access data to be used for comparison.
It is understandable since C, ¢, and ¢,;, are naturally confidential and need internal access to be used in comparative
benchmarks. Despite of lack of open-access cost parameters in a survey, this study used a synthetic 5-stratum survey scenario
to demonstrate the computational mechanics under controlled population parameters (N,,, S;,, P}, ). This scenario established
calculation of differences per cost comparing classical stepwise-rounded sample allocations (Eqgs. 1-4) against the derived cost-
inversion formulas across equal, proportional, and optimal allocation.

2.3.3. Extensive Monte Carlo Sensitivity Analysis
After showing a single synthetic case, the study extended its potential reproducibility when non-cost parameters were simulated,
using different values. Specifically, an extensive Monte Carlo simulation study has set using 5,000 independent replications.
For each replication, L strata were generated with population sizes IN;, drawn uniformly from 500 to 10,000, expenditure
standard deviations S}, drawn uniformly from 20,000 to P 300,000, and access proportions P, drawn uniformly from 0.05
to 0.95. Cochran’s parameters were fixed at Z = 1.96, e = 0.05, and p = 0.5, the conservative default used when no prior
variance estimate is available. The budget parameters C' and ¢, were held at the values used in Section 3.3 (C' = 5,000,000;
¢o = 500,000) so that results remain comparable to the illustrative example. For each replication, n; and the corresponding
implied cost c;, were computed twice under each allocation rule, equal, proportional, Neyman by .S}, , and Neyman by P}, : once
via the classical stepwise path with ceiling-rounding applied at n¢, .5, ran> at the FPC stage, and at each stratum allocation,
and once via the direct full-precision cost-inversion formula. The relative error of the classical value against the full-precision
value was recorded for every stratum in every replication.

The primary configuration used L = 5 strata with 5,000 replications. A secondary set of runs varied L from 3 to 20 strata,
with 2,000 replications each, to test whether distortion scales with the number of strata in a design. Framework accuracy
and rounding distortions were evaluated using four explicit quantitative performance metrics pooled across all strata and
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replications: mean absolute relative error (MAE(%)), median relative error (Median(%)), standard deviation of relative error
(SD(%)), and maximum relative error (Max(%)). Comparative benchmarking was performed by computing sample sizes and
implied costs twice for every replication, once through the classical stepwise rounded path applying ceiling rounding at the
Cochran, finite population correction (Eqs. 1-4), and per stratum allocation stages, and once via the direct full precision cost
inversion formula. This directly quantifies the error that rounding induces.

To support reproducibility, all Monte Carlo replications were generated using a fixed random seed for the NumPy
pseudorandom number generator ?Y. To examine how rounding-induced error changes with the design, the mean relative
error of each allocation rule was computed for L = 3, 5, 8, 12, and 20 strata, each based on 2,000 replications, and is reported in
Table 8. This addresses the concern that a single maximum value drawn from one simulation run may not reliably characterize
the tail behavior of the error distribution, particularly for allocation rules whose weights compound stratum-level variability.

2.3.4. Post-hoc Diagnostic Audit

The post-hoc diagnostic audit evaluates how an externally published survey allocation aligns with its implied cost assumptions.
The procedure begins by extracting stratum parameters from Wave 18 of the Household, Income and Labour Dynamics in
Australia (HILDA) Survey®). Specifically, this study used the five stratum sizes, reported optimal sample sizes, and assumed
per-unit costs Since the stratum-level standard deviations were not reported in the source publication, empirical allocation
weights are derived directly from the reported sample distributions. These allocation weights and population sizes are then
substituted into the general, rule-agnostic inverse-cost formula under a fixed budget constraint to reverse-derive the exact per-
unit stratum costs mathematically required for the reported allocation to be cost-optimal.

To evaluate performance and isolate error sources, the methodology executes a dual comparative benchmark. Implied
costs computed via stepwise-rounded sample sizes are first compared against direct full-precision floating-point calculations,
establishing that computational rounding accounts for less than three percent error across all strata. Recovered implied costs are
then benchmarked directly against the per-unit costs originally reported in the source study. By ruling out numerical rounding
as a primary error source, the process demonstrates that the observed divergence exceeding five hundred percent stems from a
structural mismatch between rule assumptions and field parameters, validating the framework as a functional diagnostic tool
for post-hoc survey auditing.

3 Results and Discussion

3.1 Closed-Form Cost-Inversion Formulas by Allocation Rule

Substituting each classical allocation weight w;, into the general inverse-cost formula (Eq. 12) produced distinct closed-form
expressions for the implied per-unit sampling cost c;, under each allocation mechanism:
Let w;, = +, the Cost-inversion formula using equal allocation is:

Ch| LS, = L(C—CO)N}QLS% (13)
equa ) T L
' NcochranFPC Zi:l N'L257,2

Let w;, = ]X}‘ , the Cost-inversion formula using proportional allocation is:
2
B N(C—cy)Si
Ch | prop(S,) = L v o2 (14)
NcochranFPC Zizl [}
Letw, = <451 the Cost-inversion formula using Neyman allocation is:
h Z_ N.S. g Y
(C — ¢p)
Ch | Neyman(S,) — (15)
NcochranFPC

When the stratum variable of interest is a proportion rather than a continuous measurement, the stratum standard deviation is
replaced by the binomial or Bernoulli variance term S}, = /Py, (1 — Py, ). Wherein, P,, is the estimated proportion possessing
the characteristic of interest in stratum h. Substituting S}, — / P}, (1 — P}, ), and correspondingly S, — /P, (1 — P;) directly
into the formula:
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Let w;, = +, the Cost-inversion formula using equal allocation is:

L(C—co) NPy, (1= Py)

L
Ncochran FPC Zi:l NIL2P7, (1 _Pz)

Ch | equal(P,) — (16)

Nh
N

Let w;, = &, the Cost-inversion formula using proportional allocation is:
N(C—co) P, (1—Pp)
h | prop(P,) = L (17)
" nCochranFPCZizl N, P;(1-P;)

N . . . _
Letw, = > R}?gb , the Cost-inversion formula using Neyman allocation is:

C — ¢y

Ch | Neyman(Py,) — n— (18)

CochranFPC

When no prior data is available for both .S}, and P},, maximum variability (P}, = 0.5) is applied:

L(C—cy)N?

Ch | equal(P,=0.5) = T (19)
! Ncochran FPC 21:1 N’L2
N (C—cy)0.5(1—-0.5) C—c

Ch | prop(P,=0.5) = . = : = Ch | Neyman(P,=0.5) (20)

nCOChT'aTLFPCNZle O.5<1 *05) B nC’ochranFPC’

3.2 Algebraic Verification of the Cost-Inversion Framework

The verification of the cost-inversion framework rests on two internal checks. First, each rule-specific formula (Egs. 13-15)
was derived independently by substituting its corresponding allocation weight w, into the general inverse-cost expression (Eq.
12), then re-verified algebraically against the general cost-constrained Neyman form (Eq. 11). Since the general inverse-cost
expression (Eq. 12) nests every classical rule as a special case of w;,, any rule-specific formula that failed to collapse back
to general cost-constrained Neyman form (Eq. 11) under its own weight would indicate an error in derivation rather than a
property of the allocation rule itself

Second, the frameworK’s validity is reinforced by a convergence. Neyman allocation by proportion at maximum variance
(pp, = 0.5 for all strata) has shown to reduce exactly to the proportional-allocation cost structure. Their exact convergence under
a p;, = 0.5 maximizes the Bernoulli variance term, and is consistent with the framework correctly encoding the underlying
statistical theory rather than producing coincidentally similar outputs.

These two checks are justified as the appropriate standard of validity for this study precisely because the object being
validated is a mathematical derivation, rather than an estimator or a predictive model fit to data. A cost-inversion formula
generates an algebraic identity that either holds or fails to hold under substitution, rather than a testable prediction against
an outcome variable. Consequently, the relevant validity criterion is deductive correctness, established by tracing each closed-
form expression back to the general optimality condition from which it was derived, rather than a statistical criterion such as
predictive accuracy, which would require an external dataset outside the scope of this study.

3.3 Hypothesized lllustration: Household Water Access Survey in Province of Kalayaan

3.3.1. The Scenario
A provincial statistics agency in a fictitious island called the Province of Kalayaan is planning a survey to estimate average
monthly household water expenditure across its five administrative regions. The agency has secured a survey budget
of C = 5,000,000.00 Philippine Peso, of which ¢, = 500,000 Philippine Peso is allocated to fixed cost such as
training, questionnaire design, sampling frame construction. The budget has 4, 500,000.00 Philippine Peso for the allocated
households.

Preliminary data from regional records provide the population size (IV}, ), historical standard deviation of expenditure (.S},
in Philippine Pesos), and estimated proportion of households with piped water access (P}, ) for each stratum, shown in Table 1.
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3.3.2. Implied cost per Region (c;,) using Equal Allocation

Table 1. Stratum characteristics

Region Ny, Sy p,,
Matapang 5,000  £120000.00 0.50

Matalino 3,000  P80000.00 0.30
Maasahan 2,000 P150000.00 0.65
Mahinahon 4,000  P500000.00 0.10
Madiskarte 1,000  $200000.00 0.50

Equal allocation distributes the total sample size uniformly across all regions, regardless of population size, expenditure
variability, or water access. Table 2 shows equal allocation produces an identical implied cost across all five regions, regardless

of differences in population size, expenditure variability, or water access.

Table 2. Implied cost per region under Equal Allocation

Region Ch|EqualStepwise  Cp|gguq1Cost-inversion Difference
Matapang P11,538.46 P11,549.25 —P10.79
Matalino P11,538.46 P11,549.25 —P10.79
Maasahan P11,538.46 P11,549.25 —P10.79
Mahinahon P11,538.46 P11,549.25 —P10.79
Madiskarte £11,538.46 $11,549.25 —P10.79

3.3.3. Implied cost per Region (c;,) using Proportional Allocation and Neyman Allocation where P = 0.5

Proportional allocation distributes the sample in direct proportion to each region’s population share. This section presents the
implied cost per region under this rule. This result also applies to Neyman allocation evaluated at maximum variance (P}, = 0.5).

Table 3. Implied cost per region under Proportional Allocation

Region Ch|PropStepwise  Cp|pyopCost-inversion Difference
Matapang $3,085.27 $3,034.84 $50.43
Matalino $8,570.18 P8,430.11 P140.07
Maasahan $19,282.92 $18,967.75 P315.17

Mahinahon $4,729.34 P4,741.94 —P12.60
Madiskarte $71,524.01 $75,870.99 —P4,346.98

Consistent with the algebraic equivalence (See Eq. 20), proportional allocation and Neyman allocation at P;, = 0.5 yield
identical implied-cost values across all regions. In Table 3, this implies that proportional-style allocation may overstate the true

cost of reaching small strata, leading to chronic under-sampling of regions relative to what is actually cost-efficient.

3.3.4. Implied cost per Region (c,,) using Neyman Allocation by Proportion

Neyman allocation by proportion distributes the sample using each region’s population size weighted by the Bernoulli variance

of its access proportion, v/ P}, (1— P},).

key variable of interest is access-related rather than continuous.

Table 4. Implied cost per region under Neyman Allocation using Proportion

Region Ch|Neyman(P,)StePWise  Cp|Neyman(p,)Cost-inversion Difference
Matapang $2,395.76 P2,408.51 —P12.75
Matalino $7,824.72 $7,964.66 —P139.94
Maasahan P16,591.11 $16,542.00 P49.11

Mahinahon $£10,398.25 $10,453.62 —P55.37
Madiskarte $59,893.91 $60,212.86 —P318.95

This section presents the resulting implied cost per region, relevant when the survey’s
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In Table 4, the main implication is that when the survey’s key variable is access-related rather than purely financial, allocating
by P, better reflects the added fieldwork effort typically required to reach underserved populations, and avoids the extreme
cost swings observed under Proportional Allocation.

3.3.5. Implied cost per Region (c,,) using Neyman Allocation by Standard Deviation

Neyman allocation by standard deviation distributes the sample using each region’s population size weighted by its expenditure
variability, S},. This section presents the resulting implied cost per region under this rule, computed via both the classical
stepwise path and the direct cost-inversion formula.

Table 5. Implied cost per region under Neyman Allocation using Standard Deviation

Region Ch | Neyman(s,)StePWise  Cp | Neyman(s,)Cost-inversion Difference
Matapang $7,299.98 $7,305.78 —P5.80
Matalino $43,756.50 $45,661.10 —P1,904.60
Maasahan $28,394.46 $29,223.10 —P828.64
Mahinahon P672.06 P657.52 P14.54
Madiskarte $63,887.53 $65,751.98 —P1,864.45

In Table 5, this implies that a single large, high-variance stratum can distort the implied cost structure for the entire stratum,
making ¢, | Neyman(s) sensitive to how size and variability interact rather than to variability alone.

3.4 Monte Carlo Sensitivity Analysis Results

To assess whether this distortion is a general property of the cost-inversion framework rather than an artifact of that particular
configuration, a Monte Carlo sensitivity analysis was conducted, applying Eq. 1 through 4 (classical, stepwise-rounded) and
Egs. 13-18 cost-inversion to maximum variability to randomly generated stratified populations.

3.4.1. Overall Error Distribution by Allocation Rule
Table 6 summarizes the distribution of relative error, pooled across all strata and replications, for the primary L =
Sconfiguration.

Table 6. Distribution of rounding-induced relative error by allocation rule (L = 5, 5,000 replications)

Rule MAE(%) Median(%) SD(%) Max(%)

Equal 0.83% 0.72% 0.44% 1.53%
Proportional 1.56% 1.03% 1.71% 15.51%
Neyman (FPy,) 1.64% 1.04% 1.89%  21.61%
Neyman (Sp,) 2.90% 1.43% 4.87%  85.88%

Across all four rules, the median error stays under 1.5 percent, consistent with the Kalayaan illustration’s finding that stepwise
rounding introduces a modest distortion in typical cases. The maximum errors and standard deviations, however, diverge
sharply by rule. Equal allocation, whose weights do not depend on N or S},, produces a tightly bounded error distribution,
with a standard deviation of 0.44 percent and a maximum of 1.53 percent. Neyman allocation by S}, produces both the largest
average error and a long right tail, with individual strata occasionally distorted by more than 80 percent.

This pattern is consistent, where rules whose weights are sensitive to stratum-level variability compound rounding error

through the (IV}, .S}, )" term, while equal allocation’s constant weight structurally insulates it from this compounding.

3.4.2. Sensitivity to Stratum Size

Pooling across all replications, the correlation between a stratum’s population size [N;and its rounding error confirms that
smaller strata are more distortion-prone under variance- or size-weighted rules. The correlation between 1/N;, and absolute
error is positive for proportional allocation (r = 0.59, 2 = 0.35) and Neyman by p;, (r = 0.54, 72 = 0.29), and weaker
but still positive for Neyman by S}, (r = 0.22, 72 = 0.05). For equal allocation, the correlation is negligible (r = —0.09,
r2 = 0.01), since its implied cost does not depend on N, at all. Reporting r2alongside rclarifies that even the strongest
observed relationship (proportional allocation) accounts for only about a third of the variance in rounding error, indicating
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that stratum size is a meaningful but partial driver of distortion rather than its dominant cause; the remaining variance likely
reflects the joint influence of o;,, pj,, and the total number of strata (See Section 3.4.3.). All reported correlations are based on
n = 25,000stratum-level observations (5,000 replications times 5 strata) and are statistically significant at p < 0.001, though at
this sample size statistical significance is expected even for small effect sizes and should not be read as an indicator of practical
importance on its own.

Table 7. Mean relative error for the smallest stratum in a set, by stratum-size quartile (proportional allocation)
Smallest N;, in replication =~ MAE(%)

500 to 1,051 5.17%
1,051 to 1,744 3.40%
1,744 to 2,806 2.41%
2,806 to 8,241 1.65%

Table 7 reports the mean relative error for the smallest stratum in each replication under proportional allocation, grouped by
quartile of that stratum’s population size. Error falls steadily as the smallest stratum grows, from 5.17 percent when it has 500 to
1,051 units to 1.65 percent when it has more than 2,806 units, so the smallest quartile shows about three times the error of the
largest. This indicates that rounding distortion is concentrated in designs containing very small strata, whose small allocation
weights make ceiling rounding a larger share of their sample size and implied cost.

3.4.3. Sensitivity to Number of Strata
Table 8 shows mean error across replications as the number of strata Lincreases from 3 to 20, holding the per-stratum size range

fixed.

Table 8. Mean relative error by number of strata

L Equal Proportional Neyman (P;) Neyman (S},)
3 0.61% 0.95% 1.00% 1.45%
5 0.83% 1.62% 1.71% 2.82%
8  0.90% 2.47% 2.64% 4.89%
12 0.58% 3.68% 3.94% 7.58%
20 4.31% 5.97% 6.26% 12.22%

Mean error increases with L for every rule except an irregular dip at L = 12 for equal allocation. This pattern is consistent
with a design where each additional stratum draws its own independent IV}, from the same range, so the total population grows
while any individual stratum’s share of the fixed sample shrinks, making per-stratum ceiling-rounding proportionally more
consequential.

The effect is most pronounced for Neyman allocation by .S;,, whose mean error more than quadruples from L = 3 to L = 20,
rising from 1.45 percent to 12.22 percent, while equal allocation remains comparatively stable until a marked jump at L = 20
(Table 8).

3.5 Empirical Post-Hoc Diagnostic Audit

3.5.1. The Dataset
To test the cost-inversion framework against a real, published allocation outside the author’s control, the five-stratum (L = 5)?
drawn from Wave 18 of the HILDA Survey. Table 9 presents the stratum population sizes (IV},), the study’s originally reported
optimum sample allocation (n;,), and the corresponding per-unit cost (c;,) assumed in that study.

Since the source study’s stratum standard deviations (.5;,) were not separately reported, the general, rule-agnostic cost-
inversion formula (Eq. 11) was used, applying the empirical allocation weight wj,, = n,, /> n; derived directly from the study’s
own reported allocation

3.5.2. Implied Cost: Stepwise Rounding vs. Proposed Framework
Table 10 presents the implied cost per stratum computed via the classical, stepwise-rounded total sample size and via the
proposed framework’s full-precision total sample size, both applying the reported allocation weights wy, .
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Table 9. Reported stratum characteristics

Region  Nj, (grrpa) mn(HILDA) Simulatedcy (grrppa)

Stratum 1 2,775 70 AUD 13.81
Stratum 2 2,825 77 AUD 13.69
Stratum 3 2,277 78 AUD 13.60
Stratum 4 1,236 61 AUD 13.22
Stratum 5 506 214 AUD 13.16

The difference between the two computation paths is small across all five strata, ranging from near-zero to roughly 3 percent
of the implied cost value. This is consistent with the sensitivity analysis that confirms under real stratum sizes and population
counts that stepwise rounding introduces only a modest distortion relative to full-precision computation.

Table 10. Implied cost per stratum, classical stepwise vs. proposed framework

Stratum  ¢j, (grrpA)Stepwise ¢ (g1 pA)Cost-inversion  Relative Difference

1 AUD 113.04 AUD 112.84 -0.18%
2 AUD 90.85 AUD 93.24 2.56%
3 AUD 90.85 AUD 90.86 0.01%
4 AUD 144.46 AUD 148.59 2.78%
5 AUD 12.09 AUD 12.07 -0.17%

3.5.3. Implied Cost vs. Reported Cost

Table 11 compares the proposed frameworKk’s full-precision implied cost against the per-unit cost originally reported in the
stratum . Unlike the near-zero gap between stepwise and full-precision computation in Table 10, the gap between the
framework’s implied cost and the study’s originally reported cost is substantial, exceeding 500 percent for four of the five strata.
This divergence should not be interpreted as direct evidence that the reported allocation was cost-inconsistent. The general
inversion formula (Eq. 11) assumes the quantity ¢, o2 is constant across strata, whereas the external study’s allocation ® was
constructed under a Neyman-type rule in which this quantity instead scales with N, /.S}, , a term that varies substantially
across their five strata. Because stratum-level standard deviations (.5},) were not reported in the source publication, this scaling
term could not be reconstructed or controlled for here. Consequently, the magnitude reported in Table 11 reflects some
unknown combination of (1) genuine misalignment between the reported allocation and its assumed per-unit costs, and (2)
formula misspecification arising from applying a constant-c;, 02 inversion to an allocation generated under a different, size-
and-variability-scaled cost rule. The present data do not allow these two sources to be separated, and the result should therefore
be read as an illustration of the framework’s mechanics under incomplete external data, rather than a confirmed finding that the
reported HILDA allocation departed from its own cost assumptions. A dataset reporting .S; alongside N}, n;,, and ¢;, would
be required to attribute the divergence with confidence.

Table 11. Proposed framework implied cost vs. reported cost

Stratum  c¢;, (grr pA)Stepwise ¢, (g1 D A)Cost-inversion  Relative Difference

1 AUD 112.84 AUD 13.81 -717.09%
2 AUD 93.24 AUD 13.69 -581.08%
3 AUD 90.86 AUD 13.60 -568.09%
4 AUD 148.59 AUD 13.22 -1023.98%
5 AUD 12.07 AUD 13.16 8.28%

3.6 Interpretation of the Implied-Cost Structures

The three closed-form expressions collectively establish that no classical allocation rule is cost-neutral, each instead encoding a
distinct and internally consistent assumption about how per-unit cost varies across strata. Equal allocation (Eq. 13) implies
a constant cost per stratum, independent of population size, variability, or proportion, a structure that is administratively

https://www.indjst.org/ 2424


https://www.indjst.org/

Magistrado / Indian Journal of Science and Technology 2026;19(34):2415-2427

convenient but requires every stratum, however large, remote, or heterogeneous, to be equally cheap to reach. In Table 2, the
Kalayaan illustration makes this concrete. All five regions were assigned an identical implied cost of approximately P 11,549.25,
despite differing in population size by a factor of five and in expenditure variability by more than a factor of six. By contrast,
Proportional allocation (Eq. 14) implies a cost structure inversely proportional to the square of stratum size. In Table 3, the
allocation to be cost-optimal, larger strata must be disproportionately cheaper to sample per unit than smaller ones, where the
smallest region, Madiskarte, carries an implied cost of roughly P75,870.99, more than twenty times that of the largest region,
Matapang, at roughly P 3,034.84. On the other hand, Neyman allocation (Eq. 15 and Eq. 18) generalizes this further by making
implied cost inversely proportional to the squared product of stratum size and variability, so that strata which are simultaneously
large and highly variable must also be the cheapest to reach for the allocation to remain optimal, an effect Tables 4 and 5 show
directly, since Madiskarte, despite having the smallest population, again carries the highest implied cost under both proportion-
weighted and variance-weighted Neyman allocation, its small size only partially offset by its variability.

In Table 3, a further interpretive result is the algebraic convergence between proportional allocation and Neyman allocation
evaluated at maximum Bernoulli variance, where the estimated proportion equals 0.5 for every stratum. This is not an artifact
of the particular Kalayaan parameters but a structural property of the general inversion formula (Eq. 12), since maximum
variance reduces the Neyman weight to a form identical to the proportional weight, meaning that an analyst who defaults to
proportional allocation in the absence of prior variance information is implicitly making the same cost assumption as one who
explicitly assumes maximum variability under Neyman allocation, even though the two are conventionally presented in the
literature as distinct design choices rather than as algebraically equivalent special cases.

Finally, the Monte Carlo results show that the interpretive value of these implied-cost expressions depends on the precision
with which they are computed. Stepwise ceiling rounding, applied conventionally at the initial sample size, at the finite
population correction stage, and at each stratum allocation '9), introduces relative errors that are structurally uneven across
rules. Because equal allocation’s implied cost does not depend on stratum size or variability, its error distribution remains
tightly bounded, with a mean absolute error of 0.83 percent and a standard deviation of 0.44 percent, whereas Neyman
allocation by standard deviation, whose weight compounds both stratum size and variability, produces the largest average
error and the longest right tail, including individual-stratum distortions exceeding 80 percent. This confirms that rules whose
implied cost is more sensitive to stratum-level heterogeneity are also more vulnerable to rounding-induced misinterpretation,
reinforcing the recommendation that full floating-point precision be preserved until final reporting whenever implied cost is
used diagnostically.

3.7 Comparison with Existing Methods

Direct numerical comparison with prior studies is possible only where a study reports both an allocation and a per-unit cost
figure against which the proposed framework’s recovered cost can be checked. Within the cited literature, this condition is met
only by, whose reported five-stratum allocation is examined in this study’s empirical validation. For the remaining studies,
comparison is necessarily structural rather than numerical, since each addresses the forward problem of deriving sample sizes
from an assumed cost, and none reports the reverse quantity that the present framework recovers. The recursive Neyman
algorithm for box-constrained allocation (! treats per-unit cost as a fixed, exogenous parameter supplied prior to optimization,
and offers no mechanism for testing whether an allocation already fielded is consistent with the cost assumption that would
justify it. The stochastic compromise allocation framework® extends this forward logic to the multivariate case by treating
both cost and variance as random variables to be optimized against, but likewise does not permit cost to be recovered from a
completed allocation, and the compromise allocation technique for multi-character surveys® similarly controls measurement
cost as an input constraint rather than an output diagnostic. Among the estimator-focused literature, the linear-cost mean
estimators®,© and the generalized exponential cost-optimized estimator”) derive bias and efficiency properties under an
assumed cost function, but the cost function itself is never checked against an allocation independently of the estimator’s
performance

. The multivariate allocation comparison across optimization algorithms(!? and the balanced sampling approach under
linear inequality constraints!® both operate at the level of the allocation mechanism itself, without reference to the implied
cost that mechanism encodes, while the empirical comparison of computational stratification methods applied to South African
household and early childhood education data!¥) evaluates estimator or algorithm performance directly against known ground
truth, a different evidentiary standard from auditing whether a chosen allocation was cost-consistent, and one that the present
framework does not require, since it operates only on the allocation and budget already on record.

Applied to the allocation reported ), the proposed framework was used without modification on the reported five-stratum
design. The comparison shows that the difference between the classical, stepwise-rounded implied cost and the full-precision
cost-inversion value is small, ranging from near zero to approximately 3 percent across strata, consistent with the rounding-
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distortion magnitudes observed in the Monte Carlo analysis and supporting the framework’s numerical stability under real,
externally derived allocation data. Benchmarking against the originally reported cost, however, shows a substantial divergence,
exceeding 500 percent in four of five strata, between the framework’s recovered implied cost and the per-unit cost originally
assumed in that study. This divergence is consistent with a structural mismatch between the general, rule-agnostic inversion
formula, which assumes c;, S? is constant across strata, and the Neyman-type allocation actually used in ¥, where this quantity
instead scales with N}, S}, and therefore varies across strata. However, because the unreported stratum standard deviations
prevented this scaling term from being reconstructed, the observed gap cannot be cleanly attributed to rule mismatch alone
and may also partly reflect genuine inconsistency in the source allocation, formula misspecification, or both. This audit should
therefore be read as a demonstration of how the framework can be applied to an externally published allocation, rather than
as a confirmed diagnosis of that allocation’s cost consistency. No comparable audit of an already published allocation exists
elsewhere in the cited literature, since the forward-only methods reviewed above are not constructed to perform this check in
the first place; extending the audit to a dataset with fully reported cost parameters remains necessary before the magnitude of
any true divergence can be established.

4 Conclusion

This study set out to invert the classical cost-constrained allocation problem. Its central novelty lies in demonstrating, for
the first time, that equal, proportional, and Neyman allocation are not statistically neutral defaults but three distinct, closed-
form cost assumptions nested within a single general inversion formula, a reverse derivation not previously offered in the
literature. This novelty is supported numerically. The Kalayaan illustration showed equal allocation implying a uniform cost of
approximately P 11,549.25 across all five regions, while proportional and Neyman-weighted allocations produced implied costs
ranging from approximately P 657.52 to P 75,870.99 depending on stratum size and variability, and the Monte Carlo analysis of
5,000 replications quantified how stepwise ceiling rounding distorts these figures, with mean absolute error ranging from 0.83
percent under equal allocation to 2.90 percent under Neyman allocation by standard deviation, individual stratum errors as high
as 85.88 percent, and error rising from 1.45 to 12.22 percent as the number of strata increased from three to twenty. Applied
to a real published allocation®, the framework recovered an implied per-unit cost that diverged from the study’s originally
reported cost by more than 500 percent in four of five strata, against a stepwise-versus-full-precision computational gap in the
same allocation of no more than approximately 3 percent. This large gap between formula-implied and reported cost, set against
the much smaller gap attributable to rounding, illustrates that the framework is sensitive to structural assumptions about the
cost model rather than to numerical precision; however, because the source study did not report stratum-level variability, the
divergence cannot be fully separated into rule-mismatch and genuine-inconsistency components, and this result should be
treated as an illustrative application of the framework rather than a validated audit finding.

Three limitations bound these findings and point to future work. First, the framework does not yet extend to non-linear
or multivariate cost functions. Second, no reviewed study, including the empirical validation source®, reports stratum-level
standard deviations alongside its allocation and assumed cost, leaving the empirical divergence in Section 3.5 only partially
attributable and preventing a clean separation of formula mismatch from genuine cost inconsistency. Third, empirical validation
in this study relies on a single external dataset with incomplete cost parameters; a broader audit across multiple surveys
with fully reported cost structures would be needed to establish the framework’s diagnostic reliability more generally. Future
work should extend the inversion framework to non-linear and multivariate cost structures, validate it against surveys with
directly measured and fully reported per-unit costs and variability, and formalize the observed rounding-error patterns into
a standardized diagnostic threshold for routine survey auditing. In the interim, practitioners using proportional or Neyman
allocation, particularly for designs with small strata, are advised to recompute implied cost at full floating-point precision before
relying on it diagnostically, since rounding distortion is largest under precisely these conditions.
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