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Abstract

Objective: Classical orthogonal polynomials are extensively used for the
numerical solution of differential equations and numerical analysis. Various
generalization problems involving Chebyshev polynomials have been studied
and one such area is the classical linearization problem. In this paper,
we will consider a generalized classical linearization problem and study
some identities representing the sums of finite products of the 3™ and 4t
kinds of Chebyshev polynomials, Fibonacci numbers, and Lucas numbers
as a linear sum of the Chebyshev polynomials of 2" kind and their
derivatives. Methods: Differential calculus, combinatorial, and elementary
algebraic computations are employed to yield the results. Findings: A new
set of identities expressing the sums of finite products of the 3™ and 4t
kinds of Chebyshev polynomials, Fibonacci numbers, and Lucas numbers as a
linear sum of the 2" kinds of Chebyshev polynomials and their derivatives are
studied. Novelty: Earlier studies have established the sums of finite products
of the Lucas numbers, Fibonacci numbers, Fibonacci and Pell polynomials,
and Chebyshev polynomials of the 15t and 2" kinds as a linear sum of other
orthogonal polynomials. However, representations of sums of finite products
of the 3" and 4™ kinds of Chebyshev polynomials, Fibonacci numbers, and
Lucas numbers as a linear sum of the 2" kinds of Chebyshev polynomials
and their derivatives have not been studied, which is the prime focus of this
manuscript.

Keywords: Linearization; Chebyshev Polynomials; Fibonacci Numbers; Lucas
numbers; Orthogonality

1 Introduction

In number theory, the Fibonacci sequence is one of the most widely studied
mathematical objects due to its wide spectrum of applications in nature™? and in
various fields of science and technology ranging from physical science to engineering .
Several authors have attempted to explore their numerous generalizations from diverse
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perspectives. One such generalization culminated in the development of the theory of Fibonacci polynomials and Chebyshev
polynomials. Classical orthogonal polynomials are extensively used for the numerical solution of differential equations and
numerical analysis**). Chebyshev polynomials form an intriguing class of these types of polynomials that attracted the
attention of recent researchers. Among the four kinds of Chebyshev polynomials‘®, a wide variety of literature is available
on the Chebyshev polynomials of the 1% and 2"¢ kind ", whereas limited work has been done on the Chebyshev polynomials
of the 3" and 4" kind ®), which opens up an intriguing field for prospective researchers.

Recent researchers have shown a keen interest in studying classical linearization problem representing the sums of finite
products of Chebyshev polynomials as a linear sum of other similar orthogonal polynomials '*!V). Here in this work, some new
representations for the sums of finite products of the 3 & 4™ kinds of Chebyshev polynomials, Fibonacci, and Lucas numbers
as linear sum of Chebyshev polynomials of 2°¢ kinds and their derivatives are considered.

Firstly, we will discuss the essential terminology and notations that will be used throughout the work, as well as the
introduction of the theme of the manuscript by citing the earlier results by various authors on the sums of products of some
special orthogonal polynomials.

Definition 1.1 . For any non-negative integer o, the sequence of Fibonacci numbers(F,) is defined recursively as follows:

0, a=0,
Fa = 1, a=1, (11)
F<a71>+F(a72>, « 22
Definition 1.2. For any non-negative integer «, the sequence of Lucas numbers(L ) is defined recursively as follows:
2, a =0,
L,= 1, a=1, (1.2)
L(a—1)+L(a—2)7 Q 2 2

Definition 1.3. For any non-negative integer «, the sequence of the Fibonacci polynomials(F,, (¢)) is defined recursively as
follows:

0, a=20,
{ L a=1, (1.3)
CFla—)(O)+ Fla2)(();, a>2.

Definition 1.4. For any non-negative integer «, the Chebyshev polynomials of the first kind(T,, (()) are defined by
T

[e2

(¢) = cosalb

where = cosb, ¢ € [—1,1], and 6 € [0, 7] and follows the recursive relation

1, a=0,
T,(¢) = G, a=1, (1.4)
2( Ta—l(C) _Ta—Q(C)a a > 2.
Definition 1.5. For any non-negative integer «, the Chebyshev polynomials of the second kind(U,, (()), are defined as
_ sin(a+1)0
o (0= sinf

where ( = cos0, ( € [—1,1], and 6 € [0, 7] and follows the recursive relation

1, a =0,
Ua (C) = { 2<7 o= 1) (15)
2§ Ua—l (g) 7Uo<—2 (C)a « 2 2.

Definition 1.6. For any non-negative integer «, the Chebyshev polynomials of the third kind (V,, (()) are defined recursively
as

_cos(a+1/2)0
cos (§)

Vo (€)
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where ¢ = cosf, € [—1,1] and 6 € [0, 7] and follows the recursive relation

1, a=0,
Vo (€) ={ 2¢(—1, a=1, (1.6)
2< Vi —1 (C)_ VO¢72(C)7 (&% Z 2.

Definition 1.7. For any non-negative integer «, the Chebyshev polynomials of the fourth kind (W, (()) are defined
recursively for as

_ sin(a+1/2)0
sin(§)

o (©)

where ¢ = cos, { € [—1,1]and 6 € [0, w]and follows the recursive relation

1, a=0,
W, (€)= { 20+1, a=1, (1.7)
20Wo 1 Q)= Wo 2(Q), o =2
These polynomials are also represented by their explicit relation as follows *!2)
a—1
F, () ZLOQ } (a_g_1> (()a26-1, (1.8)
a {%} (=D (a—p—1)! (1.9)
= — : a—2p3 . .
To (O =3 2. A (a—25)! (2¢)
{%} (=1 (a—p)! (1.10)
Uy (O)= 2255 m(goaﬂﬁ. :
o 28 !
Vo ()= 2[5:]0 M(C—l)ﬁ~ (1.11)
28 !
W (0= Sy ot (= 1P (112

Several authors have investigated Chebyshev polynomials and their properties and obtained a wide spectrum of interesting
results, which have created a niche in the existing domain of mathematical research. Several mathematicians have shown keen
interest in the domain of classical linearization problems and their generalization''?). For instance, Zhang® considered
the representations of summations of finite products of 2°¢ kind Chebyshev polynomials, Lucas, and Fibonacci numbers and
derived many intriguing identities, particularly

1

Z va1 (C) : [];J2 (C) T Uprﬂ (C) = W U(ng'r‘ (C)? (1.13)

p1tpottpp =

where UYL, (¢) represents 7t" derivative of U,, (¢) w.r.t ¢, and the sum is taken over all non-negative p;,ps, ..., p,..1 such
that p; + py + -+ p,..1 = . A similar study was conducted by Kim T., Kim D.S., Dolgy D. V., and Kim D in 2019 and
obtained interesting results, expressing the sums of the finite products of Chebyshev polynomials as a linear combination
of other orthogonal polynomials like Hermite, Legendre, extended Laguerre, Gegenbauer, and Jacobi polynomials. Similar
representations for several orthogonal polynomials were developed by Han and L. Xinging'®), Patra and G.K. Panda and A.
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Patra!?, and J. Kishore, V. Verma, and A.K. Sharma!®!7), also deduced analogous identities for sums of finite products of
Chebyshev polynomials of the 1t and 2" kind, Lucas and Fibonacci polynomials, and Pell polynomials. Analogous results are
also obtained in 1%,

Based on the preceding literature, existing works have established identities on the sums of finite products of Lucas and
Fibonacci numbers, Pell, and Chebyshev polynomials of 3" and 4" kinds in terms of derivatives of Lucas polynomials, Pell
polynomials, Fibonacci polynomials, but the results on the sums of finite products in terms of Lucas, Pell, and Fibonacci
numbers, and Chebyshev polynomials of 3'4 and 4" kinds in terms of 2" kinds of Chebyshev polynomials and their derivatives
have not been studied. With this motivation, we will consider new representations of sums of finite products of the Chebyshev
polynomials of 3" and 4™ kinds, Lucas and Fibonacci numbers in terms of the 2™ kind of Chebyshev polynomials and their
derivatives.

2 Methodology

The methods of differential calculus, combinatorial, and elementary algebraic computations are employed to yield the results.

3 Results and Discussion

In this section, we will discuss the primary findings of this manuscript. With the aid of elementary computational techniques,
we will express the sums of finite products of the Chebyshev polynomials of third and fourth kind, Fibonacci numbers, and
Lucas numbers in terms of the Chebyshev polynomials of 2" kind and their derivatives. Firstly, we will consider the following
lemmas which will be very helpful in the establishment of the key inferences of the manuscript.

Lemma 1. For any integer o >0,

Va (C) =U, (C) —Uqsq (C) (2.1)
Wa (C) = Ua (C) + Uafl (C) (22)
Wo (€) = (=1 Vo (=0). (2.3)

Proof. Thislemma can be established using the Equations (1.8), (1.9), (1.10), (1.11), (1.12) and (1.13) and using Binet’s formula
for Pell as well as Chebyshev polynomials of 2" kind. Please refer *'7.
Lemma 2. For any integer o, >0,

2

P1tpattpr =

o (2.4)
1
=D I () E AN}
)
Zp]+p2+'"+p,~+1=a Wpl (C) : ng (C) T I/Vp,url (C)
o (2.5)

1 r+1 ”
= 27’7«! };) ( )\ ) Uaf)\Jr'r‘ (<>7

1
where sums run over all non-negative integers p;,ps,...,p0,, 1 such that p; +p5 +--+p, | = a with (Ti ) =0 for
A>r+1.
Proof. Please refer Kim T et.al. '),

The main findings of this manuscript are as discussed under:
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Theorem 1. For o, >0, we have

Z (C) : Vp2 (C) e ‘/pTJrl (C)

Ve
p1tpottpp = 1

= e Lase (1) (Til) [(2r=1) U5 (Q)

—[(@=A+2)(a=A+2n)]UZ3 ., (O],

1
where sum runs over all non-negative integersp,, po,--+, P,y 1 Withpy +po +--+p,..; = a,and <TJ>T > = 0forA > r+1.

Proof. Firstly, from 1), we will note that for any positive integer o> r > 0,

(2r—1)¢
(1-¢2)

(r—=2)r—(a+r)(a+r+2)

r—1
UOL+'I" (C) + (1 _Cg)

UL2(0). (2.6)

Ugr (O) =

Thus,

UL s (Q) = (( )CU; L O+ (r— 2)7‘7(04(1)\42;))(04 Atri2) prr— 2,00

= B Ui b (O~ Iemitatqpget el %, (O

( ))C Ug L (C) _ lla— A+2)(a< );+CT)>+r(a A+2) ]Ug 2. (C)

)C Ur— (C) _ (x— >\+(2)(12¢ )>\+2'r‘)] UT—%\+r (C)

( a—A+r

R T e = W0) @)

Using Equation (2.7) in Equation (2.4), we have
Z (C) 'sz (C)"'Vprﬂ (C)

%
prtpottpra=a Pl

= a0 (1) Urn ©

=gt i, (D7 (TT) |[ereury (o) - el xzniyrs, (¢)]
— st o (0 (3 ) 10 =DEUZ A (O~ @ - A+ 2) @ -A+ 2] U %, (O,

5 () V,, (V. (€)

\4
pP1t+pottpo=a P1

— st o (0 (3 ) 10r = DEUZA O~ @ - A+2) @ = A+ 2] U5 R, (O

This proves the Theorem 1.
Theorem 2. For o, >0, we have

Z VVp1 (C) ’ sz (C) ”'vaN1 (C)

p1tprttpr =

— st Zono (3 (2 DAL O~ @A+ D) (= A4 20]05:3,, (0.
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r+1
A
Proof. For proof of this theorem, we will proceed in a similar manner by using Equation (2.7) in Equation (2.5), to get the
desired result.
Theorem 3. For o, >0, we have

where sum runs over all non-negative integers py,po, -, P Withpy +py+--+p, 1 = and =0for A > r+1.

Ep1+p2+.“+pr+1:a F2p1+1 'F2p2+1 "'sz,,,+1+1

= 5t Zi:o <_51,)A (r—)&\-l) [2[(04_)""2) (a=A+2r)|ULT >\+r(%)_3(27'_ W= >\+7‘<%>]’

r+1

\ ) =0for A > r+1.

where sum runs over all non-negative integers p;, ps,*-, p,..1 With p; +po +--+p,,; = cvand (

Proof. Using the fact that U,, (3) = Fj,, o in Equation (2.1), we have

Vo (2) = B o

Replacing ¢ by £ in Theorem I, we have

3 3 3
Zpl+92+‘“+ﬁ’v-+1:°‘ Vpl (5) . Vp2 (5) N .Vp”l (5)

- i: <T+1> [(27“— )(3)(]; L <g>—[<a—A+2><a—A+2r>]U; - (g)} (29)

2 (1_<2) )

Using Equation (2.8) in Equation (2.9) with ( = 3 , it yields

2

Prtpototpr=a F2p1+1 ’ F2P2+1 ...F2p7.+1+1

— o (1) S 0 (3] 1@ - D@V ()~ Ha-A+ D @A+ 20102 (3)]

= (3)X5 (-1 (T) 2l(@—A+2) (a=A+20)]U7 3, (3)—3(2r— DUL A (3)]

= o D5 S () Bl A+ D 0o x 200U R ()30 - DU ().

Zp1+p2+m+pr+1:a F2p1+1 'F2p2+1 .“F2pr+1+1

= ot T S8 (7] Rl A 42 A2 R (1) -3Cr- DU ()

which establishes the Theorem 3.
Theorem 4. For o, > 0, we have

b

pr+pottp=a L2p1+1 ’ L2p2+1 '”L2pr+1+1

— ot i b (1) Rlla=r+ 2 @ r 20053, (3)-3Cr-DUZ A, (3)]

1
where sum runs over all non-negative integers p,, py,---, p,...1 With p; +p5 +--4+p,,; = cvand (T_; ) =0forA > r+1.
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Proof. For the proof of this Theorem, we will proceed in a similar manner as in Theorem 3. By using the fact U, (2) = F54, 42
in Equation (2.1), we get

W, (5) Ly (2.10)

Taking ¢ = $ in Theorem 2 gives

3 3 3
ZP1+P2+”'+97-+1:0‘ Wp1 (5) 'sz (5) '“WPTH (5)

: = 2 () [0 (v (3) -lemavoa-rianiz s (3)]. 7

Using Equation (2.10) in Equation (2.11) yields,

2

p1t+pattp = L2p1+1 ’ L2p2+1 e L2pT+1+1

a5 (1) =D (U (-0 - A D2+ 20U ()

et r+1 r r
— ot (55 (1) Bla-a+ 242Uz 3, (1) -3r- DU (3]
That is,
Zpﬁpﬁmﬂ,w:a L2p1+1 'L2p2+1 '“L2pr+1+1
et r+1 r r
:mzxoé'( \ )[2[(@—/\+2)(a—/\+2r)]Ua 3 (3)=3@2r—1)UL= )\+r(%)].
This proves the Theorem 4.
Corollary 1. For o > 0, we have
1 (e}
> Va0V )=52 (1 ( ) P(a,),0) Un x11() = QA0 Ua_x15(0)]
a+btec=a A=0

where P(a,\,()= (%)and Qe )\, () = al 23 (0= A ) —(a—A=1)¢?).
Proof. From 9, we see that

/ _ (a+1)

UQ(C)_(I_CQ) ac

(1-¢2)

Uafl (C) -

Uq (€)- (2.12)
Taking r = 2 in Theorem 2, we have

Za+b+c:a Va (C) : Vb (C) ' Vc (C)

o 3 , (2.13)
- ST 2! (A) (30 (€)= [(@=A+2) (@ A+ )] Un_r15(0)]

Using Equation (2.12) in Equation (2.13), we have
e Va (O V() V(©)

st Tio (1 (3) { [ (SR80 22 0 - SRBVe 120 [0 A4 DA+ 0] 250}
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N A (3 3¢(a—A+3) (3G (@=A+2) | [(a=A+2)(a—A+4)]

— Z (1) (A) l(S(l—CQ)Q ) Ua-x41(6) ( 8(1_c2)? + 5 (1= ) Ua-ri2 (C)}
= a— oa— 2

= > 0 (3) KW) Uarin ©- § 220 (2 + @240 Ua s <<>1

< 3\ [ (3¢(a—A+3) (@—A+2) ((@—A+4) —(a—A—1)¢2
ZZ (1> ()\) (W) er—A+1(<)_8 1—c2) < (1= )Ua—/\+2 (C)}

=> *(}) (W) Uaoss (O 250 (0 d ) (0= A= D)) U <<>] ,

> V@@ V=3 (0 (3) @0 Ua xa (O-Q(aA0) Ua ria (O]
A=0

a+b+c=a

where P (o, \,¢) = (%) and Q(a,\,¢) = éa(:zf)g ((@=A+4)—(a—X—1)¢?).

This proves the Corollary 1.
Corollary 2. For o >0, we have

Za+b+c+d:o¢ Va (C) : Vb (C) ’ Vc (() : Vd (C)

B (i) (R (00O U r12 (O =S (@M Vs ria (O],

where
15¢2 — (a—A+2) (a—A+6) (1—¢?)
(1-¢2)°

R(a,)\,C):[ 1(04—)\—#4),

and

2_ _ _ _ _ 2
(A0 = (a—A43)C (154 [(a—A+2) (« A+6)3+5(a A+5)](1—¢ )) |
(1-¢2)
Proof. Again from 1), we see that
(1=C3) Up () = 3CU o (O)—ala+2) Uy Q). (214)
Taking r = 3 in Theorem 1 with Equations (2.12) and (2.14), we have

Z V, (C)'Vb (C)’Vc (C)‘Vd (C)

a+btctd=a @

— satime Sio (0 (3) B0 a0~ (=242 (=24 6)V o150

_ 1y (1)A(4>(5<(@gﬂv’m+3<o—wwvaA+3<<>))
48 (1-¢%) £z AN = ((@=A+2) (a=A+6)U o 5,50
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« 2 , o — o —
> 0 (3) [ e A DA U - HOTEREEAEDy )

T A8 (1-(?) & 1-¢2) 1-¢?)

B a A (4 [15¢2—(a-A+2)(a—21+6)(1-¢?)
748(117(2) ZA:O< 1) (A){ (1-¢%) ]

(%Ua—ﬂz(o*%[]a—,ws@)) B¢l )(\1+3%(2<;¢ 28U, ais ()

_ o A4\ T15¢2 (a-A+2)(a—r+6)(1—2
- mzxzo (=1 (A) [ (1-¢?) ( >]

— 2 (a— a— —¢2 a—
2 U aez (O — (= A4 3) ¢ (12020 MO0 1 SED ) U, 15(0)

_Z 4\ [15¢2—(a—A+2)(a—A+6)(1-¢?)
o A (1-¢2)”

L L

> VOO0 Va0= 3 G (D) ReA Ve r (O S 0A aris O,

a+b+ct+d=o A=0
where
R(a,\,() = l15<2(aﬂ2)<a3”6)(1<2)1 (a—A+4)
(1-¢?)
and
S(aAC) = (a— At 3)¢ 15§2—[(a—/\+2)(a—)\+6)3+5(a—A+5)](1—(2) .
(1-¢2)
This proves Corollary 2.
Corollary 3. For o >0, we have
> WL(Q-W ©=> ( ) (@,2,0) Uy 5 11(6) = Qe \,0) Uq 3 12(Q)],
at+btc=a A=0
where
P(a,\() = (Sgg%f) and Q (o, \,¢) = 0‘(1*;2‘) ((a—A+4)—(a—A—1)¢2).

Proof. For the proof of Corollary, we will take r = 2 in Theorem 2 and proceed similarly as in the proof of Corollary 1 to
achieve the desired results.
Corollary 4. For n >0, we have

W0 Wi (0 W Wa(©) = 32 5 (1) IR0 OV 1020 =100, 0 U2 O

a+btctd=a

where

R(a,\C) = [15(2_(a—/\+2)<a_)\_|_6>(1_cg)

(1-¢2)°
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and

S(aAQ) = (a—A+3)¢ (15(2_[(&_/\4’2)(Oé—>\+6)+5(oz—/\+5)](1-(2)> |

(1-¢2)°
Proof. For the proof of Corollary, we will take r = 3 in Theorem 2 and proceed similarly as in the proof of Corollary 2 to

achieve the desired results.
Corollary 5. For oo >0, we have

[e% N 3
Z Foar1-Fapir - Focyr = Z (1) (/\) [Aa,A Foa 214 +Ba,>\on¢—2>\+6] )
a+btc=a A=0

where A, \ = 5= (a—A+3) and B, \ = &5 (@a—=A+2)(5a—5\—7) .
Proof . Here, we will use Equation (2.8) together with the fact U, (2) = Fy,, o in Theorem 3 for ( = $ with r =2. Then,
we have

z:a+b+c:Q;Féa+1'EEb+1'PEc+1

’

= T3, S (§) Pllo -2+ 202+ 02 ()3T 2]

Using Equation (2.12) with ¢ = 3, we have

S () [re-rsmer i s (3) o 22 v () - (7))

2

3) -+ D a2+ 01 P ans 9 (O By - OB, )

3) [0+ 2 @At 0] o ars=9( (~5) @=243) Faaania— (<) (0= A+2) Faa anio) |

3 [1a=rt 2@t 01 Fouano +9( (3) @=243) Faaanea (3) = () (0= A4 D) Foa s
L f:o 0 (3) [l0-r+2 (@A) T ) Faa st (= A43) Faaaa

1026_“: A( ) [ (0 A42) (o 5A—T) Pa asat o (0mA+8) Fag o]

1 (3) [3 08 Pracana 5 (0= 2) G053 T) Fa o]

o £ (3
Z Foar1 Fopyr Focyr = Z (1) (/\) [Aa x Faa_2xnsa T Ba xFaa_2x46)
a+bt+c=a A=0
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whereA, = 5 (a—=A+3) and B, \ = 25 (a—A+2)(5a—51—7) .
This proves Corollary 5.
Corollary 6. For o >0, we have

1 & A (4
Z F2a+1 'F2b+1 'FQCJrl .F2d+1 = ﬁ Z (_1) (A) [Ca,AF2a72>\+8 _Da,AFQchQ)\JrG] y
a+b+ctd=a X—0

where
Cox=3(a=A+3)(((a—A+2) (@—A+6)+ 27) =5 (a—A+5)),
and
Dy s =2[(a=A+2)(a—X+6)+ 27] (a —A+4).

Proof. Here, we will follow the similar steps as in the proof of Corollary 6 and using Equation (2.8) in Theorem 3 for { = 3 with
r=3and U, (3) = Fy,,2 - Wehave

Za+b+c+d:a F2a+1 'F2b+1 ‘F2c+1 'F2d+1

— Lk () (i) [2la=A+2) (@ =260 x5 (3) =350 x5 (3)] .

Using Equations (2.12) and (2.14), with ( = 3 , we have

Za+b+c+d:a Faai1-Fopi1-Foci1 Fogin

— o o (1 () [zKoP—A-+2><a——A+—6ﬂL/aA+3<§>—-ns(<;§§;)tfaA+3<§>——“1?;f{;;f+5>vax+3<g>>]

[ 3 3
) L (A) [[(a—)\-i-?) (@—A+6)+ 54U, ;.5 (5) 12 ((a—A—i—?)) (@ A5 Uy s (5))] ,
Again using Equation (2.12) with = 2 , we have

(4
Za+b+c+d:a Foar1-Fapyr - Focyr Faogpr = ﬁo Zizo (1) (A)

l[(a)\+2)(a>\+6)+ 54] (((??TL)) Upri2(3)— WUQA%@)) —12(a—X+3) (a/\+5)UaH3(§)1

boleo

1

7?:(_1 A (4) [(@—A+2)(a—X+6)+ 54](% Up_rsz(2) _%
= —12(a—=A+3)(a—=A+5)U, »3(3)

Uaria(3)) 1

1 & — ) ((a=A+2)(a—A+6)+ 27 (a—A+4) +2(3 g
Ly (- ()[(s)“ +2)(@—A+6)+ 27](a—A+4)Us 242 (3)+ (;

60 ((a=A+2)(@a=A+6)+ 27) (a—A+3)U,  3(3)—6(a

)
A=0 +3)(O{—)\+5>UO¢_)\+3(%) :| ’

Za+b+c+d:a F2a+1 'F2b+1 'F2c+1 'F2d+1

_1xa AT (=) [(a=A+2)(a=A+6)+ 27| (a =A+4) Fyy o5y
=50 20! DA(A)[ +(a=X+3)((§)((a— A+2)(a—A+6)+27)—6(3—6A+5>)anms}
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IR (=8 [(@a=X+2) (a=X+6)+ 27] (= A+4) Fy, o5

5024V () L a2 o) £ 2t 45 P 1
ii: ( > [ (=) [(a=A+2) (a—A+6)+ 27 (a—A+4) Fy, 2346 ]
30 &~ +(2)(@=A+3) (((a=A+2) (a=A+6)+ 27) =5 (a—A+5)) Foy 255

T N A(i) (@—A+3) ((a—A+2) (@—A+6)+ 27) —5(a—A+5)) Fanr_oxss]
2[(a=A+2) (a—=A+6)+ 27| (a —A+4) F5 2216

1 & \ (4
Z Foav1 Fapy1 Facyr - Fagin :ﬁZ(*l) (A) Oa,AF2a—2/\+8*Da,AF2a—2>\+67
A=0

a+b+ctd=a

where
Cox=3(a=A+3) (A= A+2)(a—A+6)+ 27) =5 (a—A+5))
and
Dy s =2[(@=A+2) (a=X+6)+ 27] (a = A+4).

This proves the Corollary 6.
Corollary 7. For n,r >0, we have

Z L2a+1 'L2b+1 'L2c+1 = Z (i) [Aa,A F2a—2)\+4 +Boz,)\F12o¢—2>\—0—6] )
a+btc=a A=0
where A, \ = 5= (@—A+3) and B, \ = 25 (a—A+2)(5a—51-7) .
Proof. For the proof of Corollary 7, we will proceed similarly as in the proof of Corollary 5 and use Equation (2.10) in
Theorem 4 for ( = 3 withr =2 and U, (3) = Fy,, ;2 to achieve the desired results.
Corollary 8. For o >0, we have

[}

1 4
Y Logir-Lopir-Locir logi = 50 ;) (/\> [CaaFoa—2xi8 Do xFaa—2x:6)

a+btctd=a

where
Cox=3@=A+3)[((a—=A+2)(@a—A+6)+ 27) =5 (a—A+5)].
and
D, s =2[(a=A+2)(a=A+6)+ 27| (a—A+4).

Proof. For the proof of Corollary 8, we will proceed similarly as in the proof of Corollaries 6 and use Equation (2.10) in Theorem
4for (=3 withr =3and U, () = Fy,, o to achieve the desired results.

4 Conclusion

This study has considered the sums of finite products of Chebyshev polynomials of the 3¢ and 4'" kind as a linear combination
of Chebyshev polynomials of 2" kind and their derivatives. Similar results for Fibonacci and Lucas numbers are obtained. At
the end, some particular cases of these results are discussed. These findings certainly provide prospective scholars with the
possibility of expressing such sums in terms of other orthogonal polynomials. Additionally, it is feasible to examine the sums of
finite products of different orthogonal polynomials as well. These findings are useful in handling summation problems arising
in different fields of mathematics and the control theory is one such intriguing field.
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