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Abstract

Objectives: To develop a unified math model for Cartesian and Polar
printers that are driven by hybrid polar stepper motors. The aim is to
perform a comparative analysis in terms of model complexity and motion
behavior. Methods: This study highlights the area of research, focusing on
the development of comprehensive mathematical models for Cartesian and
polar 3D printers driven by a hybrid bipolar stepper motor. This approach
develops axis-level modeling along with subsystems such as the stepper
motor. This study takes the first steps toward developing a digital twin that
enables real-time simulation and adaptive control for the next generation of 3D
printers. Findings: The nonlinear differential equation ensures a high-fidelity
representation of the real-world dynamics. In the case of a Cartesian printer,
the model uses a simple linear kinematic equation for decoupled X-Y-Z motion.
On the contrary, in the case of a polar printer, itintroduces a nonlinear coupled
inverse kinematic relation between radial (R) and angular axis (©). Novelty: By
developing a unified nonlinear electrotechnical model for Cartesian and polar
printers, it enables high-fidelity dynamics without linearization. It forms the
base of digital twin technology and extends towards next-generation additive
manufacturing systems.

Keywords: Cartesian 3D Printer; Polar 3D Printer; Unified Modelling; Digital
twin; Comparative analysis

1 Introduction

3D printer has developed and gained market share in recent times, which has led to
the evolution of 3D printers in a short span. This evolution was primarily for Fuse
Depositional Modelling (FDM) -based 3D printers, which have a stepper motor for
individually controlling the motion of the print head in all axes. For obtaining a good
quality of print, the positioning of the print head for each instance is crucial. The
expansion of Additive manufacturing (AM) results in varied printer configurations
where polar and Cartesian 3D printers play an important role. Due to the simplicity
and reliability of the Cartesian configuration, which is characterized by orthogonal X
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-Y-Z motion, it is mainly adopted. In contrast, the polar configuration has radial and angular co-ordinates, i.e., R, ©, and Z,
which provide an upper hand in circular motion, which has nonlinearities in control and modelling. The study of mathematical
modelling, which examines how an electric motor behaves under different conditions, such as electrical, mechanical, and
electrotechnical, is referred to as motor dynamics. It gives us an understanding of how the motor will behave for the given input
(voltage, current) and external influences over a period of time. The integration of motor dynamics with various mechanical
assemblies was studied by Marathe et al.!")’ They use a sin-cos micro-stepping voltage pulse to get a trapezoidal profile.
They also include the speed-up factor for generating the motion profile. Rojek et al.® emphasized the use of Al to enhance
predictive maintenance and process simulation for the digital twins (DT), which enables anomaly detection and closed-loop
control. Mourtzis et al.®) developed a DT framework for a Cartesian 3D printer, which fuses sensor feedback to adjust process
parameters and improve quality. In 2018, Yin et al. ® conducted an investigation into dynamic modeling for the motion of a
Cartesian printer, highlighting the use of a timing belt for precise positioning of the print head at high speeds. The author aims
on identifying the error in positioning the print head due to belt elasticity. The author also proposes alternate technique to
predict positioning error in various operating conditions.

A comparative study was carried out using Finite Element Analysis (FEA). by Raj et al.® to asses surface roughness and
material deformation for Cartesian and polar printers, the conclusion was made that for Cartesian systems, carbon fiber is
optimal, and structural steel is optimal for polar printers. In 2022 Bernardi et al.® for hybrid stepper motors compared to
current control strategies, which include sliding mode, Proportional-Integral (PI), and predictive control. Due to this finding,
the efficiency of closed-loop control is improving. To estimate the natural frequencies, Kopets et al.””) use Euler-Lagrange
formalism for Cartesian printers, aiding vibration analysis and design optimization.

Cao et al.® presented a strategy that considers fuzzy Pi and Sliding Motor Control (SMC) to enhance the precision and
surface quality in a fused deposition modeling printer. Based on the system condition, their adaptive mechanism dynamically
adjusted the control weights to reduce the overall defects. This study makes a significant contribution to the development of
control strategies. In 2024, a study was carried out to compare the dynamic stability and structural integrity of widely used
3D printers, which are Cartesian, Polar, and Delta, by Tyagi et al.*”) with the help of FEA. The author discusses the impact
of structural behavior on precision and quality. For real-time monitoring and optimization of 3D printing, the technology of
DT has increased. Palanisamy et al.(!¥) discusses how different process parameters and material selection affect the printing
quality of FDM printers. The author employs the Design of Experiments (DOE), Taguchi method, (ANOVA), Response surface
methodology (RSM), and Al approach to conclude optimized strategies. Dynamic modeling has evolved with the Lagrangian
approach. The Finite Element Method (FEM) is used for accurate vibrational analysis and control. Mishra et al.!!) highlight
the coupling effect, configuration-dependent natural frequencies, and computational trade-offs. Simpkins et al.(!? emphasize
adaptive algorithms, robust timing analysis, and watchdog systems to ensure the safety and stability of the humanoid robot.
Tlegenov et al.'¥ studied condition monitoring for the current-based nozzle 3D printer. The author derived the extrusion
force and validated the motor current in a clogging condition, which was validated by experimental analysis using Polylactic
Acid (PLA).

The Delta kinematics printer offers cost benefits and speed advantages over Cartesian systems. The study highlighted
the advantages in surface quality. Zakharov et al.!¥) focused their paper on performance enhancement through kinematic
modeling, trajectory optimization, and structural improvement. Zhao et al.!>) employed a neural network for data-driven
approximation, utilizing experimental datasets to ehance trajectory tracking and robustness for the Delta 3D printer. In
comparison to the traditional model, the neural approach enhances control accuracy in diverse conditions. Chouaibi et al.(!®
studied the Ultimaker-style FDM printer to understand the effect of joint clearance. A coordinate measuring machine is used
to compare deviations in printed artifacts.

Savaliya et al.!”) Define the relationship between the joint parameter and print head position using kinematic modeling in
an FDM printer. Forward kinematics help determine the position of the end-effector for a given joint angle, whereas inverse
kinematics give the joint angle for a desired position. Inverse kinematics for manipulators is complex due to the nonlinearity
involved. Bouzid et al. '® Employ smart techniques such as Artificial Neural Networks (ANNs), adaptive neuro-fuzzy inference
system (ANFIS), and deep learning to achieve accuracy and efficiency for the Selective Compliance Articulated Robotic Arm
(SCARA) robot. To overcome the limitations of the Cartesian and the delta printer, multi- Degree of freedom (DOF) arms
are integrated. Xu et al.!®) emphasize inverse kinematics, trajectory planning, and motion interpolation for stability and
precision. Xie et al. ) Employ a position-posture separation method for the inverse kinematics of a robotic arm, utilizing a 3D
printer. It decouples the nonlinear equation by using the geometric method and the analytical method. Alba et al.?Y compare
toll path patterns using counter parallel and Hilbert curve in additive manufacturing for improvement in smoothness and
connectivity. The author analyzed print time, material length, underfill, etc., for the modified contour parallel path, along with
reduced material usage with Hilbert-based patterns. In large-scale additive manufacturing Liu et al.®? in his paper introduce
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continuous path planning method combining spiral wall and zigzag fill paths. This method improves molding accuracy, uniform
temperature, etc., due to which it offers significant advantages for industrial fabrication. Gupta et al.®® optimize large scale
3D printing tool path using the Space-Filling Curve Based Domain Decomposition (SFCDcomp) framework. The author
experimented on complex models, which shows a significant strength difference with varying overlap strategies. An integrated
study of a mathematical model & 3D printer, and software optimization to control the extruder is available ®*). A large study is
available in the perspective of material deposition rate *> and process parameter % is available, but the mechanism of motion
modelling for the integrated model, which includes mechanized assembly of motors, gearbox, is yet to be explored.

1.1 Research Gap

Several studies focused on separate modeling approaches, control strategies, DT, predictive maintenance, material, and
structural analysis. But the research gap lies in the integrated math model, which combines both mechanical and electrical
dynamics for a unified model of a 3D printer. Past research data detail with domain separately, which limits the ability to
anticipate the behavior and motion of the printer in actual operating conditions.

1.2 Problem Statement

Positioning of the print head is important to achieve for high quality prints, specifically in an FDM printer where the stepper
motor governs multiple axes. Numerous studies address motor dynamics, control strategies, and mechanical assemblies, but
lack in integrated modelling approach, which creates a challenge in comparing configurations to guide design optimization for
emerging printer architectures.

2 Methodology

In order to understand the dynamic behavior, optimal performance, and effective control over the positioning of the Cartesian
and Polar configured printer, mathematical modelling is essential. In this section discuss the framework of the unified model,
which integrates electromechanical components in both configurations with nonlinear differential equations. Core components
are stepper motors, timing belt, gearbox, timing belt, power screw, turning table, and rack and pinion assembly. Mathematical
representation for core electrical & mechanical components refers to a unified model

2.1 Unified Modelling Philosophy

Hybrid bipolar stepper motor actuates core 3D printer and couple mechanically for the motion mechanism in which either print
head drive for Cartesian motion or the turn-table for polar motion to convert electrical signals to controlled displacement. In
case of unified mechatronic perspective, the system is considered as a single chain where voltage pulse is the input (often
implemented as micro-stepping voltage pulse) and axis displacement is the output (position/velocity). The way in which
the printer is modelled supports both open loop operation (pulse to position without feedback) and closed loop where
feedback signals (e.g., position, speed, current or load estimates) are utilized to reduce error and improve disturbance rejection.
The mathematical model is developed: first nonlinear differential equation describes the motor dynamics (phase currents,
resistance/inductance effects, back EMF) and mechanical dynamics (torque generation, rotor inertia, damping, detent torque,
and load torque interaction). Next are the required mechanical components such as gearbox, timing belt-pulley, rack and
pinion, lead screw or tuning table are modelled and interconnected according to printer’s requirement. In the end, kinematics
relationships map rotary motion of motor to travel in X, Y, Z or 6, preserving nonlinearities to achieve high fidelity simulation for
controller design and DT development. Below figure 1 (a) and (b) represents unified model for Cartesian and Polar configuration
3D printer.

2.2 Component Level Modelling

Component-level modelling represents building a mathematical description for each mechanical element of the 3D printer
separately before defining them into one unified model. In place of treating a printer as a single black box, each and every
subsystem i.e., motor, belt, screw, gearbox, load and bearings is represented by its own governing equations and parameters. This
approach makes easy to validate each part, identify dominant dynamics, and reuse blocks across different printer architectures.
This section restricts to the stepper motor, capturing its electrical and mechanical behaviour via nonlinear differential equations.
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Fig 1. a. Unified model of Cartesian 3D printer, b. Unified model of Polar 3D printer

2.2.1. Stepper motor model
The non-linear electromechanical differential equation is modelled for a hybrid bipolar stepper motor ). The motor is governed
by two phases (A and B) and its dynamics are governed by the equation 1,2,3 and 4 given below:

dia - —Raia—i-KbemSin(NT@m) VA(t)
pral T + (1)

a

% _Raib +Kb0m COS(Ner) VB(t)

at L, L )

Tm<t) = _KTia Sin(Nrem) +KTibCOS<N'r‘9m) (3)

db,, T,,(t)—D,,0,, —KpsindN,0,,) Tg,(t) @
at J J

Notations are as follows,

0, (t) = shaft rotation of motor in radians, 6,,, (t) = Rotational velocity in radians/s, L, R, = phase inductance in Henry
and resistance in Ohm for the two phases A and B, K- = Torque, K 5 = Back EMF constants, K , = Detent Torque constant,
T,,(t) = motor torque in Nm, T'p; (¢) = load torques in Nm, i 4 (t)/i5(t) = phase currents in Ampere, V4 (¢)/Vg(t) =
phase voltages in Volts, respectively, V,. = number of rotor teeth, .J,,, = Rotor polar mass moment of inertia (kg-m?), Dm =
torsional viscous damping coefficient (Ns/m).

The above equations 1-a and 1-b describe how armature current i, and i, change with respect to time. The equation 1-d,
ie.:T,, (1) is the equation of torque for two phase hybrid bipolar stepper motor. Incorporating back EMF and detent torque,

the motor torque is generated, which is a function of phase current and rotor position.

The equation 1-e i.e. % represents the angular acceleration of the rotor, which depends upon the load torque of the
mechanism.
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2.2.2. Cartesian Configuration

Motion in each axis (X, Y, Z) is independently controlled. Modelling of each axis is done independently due to the decoupled
nature of Cartesian kinematics. The torque output from one component is the input to the next, which leads to the derivation
of an equation for each axis. The stepper motor, gearbox & timing belt is the unified model for the Cartesian printer in X & Y

directions. For Z direction stepper motor, gearbox, and power screw give the unified model. Figure 2(a) represent the X-, Y-axis
14)

and Figure 2(b) Z-axis mechanisms for cartesian printer.

(b)

Fig 2. (a) X-axis Mechanism and Y-axis Mechanism (b) Z-axis Mechanism

In X and Y motion, the unified equation is obtained by substituting the kinematic relationship 6(t) = 0, (t) = %91 (t) =
%Hm (t). The torque of the timing belt, which, after simplification, is substituted in the equation of the gearbox to get T'r; ()
as shown below ") by equation 5.

2
ng’erJg;’ (”) 1 6, +
T

2
U8+ T 2B+ (D 4 DY+ mtgrsina () =T (0
2

2
b b(T ;
DY’ + D} (é) L)m

(5)

The above equation is finally substituted in equation (1-e) to get the angular acceleration of the rotor.
In Z-axis motion, the unified equation is obtained by replacing the input torque of the screw in the equation of the gearbox
to get 1 (t) as shown below!) by equation 6.

2 2
b b r . b b r . s )\ .
nglJrJgQ (7;) 19m+ [Di’ +D3 (é) 19m+[ﬂ 7 0m

(6)
+G(p, @) (mpsié +mpsg+DpSi9. )T } (TL) =Tg1(t)
27_‘_ m 27T m sc

T2

The above equation is finally substituted in equation (1-e) to get the angular acceleration of the rotor.

2.2.3. Polar configuration
The unified model motion for the polar printer is R, ©, Z direction motions are derived. The Stepper motor, Gearbox, and Rack
& pinion refer to a unified model for R direction motion. The Stepper motor, Gearbox, and Turning Table refer to a unified
model for © direction motion. And the Stepper motor, Gearbox & Power screw refer to a unified model for Z direction motion.
Figure 3 shows the symbolic diagram of a Polar printer ). Just like cartesian configuration, the polar gives a nonlinear kinematic
relationship between the motor inputs and cartesian workspace coordinates.

For R-axis motion, the unified equation is obtained by combining the Rack & Pinion equation of motion with the gearbox
equation of motion, which, after simplification, is obtained ® as stated in equation 7,

5808 (2 e | o2 0 (2 [0 [ (Bowror ) 00, () =
ol 02 7 m 1 2 o m §m p m+( )] m | - Rl(t) (7)

2 T2 T'a

https://www.indjst.org/ 3941


https://www.indjst.org/

Marathe & Deshmukh / Indian Journal of Science and Technology 2025;18(48):3937-3945

Turning v

Table
Gearing pair L
Mhotor
Power
Screw &
Motor Motor with rack
& pinion

Fig 3. Symbolic representation of a polar configuration 3D Printer

For ©-axis motion, the unified equation is obtained by substituting the equation of motion for a turntable with the gearbox
equation of motion, which, after simplification, is obtained ® as stated in equation 8,

2
Job L geb (L
ol + 02 Ty

2
n b b(T1 ™
6, + | D 1 D3 (ﬁ) "

)2 T (1) ®)

b+ [746,, + D0, ] (
2

And finally, for Z-axis motion, the unified model for polar and Cartesian configuration is the same. The small difference we
observe is that in polar head moves and in Cartesian printing table moves.

3 Result and discussion

The unified model is suitable as a Digital twin because it develops a mechatronic relation from voltage pulse (micro stepping
pulse) to axis displacement outputs while preserving nonlinear electromechanical dynamics and load interactions. Integrating
motor, gearbox and transmission subsystem in axis level models enables time domain simulation in both open and close loop
operation, supporting real time prediction and orientation study. Furthermore, this comparative analysis of computational
indicated that Cartesian DT can run efficiently due to decoupled linear kinematics, whereas polar DT 7 remain feasible but
requires more computation because of nonlinear inverse kinematics and synchronized multivariable control.

Comparative study aligns with previous research work in additive manufacturing and motion modelling. A study says that
the Cartesian printer exhibits superior linear positioning accuracy because of a decoupled X-Y-Z motion structure. A researcher
Yin et al. @, reports that because of simple kinematic mapping and timing belt mechanism, the cartesian achieve high precision
in straight line trajectories. Kopets et al. 7 highlight dynamic behaviour for Cartesian printers that supports the current model
conclusion on reduced compactional complexity.
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Tyagi et al.® say that polar printers excel in circular and radial patterns but have nonlinearities and coupling effects due
to increased complexity in structural behaviours and control strategies. The inverse kinematics and multi-variable control are
derived in this study for the polar printer, which is also supported by Bouzid et al.'®), who demonstrated the computational
challenges in robotics arms with similar kinematic dependencies. Comparative analysis based on mathematical approach, model
complexity, and print pattern complexity shows the influence of dynamic error for both systems. The findings validate the
importance of an integrated model to predict the motion behaviour and optimize control strategies.

3.1 Mathematical approach

In additive manufacturing, the Cartesian printer or Polar 3D printer have influencing factor for design, control, and
performance. This rigorous study for comparative analysis based on mathematical modelling complexity provides a base of
understanding for selecting the appropriate configuration for selective applications. By integrating electrical and mechanical
components into a single model, it enables the high-fidelity simulation of actual-world printing manoeuvres. This modelling
foundation is instrumental for DT development, controller design, and performance optimization in a 3D printing system.

In Cartesian configuration nonlinear differential equation derived from elector mechanical models of the models controls
each axis. Due to linear kinematic relationships between motor and print head displacement, the equations are relatively
straightforward. For instance, in timing belt assembly, rotational motion is converted into linear displacement with a constant
radius of pulley, which simplifies the kinematic mapping. Due to the absence of direct coupling between axes, the unified model
becomes simple to simulate with a reduction in computational complexity.

Unlike the Cartesian configuration, the Polar configuration needs inverse kinematics to map workspace co-ordinates to
motor rotations. For a polar printer, the angular and radial motions are dependent on each other, and the transformation from
Cartesian to Polar co-ordinates involves trigonometric functions and square roots, which increase the model’s nonlinearity.
The unified model of polar includes a complex mathematical expression, involving the torque equation, the non-linear velocity
profile, and time varying Jacobian function for coordinate transformation. Considering the above factor, complexity increases
in the differential equation and induced stiffness in the system, which increases the computational load.

Table 1. Comparative Summary based on Mathematica approach

Criteria Cartesian Printer  Polar Printer

Axis Coupling®,® Decoupled Coupled (R and 6)
Kinematic Mappingm, (15 Linear Non-Linear

Number of equations®,1®  Moderate High

Controller Design (12),(19) Modular Integrated, Multi-Variable

Considering the model complexity of Cartesian and Polar 3D printer as shown in Table 1 the comparative analysis reveals the
distinct advantages for each configuration. In the case of a Cartesian printer, decoupled axis and linear kinematics offer a simple
unified model that is easy to simulate and control. This modular structure facilitates independent axis modelling that results
in lower computational with high accuracy. Due to these reasons its ideally applicable where precision and ease of control are
required. In the case of the Polar printer, being mechanically efficient and compact in nature, it makes modelling and controls
challenging. The unified model for the polar printer is more complex, which requires inverse kinematics and coordinate control
strategies. Polar printer excels in manoeuvring in circular or rotational manner their motion accuracy is compromises in critical
trajectories.

3.2 Model complexity

In a Cartesian printer, the mathematical model is simple since all three axes i.e., X, Y, and Z, are decoupled. Each axis operates
independently which means relation between motor rotation and head displacement is direct. Because of the simplicity of
the controller allow the use of modular Proportional-Integral-Derivative (PID) loops for each axis without solving complex
equations, resulting in less computational time, making the Cartesian printer suitable for real-time control and low-cost
microcontroller. Polar printer has nonlinear and coupled kinematics between radial and angular axes. Controller compute
inverse kinematics to change cartesian coordinate into R and © position with synchronize motion. This can only be done
by solving the nonlinear differential equation and handling the coupling effect in real time, which leads to an increase in
computational load. In conclusion can be made that a powerful processor’s algorithm is required for smooth printing.
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3.3 Print Pattern Complexity

Cartesian printer handles rectilinear path efficiently because straight lines and gird base infill require simple linear interpolation.
On the contrary for smooth curve controller needs a piecewise linear approximation, which make computational at a
manageable. Polar excel in circular and radial patterns, which align naturally with their kinematics. But the problem arises
for irregular or rectangular shapes, where repetitive calculation for radial and angular axes is required. This increases the
computational time, especially for intricate designs.

Table 2. Comparative Summary based on model and print pattern complexity

Criteria Cartesian Printer Polar Printer
21) (22)

Print Pattern Complexity ¢ Low for grid, moderate for curves  Low for circles, high for irregular shapes
Controller Load 1), (18) Lightweight, modular PID Heavy, requires inverse kinematics

Computational Time (?3) Short, predictable Longer, variable with pattern complexity

The Table 2 shows the metrics chosen to translate modelling difference into practical impact: model complexity and controller
load reflects the computational effort suggested by decoupled linear kinematics (Cartesian) versus coupled nonlinear invers
kinematics (Polar), while printing complexity and computational time capture how each natural coordinate system affects
trajectory generation, rectilinear efficiency for Cartesian and radial/circular efficiency for polar, with increased burden for
irregular shapes.

4 Conclusion

The study validates the performance between Polar and Cartesian printers with the help of integrated kinematic modelling.
The Cartesian printer, because of linear kinematics and decoupled axes, gives superior linear positioning accuracy
and computational efficiency. Its modular control needs simple PID loops, enabling real-time operation on a low-cost
microcontroller and resulting in predictable short computational cycles, which are suitable for rectilinear patterns and intricate
designs. Polar printer, on the contrary, due to compactness and radial efficient geometry, suffers from coupled and nonlinear
dynamics. The inverse kinematics and real-time coordinate transformation increase computational load by 3-5 times, which
requires a powerful processor, which leads to dynamic errors in irregularly shaped objects. Therefore, based on the application,
a driven Cartesian printer is recommended for general-purpose and complex layer-based printers, while a polar configuration
is best suited to concentric patterns. Actionable steps include developing polar path slicers that employee’s model predictive
control for polar systems and utilize the derived mathematical model as a DT for predictive virtual tuning and optimization
that ensures precision to match geometric demands. Practically, this mathematical model enables predictive virtual tuning of
control/motion parameters before printing, improving trajectory tracking under load and reducing trial and error calibration.
Additionally, because the same nonlinear motor transmission foundation is reused across Polar and Cartesian configurations,
it provides a base for future DT that integrates feedback for real-time monitoring, optimization, and adaptive control.
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