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Abstract
Objectives: To propose estimators for the population mean considering the
non-response presented in the data, utilizing an auxiliary variable with the
help of both traditional and calibration estimation methods. Methods: To
investigate how the suggested calibration estimators perform in the case of
non-response, a simulation study has been conducted using the R software.
Findings: As per the percentage relative efficiencies (%PRE) using Population-
I and II, the suggested estimators outperformed the existing estimators
considered here, The percentage relative efficiencies (%PRE) of the proposed
estimators ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 , ̄𝑦𝐶𝑆𝑇 𝑎𝑛𝑑 ̄𝑦𝐶𝑌 vary from 200.513% to 215.641%,
200.524% to 215.654%, 217.910% to 247.667% and 217.904% to 247.662%,
respectively, while 158.931% to 164.414% for the existing estimator ̄𝑦𝐿𝑒𝑒 with
respect to the estimator ̄𝑦𝐻𝐻, as shown in Table 4 for Population I. Similarly, the
percentage relative efficiencies (%PRE) of the estimators with respect to ̄𝑦𝐻𝐻
those depicted in Table 4 vary from 144.9% to 148.3%, 237.2% to 264.7 %, 237.3
% to 264.7%, 279.6% to 324.5% and 279.6% to 324.5% for the existing estimator

̄𝑦𝐿𝑒𝑒, and the suggested estimators ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 , ̄𝑦𝐶𝑆𝑇 𝑎𝑛𝑑 ̄𝑦𝐶𝑌 , respectively,
for Population II. Novelty: The proposed method has efficiently improved the
traditional existing estimator’s precision in estimation. Using this method, we
can derive more new calibrated estimators.
Keywords: Calibration approach; Stratified random sampling; Chi-square
type distance function; Non-response

1 Introduction
Non-response presents amajor hurdle in survey research, as the absence of participation
from certain individuals or units can lead to biased results and compromise the study’s
credibility. To address this, researchers employ several techniques, with calibration
being a particularly effective method. In this study, we employed the calibration
approach to address non-response. This method, along with a traditional approach,
integrates auxiliary variables into the estimation process. The issue of non-response
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was first addressed in (1), which were pioneers in the development of the calibration estimation method.
Later,many authors utilized the calibration approach for parameter estimation (2), (3).Many researchers havemade significant

contributions to address the non-response issue in the sample surveys as elaborated in (4), (5) and (6).
The challenge of estimating the population mean utilizing auxiliary information in the case of non-response has been

examined in (7). Two cases were used to examine this situation: (i) neither the study variable nor the auxiliary variable responds,
and the population mean of the auxiliary variable is known; and (ii) full data on the auxiliary variable and the population mean
of the auxiliary variable are available, while non-response occurs only on the study variable.The estimator considered in (1) and
a few other existing estimators have been conceptually compared with the suggested estimators.

Even though the data may not be normally distributed, a novel approach was suggested for estimating the population mean
in successive sampling across two occasions. In contrast to ordinary least squares (OLS) approaches, this approach was resilient
to outliers, meaning that extreme values had less impact on it.The suggested method used estimators of the quantile regression
ratio type, which took advantage of available information on the auxiliary variables (4). A two-phase sampling technique was
employed, and six classes of estimators were proposed for the populationmean in stratified random sampling using an auxiliary
variable, assuming that non-response occurs only in the study variable (8). In case of mixed response and non-response patterns
are detected, a new sampling strategy was considered in (9) to overcome the difficulties that frequently arise in estimating
problems. In order to lower the impact of non-response on the data, calibration estimators of the population mean were
introduced in the proposed setup.

The difficulty of estimating the finite population proportion under the Probability Proportional to Size (PPS) sampling
technique was discussed when complete information is unavailable because of non-response (10). Based on the availability of
auxiliary data, the calibrated estimators of the population proportion were developed under PPS sampling in the presence
of non-response. In addition to the design-based Hansen and Hurwitz type estimator in the presence of non-response, the
developed estimators of the population proportion were compared with the design-based Horvitz-Thompson estimator and
Horvitz-Thompson type calibration estimator that were obtained on the complete response units.

In this paper, both conventional and calibration techniques of estimation are considered to develop improved estimators for
the populationmean under stratified random sampling, utilizing an auxiliary variable in the presence of non-response. First, the
conventional technique is applied by incorporating the given auxiliary information, and then the calibration technique is used
to further enhance the estimators of the populationmean. A chi-square-type distance function is considered, which is designed
explicitly for non-response situations. The researchers typically calibrated stratum weights corresponding to non-responding
units to obtain estimators of the population mean for a stratified population using a calibration approach. The proposed
calibration-based estimators were derived in the current study by calibrating the weights assigned to the stratum means of
the responding units and the sub-sampled units drawn from the non-responding sample. The performance of the proposed
calibration estimator in the presence of non-response has also been examined through a simulation analysis conducted in R
software.

2 Methodology

2.1 Sampling Design and Notations

Let 𝑃 = {(𝑦1,𝑥1) , (𝑦2,𝑥2) , ..., (𝑦𝑁,𝑥𝑁)} be a set of finite population of N well-defined and identifiable elements in a mail
survey design with the study variable Y and auxiliary variable X. Given a population exhibiting heterogeneity, we divided it
into L homogeneous groups guided by prior knowledge about the population. Let the ℎ𝑡ℎ group be made up of 𝑁ℎ units such
that ∑𝐿

ℎ=1 𝑁ℎ = 𝑁 . Assume that out of 𝑁ℎ units, 𝑁ℎ1 units provide the responses on the surveyor’s first attempt, while not
being able to get responses on 𝑁ℎ2. Using the Simple Random Sampling Without Replacement (SRSWOR) technique, select
𝑛ℎ ∈ 𝑠ℎ units randomly from the ℎ𝑡ℎstratum such that ∑𝐿

ℎ=1 𝑛ℎ = 𝑛. Suppose we do not receive responses on each sample
unit drawn from the ℎ𝑡ℎ stratum. It is assumed that out of 𝑛ℎ units, 𝑛ℎ1 ∈ 𝑠𝑟ℎ units respond, while the remaining 𝑛ℎ2 ∈ 𝑠𝑛ℎ
units do not respond in the ℎ𝑡ℎ stratum. We also suppose that the 𝑛ℎ1 and 𝑛ℎ2 sample units, respectively, are drawn from
the 𝑁ℎ1 responding and 𝑁ℎ2 non-responding units. Let us choose a sub-sample of 𝑛𝑠ℎ ∈ 𝑠𝑠ℎ units utilizing the SRSWOR
scheme from the sample 𝑠𝑛ℎ of 𝑛ℎ2 non-responding units using the method (1), such that 𝑛𝑠ℎ = 𝑛ℎ2

𝑔ℎ
;𝑔ℎ > 1.

To escape from notational ambiguity, we consider the following notations:
Y : Study variable.
X: Auxiliary variable.
(𝑦ℎ𝑖,𝑥ℎ𝑖): Pair of the 𝑖𝑡ℎ unit in the ℎ𝑡ℎ stratum.
(𝑦𝑟ℎ𝑖,𝑥𝑟ℎ𝑖): Pair of the 𝑖𝑡ℎ responding units in the ℎ𝑡ℎ stratum.

https://www.indjst.org/ 3358

https://www.indjst.org/


Patel et al. / Indian Journal of Science and Technology 2025;18(42):3357–3369

(𝑦𝑛ℎ𝑖,𝑥𝑛ℎ𝑖): Pair of the 𝑖𝑡ℎ non-responding units in the ℎ𝑡ℎ stratum.
𝜌: Correlation coefficient between study variable Y and auxiliary variable X.
𝜌ℎ : Correlation coefficient between the study variable and auxiliary variable in the ℎ𝑡ℎ stratum.
𝑅 = 𝑌̄

𝑋̄ and 𝑅ℎ = 𝑌̄ℎ
𝑋̄ℎ

.
The combined means, mean-squares, and covariance of Y and X variables at the population level are defined as:
𝑌 = ∑𝐿

ℎ=1 𝑁ℎ𝑌 ℎ
𝑁 , 𝑋 = ∑𝐿

ℎ=1 𝑁ℎ𝑋ℎ
𝑁 ,

𝑆2
𝑌 = 1

𝑁−1 ∑𝐿
ℎ=1 ∑𝑁ℎ

𝑖=1 (𝑦ℎ𝑖 −𝑌 )2
, 𝑆2

𝑋 = 1
𝑁−1 ∑𝐿

ℎ=1 ∑𝑁ℎ
𝑖=1 (𝑥ℎ𝑖 −𝑋)2

,
and 𝑆𝑋𝑌 = 1

𝑁−1 ∑𝐿
ℎ=1 ∑𝑁ℎ

𝑖=1 (𝑦ℎ𝑖 −𝑌 )(𝑥ℎ𝑖 −𝑋).
The means, mean-squares and covariance of Y and X variables for the ℎ𝑡ℎ stratum at the population level are given as:
𝑌 ℎ = 1

𝑁ℎ
∑𝑁ℎ

𝑖=1 𝑦ℎ𝑖, 𝑋ℎ = 1
𝑁ℎ

∑𝑁ℎ
𝑖=1 𝑥ℎ𝑖,

𝑆2
ℎ𝑌 = 1

𝑁ℎ−1 ∑𝑁ℎ
𝑖=1 (𝑦ℎ𝑖 −𝑌 ℎ)2

, 𝑆2
ℎ𝑋 = 1

𝑁ℎ−1 ∑𝑁ℎ
𝑖=1 (𝑥ℎ𝑖 −𝑋ℎ)2

,
and 𝑆ℎ𝑋𝑌 = 1

𝑁ℎ−1 ∑𝑁ℎ
𝑖=1 (𝑦ℎ𝑖 −𝑌 ℎ)(𝑥ℎ𝑖 −𝑋ℎ).

The population means, mean-squares and covariance of Y and X variables of the 𝑁ℎ2 non-responding units for the ℎ𝑡ℎ

stratum are
𝑌 𝑁ℎ2

= 1
𝑁ℎ2

∑𝑁ℎ2
𝑖=1 𝑦𝑛ℎ𝑖, 𝑋𝑁ℎ2

= 1
𝑁ℎ2

∑𝑁ℎ2
𝑖=1 𝑥𝑛ℎ𝑖,

𝑆2
ℎ𝑌 (2) = 1

𝑁ℎ2−1 ∑𝑁ℎ2
𝑖=1 (𝑦𝑛ℎ𝑖 −𝑌 𝑁ℎ2

)2
, 𝑆2

ℎ𝑋(2) = 1
𝑁ℎ2−1 ∑𝑁ℎ2

𝑖=1 (𝑥𝑛ℎ𝑖 −𝑋𝑁ℎ2
)2

,
and 𝑆ℎ𝑋𝑌 (2) = 1

𝑁ℎ2−1 ∑𝑁ℎ2
𝑖=1 (𝑦𝑛ℎ𝑖 −𝑌 𝑁ℎ2

)(𝑥𝑛ℎ𝑖 −𝑋𝑁ℎ2
).

Sample means, mean-squares and covariance of Y and X variables for the ℎ𝑡ℎ stratum are
̄𝑦ℎ = 1

𝑛ℎ
∑𝑖∈𝑠ℎ

𝑦ℎ𝑖, ̄𝑥ℎ = 1
𝑛ℎ

∑𝑖∈𝑠ℎ
𝑥ℎ𝑖, 𝑠2

ℎ𝑦 = 1
𝑛ℎ−1 ∑𝑖∈𝑠ℎ

(𝑦ℎ𝑖 − ̄𝑦ℎ)2,𝑠2
ℎ𝑥 = 1

𝑛ℎ−1 ∑𝑖∈𝑠ℎ
(𝑥ℎ𝑖 − ̄𝑥ℎ)2, 𝑠ℎ𝑥𝑦 =

1
𝑛ℎ−1 ∑𝑖∈𝑠ℎ

(𝑦ℎ𝑖 − ̄𝑦ℎ)(𝑥ℎ𝑖 − ̄𝑥ℎ).
Sample means of Y and X variables for the 𝑛ℎ1 responding units drawn from the 𝑁ℎ1 units are
𝑦𝑟ℎ = 1

𝑛ℎ1
∑𝑖∈𝑠𝑟ℎ

𝑦𝑟ℎ𝑖 and 𝑥𝑟ℎ = 1
𝑛ℎ1

∑𝑖∈𝑠𝑟ℎ
𝑥𝑟ℎ𝑖.

Sub-sample means, mean-squares and covariance of Y and X variables for the 𝑛𝑠ℎ responding units drawn from the 𝑛ℎ2
non-responding units are

𝑦𝑠ℎ = 1
𝑛𝑠ℎ

∑𝑖∈𝑠𝑠ℎ
𝑦𝑛ℎ𝑖, 𝑥𝑠ℎ = 1

𝑛𝑠ℎ
∑𝑖∈𝑠𝑠ℎ

𝑥𝑛ℎ𝑖, 𝑠2
ℎ𝑦(2) = 1

𝑛𝑠ℎ−1 ∑𝑖∈𝑠𝑠ℎ
(𝑦𝑛ℎ𝑖 −𝑦𝑠ℎ)2, 𝑠2

ℎ𝑥(2) =
1

𝑛𝑠ℎ−1 ∑𝑖∈𝑠𝑠ℎ
(𝑥𝑛ℎ𝑖 −𝑥𝑠ℎ)2 and 𝑠ℎ𝑥𝑦(2) = 1

𝑛𝑠ℎ−1 ∑𝑖∈𝑠𝑠ℎ
(𝑦𝑛ℎ𝑖 −𝑦𝑠ℎ)(𝑥𝑛ℎ𝑖 −𝑥𝑠ℎ).

2.2 Existing Traditional and Calibration-based Estimators

The estimator of the population mean proposed by (11) in SRSWOR is given as:

𝑇𝑆𝑇 = ̄𝑦 𝑋 +𝜌
𝑥+𝜌 (1)

TheMSE of the estimator 𝑇𝑆𝑇 is expressed as

𝑀𝑆𝐸 [𝑇𝑆𝑇 ] = (1−𝑓)
𝑛 [𝑆2

𝑌 +𝑅2 ( 𝑋
𝑋 +𝜌)

2
𝑆2

𝑋 −2𝑅( 𝑋
𝑋 +𝜌)𝑆𝑋𝑌 ] (2)

where 𝑓 = 𝑛
𝑁 and 𝑅 = 𝑌

𝑋 .
The estimator of the population mean proposed by (11) in SRSWOR is given as

𝑇𝑌 = ̄𝑦 𝑛𝑋 +𝜌
𝑛 ̄𝑥+𝜌 (3)

TheMSE of the estimator 𝑇𝑌 is

𝑀𝑆𝐸 [𝑇𝑌 ] = (1−𝑓)
𝑛 [𝑆2

𝑌 +𝑅2 ( 𝑛𝑋
𝑛𝑋 +𝜌)

2
𝑆2

𝑋 −2𝑅( 𝑛𝑋
𝑛𝑋 +𝜌)𝑆𝑋𝑌 ] (4)
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If we consider the stratified random sampling, the usual estimator of the population mean 𝑌 is given as

𝑦𝑠𝑡 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦ℎ (5)

where 𝑤ℎ = 𝑁ℎ
𝑁 .

In the cases where information is incomplete for certain units, the conventional estimator for the mean of a stratified
population, as prescribed in (1), is expressed as

𝑦𝐻𝐻 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦∗

ℎ (6)

where 𝑦∗
ℎ = 𝑛ℎ1𝑦̄𝑟ℎ+𝑛ℎ2𝑦̄𝑠ℎ

𝑛ℎ
= 𝑤ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2 ̄𝑦𝑠ℎ.

The variance expression for the estimator 𝑦𝐻𝐻 is given as

𝑉 [ ̄𝑦𝐻𝐻] = ∑𝐿
ℎ=1

𝑤2
ℎ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑌 +∑𝐿
ℎ=1

𝑤2
ℎ (𝑔ℎ −1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑌 (2) (7)

where 𝑊ℎ2 = 𝑁ℎ2
𝑁ℎ

is the non-response rate in the population for the ℎ𝑡ℎ stratum.
When some units do not respond, the following calibration estimator is proposed (3) for the population mean of a stratified

population in the presence of non-response:

𝑦𝐿𝑒𝑒 = ∑𝐿
ℎ=1 𝛿∗

ℎ ̄𝑦∗
ℎ (8)

where 𝛿∗
ℎ is the calibration weight for the ℎ𝑡ℎ stratum.

The chi-square type distance function, as used in (3), is given as:

𝐷𝐿𝑒𝑒 = 1
2

𝐿
∑
ℎ=1

(𝛿∗
ℎ −𝑤ℎ)2

𝑤ℎ𝑞ℎ
(9)

Two calibration constraints considered for the derivation of the suggested calibration estimator are

∑𝐿
ℎ=1 𝛿∗

ℎ ̄𝑥∗
ℎ = 𝑋 (10)

∑𝐿
ℎ=1 𝛿∗

ℎ = ∑𝐿
ℎ=1 𝑤ℎ (11)

The final form of the estimator ̄𝑦𝐿𝑒𝑒 is given by

̄𝑦𝐿𝑒𝑒 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦∗

ℎ + ̂𝛽𝐿𝑒𝑒 [𝑋 −∑𝐿
ℎ=1 𝑤ℎ ̄𝑥∗

ℎ] (12)

where ̂𝛽𝐿𝑒𝑒 = (∑𝐿
ℎ=1 𝑞ℎ𝑤ℎ𝑦̄∗

ℎ𝑥̄∗
ℎ)(∑𝐿

ℎ=1 𝑞ℎ𝑤ℎ)−(∑𝐿
ℎ=1 𝑞ℎ𝑤ℎ𝑦̄∗

ℎ)(∑𝐿
ℎ=1 𝑞ℎ𝑤ℎ𝑥̄∗

ℎ)

(∑𝐿
ℎ=1 𝑞ℎ𝑤ℎ𝑥̄∗2

ℎ )(∑𝐿
ℎ=1 𝑞ℎ𝑤ℎ)−(∑𝐿

ℎ=1 𝑞ℎ𝑤ℎ𝑥̄∗
ℎ)

2 and 𝑥∗
ℎ = 𝑛ℎ1𝑥̄𝑟ℎ+𝑛ℎ2𝑥̄𝑠ℎ

𝑛ℎ
.

The variance expression for the calibration estimator ̄𝑦𝐿𝑒𝑒 under the proportional allocation is given as

𝑉 ( ̄𝑦𝐿𝑒𝑒) = ∑𝐿
ℎ=1 ( 1

𝑛 − 1
𝑁 )𝑤ℎ𝜎2

ℎ𝑒 +∑𝐿
ℎ=1

(𝑔ℎ −1)𝑤ℎ𝑊ℎ2
𝑛 𝜎2

ℎ𝑒(2) (13)

where 𝜎2
ℎ𝑒 = 1

𝑁ℎ−1 ∑𝑁ℎ
𝑖=1 𝑒∗2

ℎ𝑖; 𝑒∗
ℎ𝑖 = (𝑦ℎ𝑖 −𝑌 ℎ)− ̂𝛽𝐿𝑒𝑒 (𝑥ℎ𝑖 −𝑋ℎ),

𝜎2
ℎ𝑒(2) = 1

𝑁ℎ2−1 ∑𝑁ℎ2
𝑘=1 𝑒∗2

𝑛ℎ𝑘; 𝑒∗
𝑛ℎ𝑘 = (𝑦𝑛ℎ𝑘 −𝑌 𝑁ℎ2

)− ̂𝛽𝐿𝑒𝑒 (𝑥𝑛ℎ𝑘 −𝑋𝑁ℎ2
) and ̂𝛽𝐿𝑒𝑒 is the estimator of population

level value 𝛽𝐿𝑒𝑒.
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2.3 Proposed Calibration Estimators in Stratified Sampling

Before defining the suggested estimators, let us recall (1), the usual estimator 𝑦𝐻𝐻 given in equation (6) as:

̄𝑦𝐻𝐻 = ∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2 ̄𝑦𝑠ℎ} (14)

Let us define an estimator of the population mean by incorporating the auxiliary information into the estimation process using
the traditional method.

̄𝑦𝑇𝑀 = ∑𝐿
ℎ=1 𝑤ℎ𝑇ℎ {𝑤ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2 ̄𝑦𝑠ℎ} (15)

where 𝑇ℎ is a function of the sample mean ( ̄𝑥ℎ) and population mean (𝑋̄ℎ) utilizing a known parameter (𝑔ℎ) of the auxiliary
variable X defined for the ℎ𝑡ℎ stratum, i.e., 𝑇ℎ = 𝑓( ̄𝑥ℎ, 𝑋̄ℎ,𝑔ℎ).

In this paper, we will consider two functions, and you can also generate many more estimators using different forms of the
function 𝑇ℎ.

We now suggest new estimators of the population mean by incorporating auxiliary information using the calibration
approach when some units do not respond, as follows:

̄𝑦𝐶𝑇 = ∑𝐿
ℎ=1 {𝛿ℎ1 ̄𝑦𝑟ℎ +𝛿ℎ2 ̄𝑦𝑠ℎ}𝑇ℎ

or ̄𝑦𝐶𝑇 = ∑𝐿
ℎ=1 𝛿ℎ1 ̄𝑦𝑟ℎ𝑇ℎ +∑𝐿

ℎ=1 𝛿ℎ2 ̄𝑦𝑠ℎ𝑇ℎ (16)

Here, 𝛿ℎ1 and 𝛿ℎ2 are the new weights assigned to the sample mean ̄𝑦𝑟ℎ and subsample mean ̄𝑦𝑠ℎ of the responding and
subsample from the non-responding groups, respectively. Let us define a new chi-square type distance function suitable for our
situation.

𝐷 = ∑𝐿
ℎ=1

(𝛿ℎ1 −𝑤ℎ𝑤ℎ1)2

𝑤ℎ𝑤ℎ1𝑞ℎ1
+

𝐿
∑
ℎ=1

(𝛿ℎ2 −𝑤ℎ𝑤ℎ2)2

𝑤ℎ𝑤ℎ2𝑞ℎ2
(17)

Subject to the following calibration conditions:

∑𝐿
ℎ=1 {𝛿ℎ1 ̄𝑥𝑟ℎ +𝛿ℎ2 ̄𝑥𝑠ℎ} = 𝑋 (18)

and ∑𝐿
ℎ=1 {𝛿ℎ1 +𝛿ℎ2} = 1 (19)

Note that 𝑞ℎ1 and 𝑞ℎ2 quantities in the aforementioned equation (17) are appropriately selected constants that determine the
various estimators’ forms. Thus, we obtain a family of calibration estimators for various values of 𝑞ℎ1 and 𝑞ℎ2.

Let us define the Lagrange function to minimize the chi-square type distance function (17) subject to calibration conditions
(18) and (19).

𝐿 = ∑𝐿
ℎ=1

(𝛿ℎ1 −𝑤ℎ𝑤ℎ1)2

𝑤ℎ𝑤ℎ1𝑞ℎ1
+

𝐿
∑
ℎ=1

(𝛿ℎ2 −𝑤ℎ𝑤ℎ2)2

𝑤ℎ𝑤ℎ2𝑞ℎ2
−2𝜆1 {

𝐿
∑
ℎ=1

{𝛿ℎ1 ̄𝑥𝑟ℎ +𝛿ℎ2 ̄𝑥𝑠ℎ}−𝑋}

−2𝜆2 {∑𝐿
ℎ=1 {𝛿ℎ1 +𝛿ℎ2}−1}

(20)

Let us now differentiate the Lagrange function in equation (20) with respect to 𝛿ℎ1 and equate the derivative to zero.

𝜕𝐿
𝜕𝛿ℎ1

= 2(𝛿ℎ1 −𝑤ℎ𝑤ℎ1)
𝑤ℎ𝑤ℎ1𝑞ℎ1

−2𝜆1 ̄𝑥𝑟ℎ −2𝜆2 = 0

⇒ (𝛿ℎ1 −𝑤ℎ𝑤ℎ1)
𝑤ℎ𝑤ℎ1𝑞ℎ1

−𝜆1 ̄𝑥𝑟ℎ −𝜆2 = 0
⇒ 𝛿ℎ1 = 𝑤ℎ𝑤ℎ1 (1+𝜆1𝑞ℎ1 ̄𝑥𝑟ℎ +𝜆2𝑞ℎ1)

(21)

Let us again differentiate the Lagrange function in equation (20) with respect to 𝛿ℎ2 and equate the derivative to zero.

𝜕𝐿
𝜕𝛿ℎ2

= 2(𝛿ℎ2 −𝑤ℎ𝑤ℎ2)
𝑤ℎ𝑤ℎ2𝑞ℎ2

−2𝜆1 ̄𝑥𝑠ℎ −2𝜆2 = 0

⇒ (𝛿ℎ2 −𝑤ℎ𝑤ℎ2)
𝑤ℎ𝑤ℎ2𝑞ℎ2

−𝜆1 ̄𝑥𝑠ℎ −𝜆2 = 0
⇒ 𝛿ℎ2 = 𝑤ℎ𝑤ℎ2 (1+𝜆1𝑞ℎ2 ̄𝑥𝑠ℎ +𝜆2𝑞ℎ2)

(22)
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Putting the values of 𝛿ℎ1 and 𝛿ℎ2 from equations (21) and (22) into equation (18), we get

𝐿
∑
ℎ=1

{𝑤ℎ𝑤ℎ1 (1+𝜆1𝑞ℎ1 ̄𝑥𝑟ℎ +𝜆2𝑞ℎ1)} ̄𝑥𝑟ℎ +
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ2 (1+𝜆1𝑞ℎ2 ̄𝑥𝑠ℎ +𝜆2𝑞ℎ2)} ̄𝑥𝑠ℎ = 𝑋

𝜆1 ∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2

𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2
𝑠ℎ}+𝜆2 ∑𝐿

ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ} = 𝑋 − ̄𝑥𝐻𝐻 (23)

Substituting the values of 𝛿ℎ1 and 𝛿ℎ2 from equations (21) and (22) into equation (19), we obtain

𝐿
∑
ℎ=1

{𝑤ℎ𝑤ℎ1 (1+𝜆1𝑞ℎ1 ̄𝑥𝑟ℎ +𝜆2𝑞ℎ1)}+
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ2 (1+𝜆1𝑞ℎ2 ̄𝑥𝑠ℎ +𝜆2𝑞ℎ2)} = 1

𝜆1 ∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}+𝜆2 ∑𝐿

ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2} = 0 (24)

After solving the system of equations (23) and (24),
we obtain𝜆1 = ∑𝐿

ℎ=1 𝑤ℎ{𝑤ℎ1𝑞ℎ1+𝑤ℎ2𝑞ℎ2}[𝑋−𝑥̄𝐻𝐻]
∑𝐿

ℎ=1 𝑤ℎ{𝑤ℎ1𝑞ℎ1𝑥̄2
𝑟ℎ+𝑤ℎ2𝑞ℎ2𝑥̄2

𝑠ℎ}∑𝐿
ℎ=1 𝑤ℎ{𝑤ℎ1𝑞ℎ1+𝑤ℎ2𝑞ℎ2}−[∑𝐿

ℎ=1 𝑤ℎ{𝑤ℎ1𝑞ℎ1𝑥̄𝑟ℎ+𝑤ℎ2𝑞ℎ2𝑥̄𝑠ℎ}]
2

𝜆2 = − ∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}[𝑋 − ̄𝑥𝐻𝐻]

∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2

𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2
𝑠ℎ}∑𝐿

ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}−[∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}]

2

The calibrated weights after substituting the values 𝜆1 and 𝜆2are determined as:

𝛿ℎ1 = 𝑤ℎ𝑤ℎ1 +𝑤ℎ𝑤ℎ1𝑞ℎ1

⎡
⎢
⎢
⎢
⎣

𝑥𝑟ℎ
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ1𝑞ℎ1 +𝑤ℎ𝑤ℎ2𝑞ℎ2}

−
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}

⎤
⎥
⎥
⎥
⎦

[𝑋 − ̄𝑥𝐻𝐻]

⎡
⎢⎢⎢⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2

𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}

−{
𝐿

∑
ℎ=1

𝑤ℎ (𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ)}
2

⎤
⎥⎥⎥⎥
⎦

and

𝛿ℎ2 = 𝑤ℎ𝑤ℎ2 +𝑤ℎ𝑤ℎ2𝑞ℎ2

⎡
⎢
⎢
⎢
⎣

𝑥𝑠ℎ
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ1𝑞ℎ1 +𝑤ℎ𝑤ℎ2𝑞ℎ2}

−
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}

⎤
⎥
⎥
⎥
⎦

[𝑋 − ̄𝑥𝐻𝐻]

⎡
⎢⎢⎢⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2

𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}

−{
𝐿

∑
ℎ=1

𝑤ℎ (𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ)}
2

⎤
⎥⎥⎥⎥
⎦
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The final form of the calibration estimator given in equation (16) is established as:

̄𝑦𝐶𝑇 = ∑𝐿
ℎ=1 𝑤ℎ (𝑤ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2 ̄𝑦𝑠ℎ)𝑇ℎ

+

⎡
⎢
⎢
⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ𝑇ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ1𝑞ℎ1 +𝑤ℎ𝑤ℎ2𝑞ℎ2}

−
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ𝑇ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ}

⎤
⎥
⎥
⎥
⎦

[𝑋 − ̄𝑥𝐻𝐻]

⎡
⎢⎢⎢⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2

𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}

−{
𝐿

∑
ℎ=1

𝑤ℎ (𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ)}
2

⎤
⎥⎥⎥⎥
⎦

or ̄𝑦𝐶𝑇 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦∗

ℎ𝑇ℎ + ̂𝛽 [𝑋 − ̄𝑥𝐻𝐻]

(25)

where

̂𝛽 =

⎡
⎢
⎢
⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ𝑇ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ1𝑞ℎ1 +𝑤ℎ𝑤ℎ2𝑞ℎ2}

−
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ𝑇ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ}

⎤
⎥
⎥
⎥
⎦

⎡
⎢⎢⎢⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2

𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}

−{
𝐿

∑
ℎ=1

𝑤ℎ (𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ)}
2

⎤
⎥⎥⎥⎥
⎦

Let us consider two cases of function Tℎ to define the proposed traditional and calibration estimators of the population mean.
Case 1: Let us first take the functional form of Tℎ inspired by the estimator proposed (11) for the ℎ𝑡ℎ stratum, i.e.,𝑇ℎ =

𝑋ℎ+𝜌ℎ
𝑥̄∗

ℎ+𝜌ℎ
. The traditional estimator of the population mean suggested in equation (15) in the presence of the non-response will

reduce to

̄𝑦𝑇𝑆𝑇 = ∑𝐿
ℎ=1 𝑤ℎ (𝑋ℎ +𝜌ℎ

̄𝑥∗
ℎ +𝜌ℎ

) ̄𝑦∗
ℎ (26)

The suggested calibration estimator recommended in equation (25) for 𝑇ℎ = 𝑋ℎ+𝜌ℎ
𝑥̄∗

ℎ+𝜌ℎ
is given as:

̄𝑦𝐶𝑆𝑇 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦∗

ℎ (𝑋ℎ +𝜌ℎ
̄𝑥∗
ℎ +𝜌ℎ

)+ ̂𝛽𝑆𝑇 [𝑋 − ̄𝑥𝐻𝐻] (27)

where

̂𝛽𝑆𝑇 =

⎡
⎢
⎢
⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ (𝑋ℎ +𝜌ℎ
̄𝑥∗
ℎ +𝜌ℎ

){𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

{𝑤ℎ𝑤ℎ1𝑞ℎ1 +𝑤ℎ𝑤ℎ2𝑞ℎ2}

−
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ (𝑋ℎ +𝜌ℎ
𝑥∗

ℎ +𝜌ℎ
){𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ}

⎤
⎥
⎥
⎥
⎦

⎡
⎢⎢⎢⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2

𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}

−{
𝐿

∑
ℎ=1

𝑤ℎ (𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ)}
2

⎤
⎥⎥⎥⎥
⎦
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Case 2: In the sameway, if the functional form of Tℎ is encouraged in (11) for the ℎ𝑡ℎ stratum, i.e. 𝑇ℎ = 𝑛𝑋ℎ+𝜌ℎ
𝑛𝑥̄∗

ℎ+𝜌ℎ
, the traditional

non-response version of the estimator proposed in equation (15) is obtained as:

̄𝑦𝑇𝑌 = ∑𝐿
ℎ=1 𝑤ℎ (𝑛𝑋ℎ +𝜌ℎ

𝑛 ̄𝑥∗
ℎ +𝜌ℎ

) ̄𝑦∗
ℎ (28)

And the suggested calibration estimator in equation (25) can be written for 𝑇ℎ = 𝑛𝑋ℎ+𝜌ℎ
𝑛𝑥̄∗

ℎ+𝜌ℎ
as:

̄𝑦𝐶𝑌 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦∗

ℎ (𝑛𝑋ℎ +𝜌ℎ
𝑛 ̄𝑥∗

ℎ +𝜌ℎ
)+ ̂𝛽𝑌 [𝑋 − ̄𝑥𝐻𝐻] (29)

where

̂𝛽𝑌 =

⎡
⎢
⎢
⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ (𝑛𝑋ℎ +𝜌ℎ
𝑛 ̄𝑥∗

ℎ +𝜌ℎ
){𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ ̄𝑥𝑠ℎ}

𝐿
∑
ℎ=1

{𝑤ℎ𝑤ℎ1𝑞ℎ1 +𝑤ℎ𝑤ℎ2𝑞ℎ2}

−
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ (𝑛𝑋ℎ +𝜌ℎ
𝑛 ̄𝑥∗

ℎ +𝜌ℎ
){𝑤ℎ1𝑞ℎ1 ̄𝑦𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑦𝑠ℎ}

⎤
⎥
⎥
⎥
⎦

⎡
⎢⎢⎢⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥2

𝑠ℎ}
𝐿

∑
ℎ=1

𝑤ℎ {𝑤ℎ1𝑞ℎ1 +𝑤ℎ2𝑞ℎ2}

−{
𝐿

∑
ℎ=1

𝑤ℎ (𝑤ℎ1𝑞ℎ1 ̄𝑥𝑟ℎ +𝑤ℎ2𝑞ℎ2 ̄𝑥𝑠ℎ)}
2

⎤
⎥⎥⎥⎥
⎦

Similarly, many more traditional and calibration forms of the estimators can be derived using different forms of function 𝑇ℎ.
Due to the length of the research paper, we have considered only two functions here.

2.4 Mean Squared Errors of the Proposed Estimators

Let us derive the expressions of the variances for both cases of the proposed traditional and calibration estimators considered
in the presence of non-response in equations (26) to (29) one by one.

Case 1:We first consider the proposed traditional estimator defined in equation (26) as:
̄𝑦𝑇𝑆𝑇 = ∑𝐿

ℎ=1 𝑤ℎ ( 𝑋ℎ+𝜌ℎ
𝑥̄∗

ℎ+𝜌ℎ
) ̄𝑦∗

ℎ
For the large sample approximation, we define ̄𝑦∗

ℎ = 𝑌 ℎ (1+𝑒0ℎ) and ̄𝑥∗
ℎ = 𝑋ℎ (1+𝑒1ℎ).

where𝐸 (𝑒0ℎ) = 𝐸 (𝑒1ℎ) = 0,𝐸 (𝑒2
0ℎ) = 1

𝑌 2
ℎ

[ (1−𝑓ℎ)
𝑛ℎ

𝑆2
ℎ𝑌 + (𝑔ℎ−1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑌 (2)],𝐸 (𝑒2
1ℎ) = 1

𝑋2
ℎ

[ (1−𝑓ℎ)
𝑛ℎ

𝑆2
ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑋(2)],
and 𝐸 (𝑒0ℎ𝑒1ℎ) = 1

𝑋ℎ𝑌 ℎ
{ (1−𝑓ℎ)

𝑛ℎ
𝑆ℎ𝑋𝑌 + (𝑔ℎ−1)𝑊ℎ2

𝑛ℎ
𝑆ℎ𝑋𝑌 (2)}.

After putting these approximations in the estimator 𝑦𝑇𝑆𝑇 , we obtain

̄𝑦𝑇𝑆𝑇 =
𝐿

∑
ℎ=1

𝑤ℎ ( 𝑋ℎ +𝜌ℎ
𝑋ℎ (1+𝑒1ℎ)+𝜌ℎ

)𝑌 ℎ (1+𝑒0ℎ)

̄𝑦𝑇𝑆𝑇 = ∑𝐿
ℎ=1 𝑤ℎ (1+ 𝑋ℎ𝑒1ℎ

𝑋ℎ+𝜌ℎ
)

−1
𝑌 ℎ (1+𝑒0ℎ)

The expression of the estimator in terms of 𝑒0ℎ and 𝑒1ℎ up to the first order of approximation is
̄𝑦𝑇𝑆𝑇 = ∑𝐿

ℎ=1 𝑤ℎ𝑌 ℎ (1+𝑒0ℎ − 𝑋ℎ𝑒1ℎ
𝑋ℎ+𝜌ℎ

)+...
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TheMSE of the estimator 𝑦𝑇𝑆𝑇 is derived as

𝑀𝑆𝐸 ( ̄𝑦𝑇𝑆𝑇 ) = 𝐸 [{∑𝐿
ℎ=1 𝑤ℎ𝑌 ℎ (1+𝑒0ℎ − 𝑋ℎ𝑒1ℎ

𝑋ℎ +𝜌ℎ
)−∑𝐿

ℎ=1 𝑤ℎ𝑌 ℎ}
2
]

𝑀𝑆𝐸 ( ̄𝑦𝑇𝑆𝑇 ) = ∑𝐿
ℎ=1 𝑤2

ℎ𝑌 2
ℎ {𝐸 (𝑒2

0ℎ)+( 𝑋ℎ
𝑋ℎ +𝜌ℎ

)
2

𝐸 (𝑒2
1ℎ)−2( 𝑋ℎ

𝑋ℎ +𝜌ℎ
)𝐸 (𝑒0ℎ𝑒1ℎ)}

𝑀𝑆𝐸 ( ̄𝑦𝑇𝑆𝑇 ) = ∑𝐿
ℎ=1 𝑤2

ℎ [(1−𝑓ℎ)
𝑛ℎ

𝑆2
ℎ𝑌 + (𝑔ℎ −1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑌 (2)

+𝑅2
ℎ ( 𝑋ℎ

𝑋ℎ +𝜌ℎ
)

2
{(1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ −1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)}

−2𝑅ℎ ( 𝑋ℎ
𝑋ℎ +𝜌ℎ

){(1−𝑓ℎ)
𝑛ℎ

𝑆ℎ𝑋𝑌 + (𝑔ℎ −1)𝑊ℎ2
𝑛ℎ

𝑆ℎ𝑋𝑌 (2)}]

(30)

Let us consider the proposed calibration estimator 𝑦𝐶𝑆𝑇 given in equation (28).

̄𝑦𝐶𝑆𝑇 =
𝐿

∑
ℎ=1

𝑤ℎ ̄𝑦∗
ℎ (𝑋ℎ +𝜌ℎ

̄𝑥∗
ℎ +𝜌ℎ

)+ ̂𝛽𝑆𝑇 [𝑋 − ̄𝑥𝐻𝐻]

Let us take 𝑞ℎ1 = 1 and 𝑞ℎ2 = 1. The proposed calibration estimator for this choice of 𝑞ℎ1 and 𝑞ℎ2 reduces to

̄𝑦𝐶𝑆𝑇 =
𝐿

∑
ℎ=1

𝑤ℎ ̄𝑦∗
ℎ (𝑋ℎ +𝜌ℎ

̄𝑥∗
ℎ +𝜌ℎ

)+

⎡
⎢
⎢
⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ (𝑋ℎ +𝜌ℎ
𝑥∗

ℎ +𝜌ℎ
){𝑤ℎ1 ̄𝑦𝑟ℎ ̄𝑥𝑟ℎ +𝑤ℎ2 ̄𝑦𝑠ℎ ̄𝑥𝑠ℎ} ⋅ 1

− ̄𝑥𝐻𝐻
𝐿

∑
ℎ=1

𝑤ℎ (𝑋ℎ +𝜌ℎ
̄𝑥∗
ℎ +𝜌ℎ

) ̄𝑦∗
ℎ

⎤
⎥
⎥
⎥
⎦

[∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1 ̄𝑥2

𝑟ℎ +𝑤ℎ2 ̄𝑥2
𝑠ℎ} ⋅ 1− ̄𝑥2

𝐻𝐻]
[𝑋 − ̄𝑥𝐻𝐻]

To obtain the MSE of the suggested estimator, the proposed calibration estimator can be expressed as:

𝑦𝐶𝑆𝑇 = 𝜙(𝜏1, 𝜏2, 𝜏3, 𝜏4) = 𝜏1 + 𝜏3 −𝜏2𝜏1
𝜏4 −(𝜏2)2 [𝑋 −𝜏2]

where
𝜏1 = ∑𝐿

ℎ=1 𝑤ℎ ̄𝑦∗
ℎ ( 𝑋ℎ+𝜌ℎ

𝑥̄∗
ℎ+𝜌ℎ

), 𝜏2 = ̄𝑥𝐻𝐻, 𝜏3 = ∑𝐿
ℎ=1 𝑤ℎ ( 𝑋ℎ+𝜌ℎ

𝑥̄∗
ℎ+𝜌ℎ

)(𝑤ℎ1 ̄𝑥𝑟ℎ ̄𝑦𝑟ℎ +𝑤ℎ2 ̄𝑥𝑠ℎ ̄𝑦𝑠ℎ) and 𝜏4 =
∑𝐿

ℎ=1 𝑤ℎ (𝑤ℎ1 ̄𝑥2
𝑟ℎ +𝑤ℎ2 ̄𝑥2

𝑠ℎ).
The first-order partial derivatives of the function 𝑦𝐶𝑆𝑇 = 𝜙(𝜏1, 𝜏2, 𝜏3, 𝜏4) with respect to component estimators 𝜏1, 𝜏2, 𝜏3

and 𝜏4 at the parametric values 𝜉1 = 𝑌 , 𝜉2 = 𝑋, 𝜉3 = ∑𝐿
ℎ=1 𝑤ℎ𝑌 ℎ𝑋ℎ, and 𝜉4 = ∑𝐿

ℎ=1 𝑤ℎ𝑋2
ℎ, respectively, are

𝜙1 = 𝜕𝜙
𝜕𝜏1

∣
(𝜏𝑖=𝜉𝑖;𝑖 =1,2,3,4)

= 1, 𝜙2 = 𝜕𝜙
𝜕𝜏2

∣
(𝜏𝑖=𝜉𝑖;𝑖 =1,2,3,4)

= − 𝜉3−𝜉2𝜉1
𝜉4−(𝜉2)2 ,

𝜙3 = 𝜕𝜙
𝜕𝜏3

∣
(𝜏𝑖=𝜉𝑖;𝑖 =1,2,3,4)

= 0,
and 𝜙4 = 𝜕𝜙

𝜕𝜏4
∣
(𝜏𝑖=𝜉𝑖;𝑖 =1,2,3,4)

= 0.
The linear form of the estimator ̄𝑦𝐶𝑆𝑇 using the Taylor Linearization technique for large n is

̄𝑦𝐶𝑆𝑇 = 𝑌 +1 ⋅ [𝜏1 −𝜉1]+𝜙2 [𝜏2 −𝜉2]
or ̄𝑦𝐶𝑆𝑇 = 𝑌 +[𝜏1 −𝜉1]+𝜙2 [𝜏2 −𝜉2]

or ̄𝑦𝐶𝑆𝑇 −𝑌 = [𝜏1 −𝜉1]+𝜙2 [𝜏2 −𝜉2]
On squaring both sides and taking the expectation in both sides of the resulting expression, we get

𝐸 [ ̄𝑦𝐶𝑆𝑇 −𝑌 ]2 = 𝐸 [(𝜏1 −𝜉1)+𝜙2 (𝜏2 −𝜉2)]2
𝑀𝑆𝐸 [ ̄𝑦𝐶𝑆𝑇 ] = 𝐸 [(𝜏1 −𝜉1)2 +𝜙2

2 (𝜏2 −𝜉2)2 +2𝜙2 (𝜏1 −𝜉1)(𝜏2 −𝜉2)]
𝑀𝑆𝐸 [ ̄𝑦𝐶𝑆𝑇 ] = 𝐸 (𝜏1 −𝜉1)2 +𝜙2

2𝐸 (𝜏2 −𝜉2)2 +2𝜙2𝐸 (𝜏1 −𝜉1)(𝜏2 −𝜉2)
𝑀𝑆𝐸 [ ̄𝑦𝐶𝑆𝑇 ] = 𝑀𝑆𝐸 [𝜏1]+𝜙2

2𝑉 [𝜏2]+2𝜙2𝐸 (𝜏1 −𝜉1)(𝜏2 −𝜉2)

(28)
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where

𝑀𝑆𝐸 [𝜏1] = ∑𝐿
ℎ=1 𝑤2

ℎ [ (1−𝑓ℎ)
𝑛ℎ

𝑆2
ℎ𝑌 + (𝑔ℎ−1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑌 (2)

+𝑅2
ℎ ( 𝑋ℎ

𝑋ℎ+𝜌ℎ
)

2
{ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)}

−2𝑅ℎ ( 𝑋ℎ
𝑋ℎ+𝜌ℎ

){ (1−𝑓ℎ)
𝑛ℎ

𝑆ℎ𝑋𝑌 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆ℎ𝑋𝑌 (2)}]
𝑉 [𝜏2] = 𝑉 [ ̄𝑥𝐻𝐻] = ∑𝐿

ℎ=1 𝑤2
ℎ [ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)]

𝐸 [{𝜏1 −𝑌 }{𝜏2 −𝑋}] = ∑𝐿
ℎ=1 𝑤2

ℎ [{ (1−𝑓ℎ)
𝑛ℎ

𝑆ℎ𝑋𝑌 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆ℎ𝑋𝑌 (2)}
−𝑅ℎ ( 𝑋ℎ

𝑋ℎ+𝜌ℎ
){ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)}]

Case 2: Let us consider the proposed traditional estimator given in equation (25).

̄𝑦𝑇𝑌 =
𝐿

∑
ℎ=1

𝑤ℎ (𝑛𝑋ℎ +𝜌ℎ
𝑛 ̄𝑥∗

ℎ +𝜌ℎ
) ̄𝑦∗

ℎ

Let us proceed as in Case 1, the MSE of the estimator ̄𝑦𝑇𝑌 is given as

𝑀𝑆𝐸 ( ̄𝑦𝑇𝑌 ) = ∑𝐿
ℎ=1 𝑤2

ℎ [(1−𝑓ℎ)
𝑛ℎ

𝑆2
ℎ𝑌 + (𝑔ℎ −1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑌 (2)

+𝑅2
ℎ ( 𝑛𝑋ℎ

𝑛𝑋ℎ +𝜌ℎ
)

2
{(1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ −1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)}

−2𝑅ℎ ( 𝑛𝑋ℎ
𝑛𝑋ℎ +𝜌ℎ

){(1−𝑓ℎ)
𝑛ℎ

𝑆ℎ𝑋𝑌 + (𝑔ℎ −1)𝑊ℎ2
𝑛ℎ

𝑆ℎ𝑋𝑌 (2)}]

(29)

Let us consider the proposed calibration estimator ̄𝑦𝐶𝑌 in equation (26).

̄𝑦𝐶𝑌 =
𝐿

∑
ℎ=1

𝑤ℎ ̄𝑦∗
ℎ (𝑛𝑋ℎ +𝜌ℎ

𝑛 ̄𝑥∗
ℎ +𝜌ℎ

)+ ̂𝛽𝑌 [𝑋 − ̄𝑥𝐻𝐻]

Let us take 𝑞ℎ1 = 1 and 𝑞ℎ2 = 1. The proposed estimator ̄𝑦𝐶𝑌 for these choices of 𝑞ℎ1 and 𝑞ℎ2 is

̄𝑦𝐶𝑌 =
𝐿

∑
ℎ=1

𝑤ℎ ̄𝑥∗
ℎ (𝑛𝑋ℎ +𝜌ℎ

𝑛 ̄𝑥∗
ℎ +𝜌ℎ

)+

⎡
⎢
⎢
⎢
⎣

𝐿
∑
ℎ=1

𝑤ℎ (𝑛𝑋ℎ +𝜌ℎ
𝑛 ̄𝑥∗

ℎ +𝜌ℎ
){𝑤ℎ1 ̄𝑦𝑟ℎ ̄𝑥𝑟ℎ +𝑤ℎ2 ̄𝑦𝑠ℎ ̄𝑥𝑠ℎ} ⋅ 1

− ̄𝑥𝐻𝐻
𝐿

∑
ℎ=1

𝑤ℎ (𝑛𝑋ℎ +𝜌ℎ
𝑛 ̄𝑥∗

ℎ +𝜌ℎ
) ̄𝑦∗

ℎ

⎤
⎥
⎥
⎥
⎦

[∑𝐿
ℎ=1 𝑤ℎ {𝑤ℎ1 ̄𝑥2

𝑟ℎ +𝑤ℎ2 ̄𝑥2
𝑠ℎ} ⋅ 1− ̄𝑥2

𝐻𝐻]
[𝑋 − ̄𝑥𝐻𝐻]

Let us express the proposed calibration estimator to obtain the MSE of the suggested estimator.

𝑦𝐶𝑌 = 𝜑(𝜂1,𝜂2,𝜂3,𝜂4) = 𝜂1 + 𝜂3 −𝜂2𝜂1
𝜂4 −(𝜂2)2 [𝑋 −𝜂2]

where 𝜂1 = ∑𝐿
ℎ=1 𝑤ℎ ̄𝑦∗

ℎ ( 𝑛𝑋ℎ+𝜌ℎ
𝑛𝑥̄∗

ℎ+𝜌ℎ
), 𝜂2 = ̄𝑥𝐻𝐻, 𝜂3 = ∑𝐿

ℎ=1 𝑤ℎ ( 𝑛𝑋ℎ+𝜌ℎ
𝑛𝑥̄∗

ℎ+𝜌ℎ
)(𝑤ℎ1 ̄𝑥𝑟ℎ ̄𝑦𝑟ℎ +𝑤ℎ2 ̄𝑥𝑠ℎ ̄𝑦𝑠ℎ) and 𝜂4 =

∑𝐿
ℎ=1 𝑤ℎ (𝑤ℎ1 ̄𝑥2

𝑟ℎ +𝑤ℎ2 ̄𝑥2
𝑠ℎ) are the estimators corresponding to parameters 𝜁1 = 𝑌 , 𝜁2 = 𝑋, 𝜁3 = ∑𝐿

ℎ=1 𝑤ℎ𝑌 ℎ𝑋ℎ,
and 𝜁4 = ∑𝐿

ℎ=1 𝑤ℎ𝑋2
ℎ respectively.

Proceeding in a similar manner as Case 1, theMSE of the estimator ̄𝑦𝐶𝑌 is derived as:

𝑀𝑆𝐸 [ ̄𝑦𝐶𝑌 ] = 𝑀𝑆𝐸 [𝜂1]+𝜑2
2𝑉 [ ̄𝑥𝐻𝐻]+2𝜑2𝐸 [{𝜂1 −𝑌 }{ ̄𝑥𝐻𝐻 −𝑋}] (30)
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where

𝑀𝑆𝐸 [𝜂1] = ∑𝐿
ℎ=1 𝑤2

ℎ [ (1−𝑓ℎ)
𝑛ℎ

𝑆2
ℎ𝑌 + (𝑔ℎ−1)𝑊ℎ2

𝑛ℎ
𝑆2

ℎ𝑌 (2)

+𝑅2
ℎ ( 𝑛𝑋ℎ

𝑛𝑋ℎ+𝜌ℎ
)

2
{ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)}

−2𝑅ℎ ( 𝑛𝑋ℎ
𝑛𝑋ℎ+𝜌ℎ

){ (1−𝑓ℎ)
𝑛ℎ

𝑆ℎ𝑋𝑌 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆ℎ𝑋𝑌 (2)}]
𝑉 [ ̄𝑥𝐻𝐻] = ∑𝐿

ℎ=1 𝑤2
ℎ [ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)]

𝐸 [{𝜂1 −𝑌 }{𝑥𝐻𝐻 −𝑋}] = ∑𝐿
ℎ=1 𝑤2

ℎ [{ (1−𝑓ℎ)
𝑛ℎ

𝑆ℎ𝑋𝑌 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆ℎ𝑋𝑌 (2)}
−𝑅ℎ ( 𝑛𝑋ℎ

𝑛𝑋ℎ+𝜌ℎ
){ (1−𝑓ℎ)

𝑛ℎ
𝑆2

ℎ𝑋 + (𝑔ℎ−1)𝑊ℎ2
𝑛ℎ

𝑆2
ℎ𝑋(2)}]

𝜑2 = − 𝜁3−𝜁2𝜁1
𝜁4−(𝜁2)2

3 Result and Discussion
We conducted a simulation-based numerical study using hypothetically generated data to assess the effectiveness of the
suggested calibration estimators. We follow the five steps considered in (12). Here, we have generated two populations based
on different characteristics in the R software.

3.1 Population I

We have generated a population comprising 26,000 individuals for four strata. A stratified sample of size 𝑛 = 5200 is drawn.
The characteristics of the generated population are shown in Table 1.

Table 1.Description of Generated Population
Stra-
tum
No.

Stratum
Size(𝑁ℎ)

Distribution of Study
Variable(𝑦ℎ𝑖)
𝑁 (𝜇ℎ𝑦,𝜎2

ℎ)

Distribution of auxiliary
variable(𝑥ℎ𝑖)
𝑁 (𝜇ℎ𝑥,𝜎2

ℎ)

Correlation between
variables𝑦ℎ𝑖and𝑥ℎ𝑖

1 12000 𝑁 (110,81) 𝑁 (200,81) 0.85
2 5000 𝑁(150, 100) 𝑁(240, 100) 0.75
3 2000 𝑁(180, 121) 𝑁(280, 121) 0.60
4 7000 𝑁(130, 64) 𝑁(320, 64) 0.75

3.2 Population II

We generated a second population of size 14,400 individuals across four strata. The drawn sample size is 𝑛 = 2880. The
characteristics of the population are shown in Table 2.

Table 2.Description of Generated Population
Stra-
tum
No.

Stratum
Size(𝑁ℎ)

Distribution of Study
Variable(𝑦ℎ𝑖)
𝑁 (𝜇ℎ𝑦,𝜎2

ℎ)

Distribution of auxiliary
variable(𝑥ℎ𝑖)
𝑁 (𝜇ℎ𝑥,𝜎2

ℎ)

Correlation between
variables𝑦ℎ𝑖and𝑥ℎ𝑖

1 6000 𝑁(170,12) 𝑁(300,12) 0.84
2 4500 𝑁 (150, 10) 𝑁 (240, 10) 0.78
3 1200 𝑁(130, 7) 𝑁(270, 7) 0.70
4 2700 𝑁(190, 9) 𝑁(210, 9) 0.85

We draw 1000 samples from both populations. Using the observations on 𝑛ℎ1 responding and the 𝑛𝑠ℎ sub-sampled units,
calculate the [ ̄𝑦𝐻𝐻 − ̄𝑌 ]2

, [ ̄𝑦𝐿𝑒𝑒 − ̄𝑌 ]2
, [ ̄𝑦𝑇𝑆𝑇 − ̄𝑌 ]2

, [ ̄𝑦𝑇𝑌 − ̄𝑌 ]2
, [ ̄𝑦𝐶𝑆𝑇 − ̄𝑌 ]2

and [ ̄𝑦𝐶𝑌 − ̄𝑌 ]2
corresponding to

each sample.We average out the results obtained from each sample.Themean squared errors (MSEs) of estimators ̄𝑦𝐻𝐻 , ̄𝑦𝐿𝑒𝑒,
̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 , ̄𝑦𝐶𝑆𝑇 and ̄𝑦𝐶𝑌 and the percentage relative efficiencies (PREs) of estimators ̄𝑦𝐿𝑒𝑒 , ̄𝑦𝐶𝑆𝑇 , ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 and
̄𝑦𝐶𝑌 with respect to ̄𝑦𝐻𝐻 for various values of 𝑔ℎ = 𝑛ℎ2

𝑠ℎ
and non-response rates are shown in Table 3 and Table 4, respectively,

for both populations.
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Table 3.MSEs of estimators ̄𝑦𝐻𝐻, ̄𝑦𝐿𝑒𝑒, ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 , ̄𝑦𝐶𝑆𝑇 and ̄𝑦𝐶𝑌
Popula-
tion

𝑔ℎ Non-Response Rate
(in %)

𝑀𝑆𝐸 ( ̄𝑦𝐻𝐻) 𝑀𝑆𝐸 ( ̄𝑦𝐿𝑒𝑒) 𝑀𝑆𝐸 ( ̄𝑦𝑇𝑆𝑇 )𝑀𝑆𝐸 ( ̄𝑦𝑇𝑌 ) 𝑀𝑆𝐸 ( ̄𝑦𝐶𝑆𝑇 )𝑀𝑆𝐸 ( ̄𝑦𝐶𝑌 )

I

2
10 0.0147 0.0092 0.0071 0.0071 0.0061 0.0061
20 0.0157 0.0097 0.0074 0.0074 0.0066 0.0066
30 0.0170 0.0104 0.0079 0.0079 0.0069 0.0069

3
10 0.0144 0.0091 0.0072 0.0072 0.0066 0.0066
20 0.0189 0.0116 0.0090 0.0090 0.0081 0.0081
30 0.0245 0.0150 0.0114 0.0114 0.0096 0.0096

4
10 0.0171 0.0106 0.0083 0.0083 0.0074 0.0074
20 0.0218 0.0134 0.0102 0.0102 0.0089 0.0089
30 0.0284 0.0174 0.0132 0.0132 0.0112 0.0112

II

2
10 0.0340 0.0227 0.01325 0.01325 0.01157 0.01157
20 0.0412 0.0275 0.01563 0.01563 0.01308 0.01308
30 0.0464 0.0313 0.01753 0.01753 0.01430 0.01430

3
10 0.0381 0.0257 0.01507 0.01507 0.01283 0.01283
20 0.0458 0.0305 0.01743 0.01743 0.01473 0.01473
30 0.0557 0.0379 0.02221 0.02221 0.01859 0.01859

4
10 0.0423 0.0290 0.01724 0.01724 0.01465 0.01465
20 0.0514 0.0348 0.02103 0.02103 0.01838 0.01838
30 0.0662 0.0457 0.02791 0.02791 0.02368 0.02368

Table 4. PREs of ̄𝑦𝐿𝑒𝑒, ̄𝑦𝐶𝑆𝑇 , ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 and ̄𝑦𝐶𝑌 with respect to ̄𝑦𝐻𝐻
Popula-
tion

𝑔ℎ Non-Response Rate (in
%)

𝑃𝑅𝐸 ( ̄𝑦𝐿𝑒𝑒) 𝑃𝑅𝐸 ( ̄𝑦𝑇𝑆𝑇 ) 𝑃𝑅𝐸 ( ̄𝑦𝑇𝑌 ) 𝑃𝑅𝐸 ( ̄𝑦𝐶𝑆𝑇 ) 𝑃𝑅𝐸 ( ̄𝑦𝐶𝑌 )

I

2
10 160.2 208.1 208.1 243.3 243.3
20 161.9 211.6 211.6 237.2 237.2
30 164.4 215.6 215.7 247.7 247.7

3
10 158.9 200.5 200.5 217.9 217.9
20 162.2 209.9 209.9 231.4 231.4
30 163.4 214.8 214.8 254.4 254.4

4
10 161.6 206.4 206.4 232.1 232.1
20 163.3 214.6 214.6 244.1 244.1
30 163.6 214.7 214.7 253.3 253.3

II

2
10 149.7 256.5 256.5 293.9 293.9
20 149.6 263.3 263.3 314.7 314.7
30 148.3 264.7 264.7 324.5 324.5

3
10 147.9 252.5 252.5 296.6 296.6
20 150.0 262.6 262.6 310.7 310.7
30 147.1 250.9 250.9 299.8 299.8

4
10 145.8 245.4 245.4 288.8 288.8
20 147.7 244.3 244.3 279.7 279.7
30 144.9 237.2 237.2 279.6 279.6
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This study was conducted with different non-response rates (10%, 20%, and 30%) and varying values of gℎ (2, 3, and 4).
From Table 3, you can observe that the values of MSEs decrease as the non-response rate and gℎ decrease for both populations.
The percentage relative efficiencies (%PRE) of the proposed estimators ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 , ̄𝑦𝐶𝑆𝑇 𝑎𝑛𝑑 ̄𝑦𝐶𝑌 vary from 200.513% to
215.641%, 200.524% to 215.654%, 217.910% to 247.667% and 217.904% to 247.662%, respectively, while 158.931% to 164.414%
for the existing estimator ̄𝑦𝐿𝑒𝑒 with respect to the estimator ̄𝑦𝐻𝐻, as shown in Table 4 for Population I. Similarly, the percentage
relative efficiencies (%PRE) of the estimators with respect to ̄𝑦𝐻𝐻 those depicted in Table 4 vary from 144.9% to 148.3%, 237.2%
to 264.7 %, 237.3 % to 264.7 %, 279.6% to 324.5% and 279.6% to 324.5% for the existing estimator ̄𝑦𝐿𝑒𝑒, and the suggested
estimators ̄𝑦𝑇𝑆𝑇 , ̄𝑦𝑇𝑌 , ̄𝑦𝐶𝑆𝑇 𝑎𝑛𝑑 ̄𝑦𝐶𝑌 , respectively, for Population II.

4 Conclusion
This research introduces a set of estimators for the population mean that address non-response by leveraging an auxiliary
variable, employing both conventional and calibration-based approaches. Variance expressions for these estimators were
derived using Taylor linearization. Furthermore, a simulation study was carried out to evaluate their performance and validate
their efficiency.

Hence, it demonstrates that the proposed estimators using the traditional method ( ̄𝑦𝑇𝑆𝑇 and ̄𝑦𝑇𝑌 ) outperform the ̄𝑦𝐻𝐻
and ̄𝑦𝐿𝑒𝑒. The estimators ( ̄𝑦𝐶𝑆𝑇 and ̄𝑦𝐶𝑌 ) obtained by applying the calibration approach to traditional estimators also
perform better than the existing estimators ̄𝑦𝐻𝐻 and ̄𝑦𝐿𝑒𝑒 for Populations I and II in the presence of non-response under
stratified random sampling. The proposed estimators can be generalized to a multi-auxiliary setup under non-response as well
as under different sampling designs.This study can be further extended in the case of two-phase sampling when the population
mean of the auxiliary variable is not known in advance. Thus, we recommend the proposed study for its use in practice.

5 Data availability statement
We have generated a population-I comprising 26,000 individuals for four strata. A stratified sample of size 𝑛 = 5200 is drawn.
The characteristics of the generated population are shown in Table 1. And generated a second population-II of size 14,400
individuals across four strata. The drawn sample size is 𝑛 = 2880. The characteristics of the population are shown in Table 2.

6 Details of Ethical Clearance
We understand the importance of ethical clearance. Since in this study we do not involve any living being or societally entity.
This is a pure fundamental development in the area of parameter estimation in a sample survey. And related to data, we have
mentioned in the data availability statement section.
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