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Abstract

Objectives: To propose estimators for the population mean considering the
non-response presented in the data, utilizing an auxiliary variable with the
help of both traditional and calibration estimation methods. Methods: To
investigate how the suggested calibration estimators perform in the case of
non-response, a simulation study has been conducted using the R software.
Findings: As per the percentage relative efficiencies (%PRE) using Population-
I and Il, the suggested estimators outperformed the existing estimators
considered here, The percentage relative efficiencies (%PRE) of the proposed
estimators yrsr,Yry:Ycsrandycy vary from 200.513% to 215.641%,
200.524% to 215.654%, 217.910% to 247.667% and 217.904% to 247.662%,
respectively, while 158.931% to 164.414% for the existing estimator y, .. with
respect to the estimator 7, as shown in Table 4 for Population . Similarly, the
percentage relative efficiencies (%PRE) of the estimators with respect to ¥
those depicted in Table 4 vary from 144.9% to 148.3%, 237.2% to 264.7 %, 237.3
% to 264.7 %, 279.6% to 324.5% and 279.6% to 324.5% for the existing estimator
YLeer and the suggested estimators yrgr, Y1y, Yo srandycy, respectively,
for Population Il. Novelty: The proposed method has efficiently improved the
traditional existing estimator’s precision in estimation. Using this method, we
can derive more new calibrated estimators.

Keywords: Calibration approach; Stratified random sampling; Chi-square
type distance function; Non-response

1 Introduction

Non-response presents a major hurdle in survey research, as the absence of participation
from certain individuals or units can lead to biased results and compromise the study’s
credibility. To address this, researchers employ several techniques, with calibration
being a particularly effective method. In this study, we employed the calibration
approach to address non-response. This method, along with a traditional approach,
integrates auxiliary variables into the estimation process. The issue of non-response
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was first addressed in (!, which were pioneers in the development of the calibration estimation method.

Later, many authors utilized the calibration approach for parameter estimation ¥, ®). Many researchers have made significant
contributions to address the non-response issue in the sample surveys as elaborated in ¥, and (©.

The challenge of estimating the population mean utilizing auxiliary information in the case of non-response has been
examined in 7). Two cases were used to examine this situation: (i) neither the study variable nor the auxiliary variable responds,
and the population mean of the auxiliary variable is known; and (ii) full data on the auxiliary variable and the population mean
of the auxiliary variable are available, while non-response occurs only on the study variable. The estimator considered in ") and
a few other existing estimators have been conceptually compared with the suggested estimators.

Even though the data may not be normally distributed, a novel approach was suggested for estimating the population mean
in successive sampling across two occasions. In contrast to ordinary least squares (OLS) approaches, this approach was resilient
to outliers, meaning that extreme values had less impact on it. The suggested method used estimators of the quantile regression
ratio type, which took advantage of available information on the auxiliary variables®. A two-phase sampling technique was
employed, and six classes of estimators were proposed for the population mean in stratified random sampling using an auxiliary
variable, assuming that non-response occurs only in the study variable ®. In case of mixed response and non-response patterns
are detected, a new sampling strategy was considered in® to overcome the difficulties that frequently arise in estimating
problems. In order to lower the impact of non-response on the data, calibration estimators of the population mean were
introduced in the proposed setup.

The difficulty of estimating the finite population proportion under the Probability Proportional to Size (PPS) sampling
technique was discussed when complete information is unavailable because of non-response !?). Based on the availability of
auxiliary data, the calibrated estimators of the population proportion were developed under PPS sampling in the presence
of non-response. In addition to the design-based Hansen and Hurwitz type estimator in the presence of non-response, the
developed estimators of the population proportion were compared with the design-based Horvitz-Thompson estimator and
Horvitz-Thompson type calibration estimator that were obtained on the complete response units.

In this paper, both conventional and calibration techniques of estimation are considered to develop improved estimators for
the population mean under stratified random sampling, utilizing an auxiliary variable in the presence of non-response. First, the
conventional technique is applied by incorporating the given auxiliary information, and then the calibration technique is used
to further enhance the estimators of the population mean. A chi-square-type distance function is considered, which is designed
explicitly for non-response situations. The researchers typically calibrated stratum weights corresponding to non-responding
units to obtain estimators of the population mean for a stratified population using a calibration approach. The proposed
calibration-based estimators were derived in the current study by calibrating the weights assigned to the stratum means of
the responding units and the sub-sampled units drawn from the non-responding sample. The performance of the proposed
calibration estimator in the presence of non-response has also been examined through a simulation analysis conducted in R
software.

2 Methodology

2.1 Sampling Design and Notations

Let P = {(y1,%1), (Y2, Z3), -, (Yn» 2T )} be a set of finite population of N well-defined and identifiable elements in a mail
survey design with the study variable Y and auxiliary variable X. Given a population exhibiting heterogeneity, we divided it
into L homogeneous groups guided by prior knowledge about the population. Let the h*" group be made up of IV, units such

that 25:1 N,, = N. Assume that out of NV}, units, V},; units provide the responses on the surveyor’s first attempt, while not
being able to get responses on N}, 5. Using the Simple Random Sampling Without Replacement (SRSWOR) technique, select
n,, € s, units randomly from the h*"stratum such that 22:1 n;, = n. Suppose we do not receive responses on each sample
unit drawn from the A" stratum. It is assumed that out of n;, units, n;,; € s,.;, units respond, while the remaining n;,5 € s,,
units do not respond in the ht" stratum. We also suppose that the n;,; and n;,, sample units, respectively, are drawn from
the IV}, ; responding and N, 5 non-responding units. Let us choose a sub-sample of n; € ss;, units utilizing the SRSWOR
scheme from the sample s,,;, of nj,, non-responding units using the method "), such that n; = "g*;z sgp > 1

To escape from notational ambiguity, we consider the following notations:

Y: Study variable.

X: Auxiliary variable.

(Y4, ): Pair of the it" unit in the h*" stratum.

(Yyhi>Typq): Pair of the it" responding units in the h*" stratum.
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(Y his T prs ): Pair of the it non-responding units in the A" stratum.

p: Correlation coefficient between study variable Y and auxiliary variable X.
Ph Correlatlon coefficient between the study variable and auxiliary variable in the A" stratum.
R=YandR), = 2.
The comblned means? mean-squares, and covariance of Y and X variables at the population level are defined as:
7 _ Yu NW Y, X= o Nu X,

N N g

2 L N -\ 2
1Zh 1Z (yhz V) 9% = mm1 Lper 2 (Bha = X)
andSXY N 1Zh 12 (yhz Y) (Ihi_X)'
The means, mean-squares and covariance of Y and X variables for the h*" stratum at the population level are given as:

Ny, ~ N,

V= e X A S
i N — .2
S}%Y N 12 (yhz Yh) ’thzﬁzi:’a (xhi—Xh) R

h™—
and Sj, xy = 71 Z (ym Yy) (2hs —Xp)-
The populauon means, mean-squares and covariance of Y and X variables of the IV} 5 non-responding units for the A"
stratum are
Nh2

A _ 1 __1 Ny
YNe = N 2t Unhio XNh2 = N. 22t Tnis
— 2 2
2 Nyo 2 Npa
Shy(2) = th—l Z (ynm Yth) Shx) = th—l o ( Tphi— XNh2> ,

and ShXY(Q) = 7]\],1271 Zizl (ynhi - YNh2> ( Lnni _XNh2>'
Sample means, mean-squares and covariance of Y and X variables for the h*" stratum are

_ — _ 2
Yn = 17,127,63 Yni> Tp, = 1L ZZES Lhis Shy hl_l Ziesh (Yn —yh) ’Shm = nh—l 2163, (T —7p)"% Shoy =

ﬁziesh Yni —Yn) (@p —Tp)-

Sample means of Y and X variables for the n;,; responding units drawn from the N, ; units are
= 1 = _ 1
T np, €8, Yrhi and Lrp = Ty Ziesrh Lrhi-

Sub sample means, mean-squares and covariance of Y and X variables for the n; responding units drawn from the 1,5
non-responding units are

- _ 1 = 1 2
ysh T ng, ZiEsshynhi’ Tsp = Mg Ziesshxnhi’ Shy(Q)

2 2
—1 ZtEssh (ynh1 sh) 4 shm(2)

—_ 2 _
ﬁziewh ($nhi 71’sh> and Shmy(2) = ﬁzi@sh (ynhi 7ysh)( nhi sh)'

2.2 Existing Traditional and Calibration-based Estimators

The estimator of the population mean proposed by ') in SRSWOR is given as:

X+p

Tor=y—— (1)
sT=Y— T+p
The MSE of the estimator T'g- is expressed as
— 2 _
(1=1) | ¢ 2< X > 2 ( X )
[Tsr] n Y X+ x X+p) XY

where f = { and R = X

The estimator of the population mean proposed by ') in SRSWOR is given as

_nX+p
= 3
Y yni—&—p 3)
The MSE of the estimator T is
J— 2 J—
(1—/) | c2 2( nX) ) <nx>
MSE[Ty]=—" |5 +R = S —2R| —= S 4
Tv] n Y nX+p x nX+p Xy @
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If we consider the stratified random sampling, the usual estimator of the population mean Y is given as

_ L _
Yot = 21 Wnln ®)

where w;, = %
In the cases where information is incomplete for certain units, the conventional estimator for the mean of a stratified

population, as prescribed in‘V, is expressed as

_ L _,
yHH:thlwhyh (6)

— M1 YrhtpoYshn - -
= o L= Wh1Yrh T Wh2Ysh

The variance expression for the estimator 7/, ,, is given as

where 7/,

2 2
_ L wip(l—fy) L wy (g, =W,
Viygul=>_, h " L Shy+> s h hnh hQSl%Y(z) (7)

where W, 5 = ZX;:z is the non-response rate in the population for the h*" stratum.

When some units do not respond, the following calibration estimator is proposed ) for the population mean of a stratified
population in the presence of non-response:

—_ L * 7k
yLee = Zh:l 6hyh (8)

where 47, is the calibration weight for the h*" stratum.
The chi-square type distance function, as used in®, is given as:

L X 2
DLee:%ZM )

h=1 Wnin

Two calibration constraints considered for the derivation of the suggested calibration estimator are

S0 =X (10)
L o L
thldh :thlwh (11)
The final form of the estimator ¥, . is given by
_ L A = L .
YLee :thlwhyh +6Lee [X*thl whxh] (12)

L S L L - L —s
(Zth anhyh“?h> (Zth Qhwh)*(zh:l qhwhyh) (Zth Q;Lwhwh>
p

L . L L .
(ZH dhn whwh?) (Z;Lzl dn wh)—(thl qh,whmh,)
The variance expression for the calibration estimator y; ., under the proportional allocation is given as

where 3; .. = and T}, = ZmZoatua®on
h

1 L (gn=Dwy Wy
V(Upee) = Zh 1 ( N) TN +Eh:1 n U;Qze@) (13)
where Uhe = 71 Zl 1ehz>6hz (yhz ?h)fﬂLee (xhi*yh)’
N - 3 - . . .
ahe< th T e s e = (ynhk —YNh2> —Bree (acnhk —XNh2> and B} .. is the estimator of population

level value BLee-
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2.3 Proposed Calibration Estimators in Stratified Sampling

Before defining the suggested estimators, let us recall ¥, the usual estimator 3/, ,; given in equation (6) as:

_ L _ _
YHH = D p—q Wn AWh1Upp +WhoUsp | (14)

Let us define an estimator of the population mean by incorporating the auxiliary information into the estimation process using
the traditional method.

_ L _ _
Yrar = Dy W T AWk 1Ypp + WhoUsp } (15)

where T}, is a function of the sample mean (Z,, ) and population mean (X}, ) utilizing a known parameter (g;, ) of the auxiliary
variable X defined for the ht" stratum, i.e., Ty, = f(Z;,, X},,95)-

In this paper, we will consider two functions, and you can also generate many more estimators using different forms of the
function 77,.

We now suggest new estimators of the population mean by incorporating auxiliary information using the calibration
approach when some units do not respond, as follows:

_ L _ _
Yor =0 -1 10n1Yrn T 0n2Ysnt Th

_ L _ L _
or Yor =20 19n1UrnTh+22, 1 On2¥snTh (16)

Here, §;,; and J,,5 are the new weights assigned to the sample mean y,.;, and subsample mean ¥, of the responding and
subsample from the non-responding groups, respectively. Let us define a new chi-square type distance function suitable for our
situation.

2 L 2
D:Ziﬂ (Op1 —wpwpy) + (Opa —wpwpa) (17)
B WhWh14n1 ho1  WhWp2Gp2

Subject to the following calibration conditions:

L _ _ P
Yonoi 10p1 Ty +0p2Tsp =X (18)

and Y, {0 +0pot =1 (19)

Note that g;,; and ¢;,5 quantities in the aforementioned equation (17) are appropriately selected constants that determine the
various estimators’ forms. Thus, we obtain a family of calibration estimators for various values of g;,; and g;,5.

Let us define the Lagrange function to minimize the chi-square type distance function (17) subject to calibration conditions
(18) and (19).

L (0 —ww)2 N —ww)2 L —
L = Y, 0l +Z 2 _—hh2 _2A1{Z{5h1xrh+§h2xsh}_‘x}

WpWh14qR1 o1 WhWh2Tn2 = (20)
L
—2Ay {thl {01 +0nat— 1}
Let us now differentiate the Lagrange function in equation (20) with respect to J;,; and equate the derivative to zero.
0L 2(0p1 —wpw
_ ( h1l h hl)_2Aljrh_2)\2:O
9op1 WpWh14qp1 )
—wpw
= O W Wht) a5 (21)
WpWh149R1 B
= 0p1 = wWpwp1 (14 A1 41Ty, + A2Gp1)
Let us again differentiate the Lagrange function in equation (20) with respect to §; 5 and equate the derivative to zero.
oL 2(dy,0 —wpw _
_ (Opa —wy, h2)_2)\1$sh_2)\2:0
9po WhWh24n2 )
—wpw
o Ona —“WnWha) _y 5y g (22)
WpWh24h2

= Opo = WpWho (L+A1qpaTgp +A2qn2)
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Putting the values of §;,; and §;,5 from equations (21) and (22) into equation (18), we get

L
Z{whwhl (L4+A1qp1Z s + A20p1)} 2, h+z{whwh2<1+)\1%2$ htAadp2) e, =X

L _ _ L _ _ -
MY Wi AR 1 G T2+ WhoGnoT2, F A > W AWk G Ty, F W GnoTen ) = X —Thpy (23)

Substituting the values of §;,; and d;,5 from equations (21) and (22) into equation (19), we obtain

L
Z{whwhl 1+ A1 qn1Zrn + A2Gp1) }+Z{whwh2(1+)\1%2$ htAapa)t =1

L _ _ L
Mg W AWk 1A 1Ty + WhoGroTsp } + A2 D0, W {Wp 11 +Whadpot =0 (24)

After solving the system of equations (23) and (24),

L —
Do Wriwpy Q1+ Whoqno} [ X—T prp]

we obtain\; = - - 2
Yt Wl Wh1Gn1 B2t Wh2na 2, } X5 wal{wn Q;L1+wh2‘blz}*[2h:1 W {Wh1qR1 T rntWho ‘thfsn}]

L _ _ — _
Y on 1 WhAWh 101 T n + WhalpaTsp ) (X —Zpu)

)\2:_

L _ _ L L _ _
D1 Wi AW 1R 172y F Whotn2®2, } 200w AW 1qh1 +Wholha ) — [Zh:1 Wy, {Wp 1451 T +wh2‘1h2xsh}]

The calibrated weights after substituting the values A\; and A,are determined as:
L

Trp Z {wpwp1qp1 FWRWR2GR2}

h=1

L

- Z W AWk 19p1Trh + WhaGhaTsn }
51t — h=1
h1 = WpWh1 FWpWh1qp1 — T

~2 =2
Z Wy {Wh10n1 57, T WholnaTey } Z wp, {Wp1qp1 +Whodnat
h=1 h=1

. 2
- {Z Wy, (Wy1qp1 Tk +wmqthI_?sh)}

h=1

[X—Zyy]

and

L
xshE {wpWr1qp1 +Wp WL}
h=1
L
—E Wy {WR 1R 1T rp, + WhoQpaTsp }
h—1

[X—Zyy]

Op2 = WpWho + W, Wholha —

L
=2 =2

E Wy, {Wh14p1 T2 + WhoGnaTay, E Wy {Wy1qp1 +Wholpat

h=1 h=1

. 2
- {Z Wy, (Wy1qp1 Tk +wmqthI_?sh)}

h=1
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The final form of the calibration estimator given in equation (16) is established as:
_ L _ _
Yer Yon1 Wh (Wh 1Yy FWhoUsy) Ty
L

L
Z Wy Ty {Wp 1901 Urh Trn + WhoTh2¥snTsn b Z {wpwp1ap1 +WRWH2AR2}
h=1 h=1 -
I I [X_xHH]
- Z Wy {Wp1Gp1Trh + WhodnaTsn Z W, T, {wn 1901 Yrn + Whadn2¥sn b

h=1 h=1
+

I L (25)
Z Wy, {Wk19p1 77y, + Wholn2Tay } Z wp, {Wp1qp1 +WhoGhat
h=1 h=1

L 2
- { Z Wy, (Wp19p1 T +wh2qh2xsh>}
h=1

_ L . An
oryor = D, WrUR T+ 06 [X_mHH]
where

L L
Z Wy, T {Awn 1001 YrnTon + Whon2UsnTsn } Z {wpwp1qp1 W WK}
h=1

h=1
L L

=D W {Wn1p1 T F WhoThaTsn} Z W, Ty {wp19p1Yrn + Whodna¥sn b
- h=1

L L

—2 —=2
Z Wy {Wp 1 QR 1 T2y, + Who RT3y } Z wy, {Wp1qn1 +Wholna}
h=1

h=1

L 2

- Z Wy, (Wp1qp1Trh T Whadn2Tsn)
h=1

Let us consider two cases of function T}, to define the proposed traditional and calibration estimators of the population mean.
Case 1: Let us first take the functional form of T,, inspired by the estimator proposed ') for the ht" stratum, i.e.,T), =
X

z5,+pn

ntp L. The traditional estimator of the population mean suggested in equation (15) in the presence of the non-response will
reduce to

~ L Xnton) ..
yTST:thlwh ( Yn

26
Ty +Pn 2o
The suggested calibration estimator recommended in equation (25) for 7}, = % is given as:
- L _ (Xntpn 5 v =
YosT = D pey WhYr (M +Bsr [ X =T gyl (27)
h
where
I —
Z (X htPn )
wh e a——
h=1 Th T Ph

L
{Wn1n1YrnTrn + WhoGh2UshTon } Z {wpwp1ap1 FWRWR2AR2}

h=1
L L -
_ _ Xh + Ph _ _
- Z Wy AWk 19p1 Tk + WhaGhaTsn b Z wp, (* {Wh1an1Urn + Wh2dn2¥sn}
B _ h=1 h=1 Th +ph
sT =

L L

—2 =2
th {Wh1an1%75 +Wh2aR272, ) E wy, {Wp1qp1 +WhoGnat
h=1

h=1

L 2

- Z Wy, (Wp1qp1Trn T WhodhaTsn)
h=1
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Case 2: In the same way, if the functional form of T}, is encouraged in ") for the h*" stratum, i.e. T}, = %jﬁh the traditional

non-response version of the estimator proposed in equation (15) is obtained as:

_ L nXp,+pn) -
= wy, | ——— | ¥;, 28
Yy =D Wh (WU}Q-FPh Yn (28)
And the suggested calibration estimator in equation (25) can be written for 73, = %ﬁ;’: as:
_ leh +ph ~ — _
wpyn | ———— | + X—x 29
Yoy = Zh 1 WnY h<nl‘2+ph 5Y[ HH] (29)
where
L -~ L
TLXh +ph _ _ _ _
Z wp, <*> {Wh1n1YrnTrn +WhalnalsnTsnt Z {whwp1Gn1 +wWRWR2AR2}
h=1 nTy, +pp h=1
L —
_ _ nXh +,0h _ _
- Z Wi, {Wp1Gn1Trh + Whop2Tsn } Z wp, (—* {Wh19n1Yrn + Wh2Tn2Usn
2 h=1 h=1 nTy, +pp,
By = L L
Z Wy, {whl%lf%h +wh2%2f§h} Z wp, {wp1qp1 + Wh2qpat
h=1 h=1

. 2
- { Z Wy, (Wh1qp1 T +wh2qh2xsh)}
h=1

Similarly, many more traditional and calibration forms of the estimators can be derived using different forms of function 77,.
Due to the length of the research paper, we have considered only two functions here.

2.4 Mean Squared Errors of the Proposed Estimators

Let us derive the expressions of the variances for both cases of the proposed traditional and calibration estimators considered
in the presence of non-response in equations (26) to (29) one by one.
Case 1: We first consider the proposed traditional estimator defined in equation (26) as:
— _\FL Xh tPn
YrsT = Zh:1 W\ =z 50, Yh
For the large sample approximation, we define §;, =Y, (1 + eOh) and 7}, = X, (14+e€45).
— 1 A=fn) ,— D)W, — 1-fu — )W),
where E (eg;,) = E(eq),) =0,E(e3,,) = = [ nlg2 4 9 “SQY<2)],E( i) = ;i [< o ’>th+(9’ ni ’2513)((2)],

Th Th
h
1 (A=f) (gp=D)W,
and E(eope1n) = 557 { S xy e thy(z)}.
After putting these approximations in the estimator 3., we obtain

j i ( Xt pn >Y (1+¢op)
YrsT = Wy | = h 0Oh
he1 Xy (I+eq) +op

YrsT = Zh 1 Wh (1 += "e”; ) Y, (1+eop)
The expression of the estimator in terms of e(y;, and e, ;, up to the first order of approximation is

_ L 54 X
YrsT =Dy Wn¥n (1 TCon Y:fy; ) *
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The MSE of the estimator ... ;.- is derived as

2
— X (& L —
MSE (yrsr) = th Lwp Y, (1+€0h X 1o, hLh >_Zh1whyh}
htPn
2 —
_ L —2 X X
MSE = 2y, S E(e? +<h> E (2 2<h)E
(YrsT) thl W, h{ (edn) X, +n (efr) X, +pn (eonein)
_ L 1—f g — )W,
MSE (yrsr) = Yp_, Wi [< nhh>S’2‘Y+( . ”h) h25}27,Y(2) (30)
— 2
X (1_fh) (gh_l)Wh2
+R; ( L > { Six+ S?
h X, +on n, hX n, hX(2)
Xp, (1—fr) (g, —1) Wi
—92 Mh 7/ h2
Ry, <Xh +Ph> { 0, Spxy + 0 Shxvy(2)

Let us consider the proposed calibration estimator ¥ o1~ given in equation (28).

st =3t (S ) o ¥~y
YcsT = WpYn | == . ST —THH
h=1 T+ Pn

Let us take g;,; = 1 and g, = 1. The proposed calibration estimator for this choice of ¢;,; and g;,5 reduces to

L _
Xp+rn _ - =
th <* {Wp1Uph Trp, + WpoUspTsp } - 1

h=1 Th+Pn
Xn+rn
—Tyyg Z ( Uy,
X, +0n Ty +pp — _
YosT = th Tt + > - [(X—Zpgp]
T+ Pn [thlwh {whlmrh+wh2xsh}-1—xHH]
To obtain the MSE of the suggested estimator, the proposed calibration estimator can be expressed as:
- T3 — T2y
Yogr = O(T1,72,73,74) =T + ——"—5 5 [ X — 7]
Ta— (7'2)
where . . . _
—x [ Xpt = Xt = 5 = =
1= thl WhYp ( 55{}5:)> 2 = THH> T3 = thl Wh, ( ;g{}ﬁf) (Wp1ZphYrh + WhaTsp¥sp) and 74 =

L =2 =2
D1 Wh (Wha T3, +who3y).
The first-order partial derivatives of the function j - g = & (71,75, 73, 74) With respect to component estimators 7, 75, T3

. &4 T L v v L 2 .
and 7, at the parametrlc valuesé; =Y, =X, {3 =, w, Y, X, and &, =D " w;, X, respectively, are

b, = =1, ¢ _ 9¢ — Sa=8&&
1 671 (1,=€;31=1,2,3,4) > P27 oy (n:gi;z’:1,2,3,4) £4—(£5)7
= 99 =0
%3 = or, < —£5i-1,2,3,4)
and 6, =57, (r,=€.3i=1,2,3,4)

The linear form of the estimator §~ g using the Taylor Linearization technique for large # is
YosT =Y +1-[1 =& ]+ ¢a[ra &)

orYosr = Y+[m &)+ dalma— &l
or Yosr —Y =11 — &1+ ¢g [ — &
On squaring both sides and taking the expectation in both sides of the resulting expression, we get

E [gCST_Y]Q = El(n —51);‘¢2 (T2 —52)]22
MSE[ycsr] = E[(Tl_§1) +03 (12— &) +2¢5 (11 — &) (72 52)] (28)
MSEljcsr] = E(r—&) +03B(r—&)" +26,B (1 —&) (= &)
MSE[josr] = MSE[r]4+¢3V [15]42¢2F (1) —&1) (T3 —&3)
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where

MSE[r,] = Zi:lwi [(1*fh)52 + (@n= VW, 52

n n Y(2)
Ty "
R () (2 s
X 1 71 \%%
2 (ithph) {208y + BHLS) )
174 —Viz _ (A=Sn) 52 Qh—l Wio 52
o] =V [Egn] = z;tlwh[ " A2 52 )

E[{rn-Y}{rn-X}] = thlwhl{ 1n{h>5hxy+%5hxy(2)}
R (x5, ) { L5057+ 0tz 57 )]

Case 2: Let us consider the proposed traditional estimator given in equation (25).
nXp,+pn >
Yry = Wh < Yn
Z nxh + Ph
Let us proceed as in Case 1, the MSE of the estimator yy- is given as

_ 1—f g, — 1 W,
MSE (yry) = Zh LW {( nhh)sgy—l—( h nh) hQSiwz)

— 2

nXy +pp h np

—2R,, ( llyh ) {(1_fh)shxy+ (9n _nlh) Wha ShXY(Q)H

nXh+th nh

Let us consider the proposed calibration estimator - in equation (26).

_ X5+ 5o -
ycy—zwh } (T:Lxh+5h>+BY (X =25 p]

Let us take g;,; = 1 and g, = 1. The proposed estimator y - for these choices of ¢;,; and g;,5 is

L =
nXy, +pp o o
“h T PR -1
hE:1wh (nf* o {Wn1UrnTrn +WhalsnTon}

nXy, +pp
HHZ (nxh+0h)yh

[thl wy, {wp 1 T3y, +wp o2, )1 _i"%lH]

[X—Zyu]

nXp +pp >
= Wy, T} — +
oy = §: i (S
Let us express the proposed calibration estimator to obtain the MSE of the suggested estimator.

_ N3 — 17
Toy =@ (M1,02:75.14) = 1y + ——25 [X —ny]

Na—(12)

_ vk —x (nX,+p _ =z nX,+p - - = - _
where 7y = 32, wpyp, (W N2 = THmE> N3 = Zh 1 W matipy ) (WhaTrnYrn + Whalspsp) and 1y =

L - _ . = < L v v
D1 Wh (wp 172, +wyoT2,,) are the estimators corresponding to parameters (; =Y, (, = X, (5 = Yoo WRY Xy,
L <2 .
and ¢, = ;" wy, X, respectively.
Proceeding in a similar manner as Case 1, the MSE of the estimator - is derived as:

MSE[joy]) = MSE[n]+ 03V [Zgp)+200F [{n =Y } {Z gy —X}] (30)
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where
MSEl] = SEud [050l83, + BeWage
- 2
2 nX, (A-fn) ¢2 (9n=D)Wyso o2
+Rh (nthﬁh> { nh,h ShX = MNp IZS (2>}
nX (1— )W,
_iRh nYthhph) ( n{h>ShXY+ (gn— - h2 ShXY@)}}
Vian) = Ly wp [Glsp, +@Wugs ]
E[{m-Y}{Tyn—-X}] = Zi:lwi H< n{“thyﬂg’ﬁ%thwm}
Xn (A—=fn) (gp—1H)W),
—CRhc(g,;thh){ o Shx+ 2 o, ’QSZX(z)H
—  __G37G26y
Y2 (&)

3 Result and Discussion

We conducted a simulation-based numerical study using hypothetically generated data to assess the effectiveness of the
suggested calibration estimators. We follow the five steps considered in!?). Here, we have generated two populations based
on different characteristics in the R software.

3.1 Population |

We have generated a population comprising 26,000 individuals for four strata. A stratified sample of size n = 5200 is drawn.
The characteristics of the generated population are shown in Table 1.

Table 1. Description of Generated Population

Stra- Stratum Distribution of Study Distribution of auxiliary Correlation between
tum Size(Ny,) Variable(y;, ;) variable(zx;, ;) variablesy;, ;andz, ;
No. N (.03 N (o)

1 12000 N (110,81) N (200,81) 0.85

2 5000 N(150, 100) N (240, 100) 0.75

3 2000 N(180, 121) N (280, 121) 0.60

4 7000 N(130, 64) N(320, 64) 0.75

3.2 Population Il

We generated a second population of size 14,400 individuals across four strata. The drawn sample size is n = 2880. The
characteristics of the population are shown in Table 2.

Table 2. Description of Generated Population

Stra- Stratum Distribution of Study Distribution of auxiliary Correlation between
tum Size(Ny,) Variable(y;, ;) variable(z;, ;) variablesy;, ;andz, ;
No. N (.03 N (o)

1 6000 N(170,12) N(300,12) 0.84

2 4500 N (150, 10) N (240, 10) 0.78

3 1200 N (130, 7) N (270, 7) 0.70

4 2700 N(190, 9) N(210, 9) 0.85

We draw 1000 samples from both populations. Using the observations on nj,; responding and the n_,;, sub-sampled units,
calculate the [ — Y] 2, [Uiee Y] 2, [Jrsr—Y] 2, [Yry —Y] 2, [Yesr—Y] ? and [Yoy —Y] 2 corresponding to
each sample. We average out the results obtained from each sample. The mean squared errors (MSEs) of estimators § g7 g7 > U1, c e
YrsT > Y1y » YosT and Yoy and the percentage relative efficiencies (PREs) of estimators §;, .. » YosT > YrsT » Y7y and
Yoy With respect to ;7 g for various values of g;, = T;—’;f and non-response rates are shown in Table 3 and Table 4, respectively,
for both populations.
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Table 3. MSEs of estimators Y g 1> YL ee>» YT ST YTY> YosT and Yoy

Popula- gn ~ Non-ResponseRate ~ MSE(ypp) MSE(Ypce) MSE(YrsT) MSE(yry) MSE(YosT) MSE (Ycy)
tion (in %)
10 0.0147 0.0092 0.0071 0.0071 0.0061 0.0061
2 20 0.0157 0.0097 0.0074 0.0074 0.0066 0.0066
30 0.0170 0.0104 0.0079 0.0079 0.0069 0.0069
10 0.0144 0.0091 0.0072 0.0072 0.0066 0.0066
I 3 20 0.0189 0.0116 0.0090 0.0090 0.0081 0.0081
30 0.0245 0.0150 0.0114 0.0114 0.0096 0.0096
10 0.0171 0.0106 0.0083 0.0083 0.0074 0.0074
4 20 0.0218 0.0134 0.0102 0.0102 0.0089 0.0089
30 0.0284 0.0174 0.0132 0.0132 0.0112 0.0112
10 0.0340 0.0227 0.01325 0.01325 0.01157 0.01157
2 20 0.0412 0.0275 0.01563 0.01563 0.01308 0.01308
30 0.0464 0.0313 0.01753 0.01753 0.01430 0.01430
10 0.0381 0.0257 0.01507 0.01507 0.01283 0.01283
11 3 20 0.0458 0.0305 0.01743 0.01743 0.01473 0.01473
30 0.0557 0.0379 0.02221 0.02221 0.01859 0.01859
10 0.0423 0.0290 0.01724 0.01724 0.01465 0.01465
4 20 0.0514 0.0348 0.02103 0.02103 0.01838 0.01838
30 0.0662 0.0457 0.02791 0.02791 0.02368 0.02368

Table 4. PREsof Y1, o> Yo 5T YT ST> YTy and Yoy with respect to § g7 g1

Popula- an Non-Response Rate (in PRE(yr..) PRE(yrst) PRE(yry) PRE(ycst) PRE(ycy)
tion %)
10 160.2 208.1 208.1 243.3 243.3
2 20 161.9 211.6 211.6 237.2 237.2
30 164.4 215.6 215.7 247.7 247.7
10 158.9 200.5 200.5 217.9 217.9
I 3 20 162.2 209.9 209.9 231.4 231.4
30 163.4 214.8 214.8 254.4 254.4
10 161.6 206.4 206.4 232.1 232.1
4 20 163.3 214.6 214.6 244.1 244.1
30 163.6 214.7 214.7 253.3 253.3
10 149.7 256.5 256.5 293.9 293.9
2 20 149.6 263.3 263.3 314.7 314.7
30 148.3 264.7 264.7 324.5 324.5
10 147.9 252.5 252.5 296.6 296.6
II 3 20 150.0 262.6 262.6 310.7 310.7
30 147.1 250.9 250.9 299.8 299.8
10 145.8 2454 245.4 288.8 288.8
4 20 147.7 2443 244.3 279.7 279.7
30 144.9 237.2 237.2 279.6 279.6
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This study was conducted with different non-response rates (10%, 20%, and 30%) and varying values of g;, (2, 3, and 4).
From Table 3, you can observe that the values of MSEs decrease as the non-response rate and g;, decrease for both populations.
The percentage relative efficiencies (%PRE) of the proposed estimators Y g1, Y7y, Yo grandycy vary from 200.513% to
215.641%,200.524% to 215.654%, 217.910% to 247.667% and 217.904% to 247.662%, respectively, while 158.931% to 164.414%
for the existing estimator ¥, ., with respect to the estimator y ; 7, as shown in Table 4 for Population I. Similarly, the percentage
relative efficiencies (%PRE) of the estimators with respect to ¢ z; z; those depicted in Table 4 vary from 144.9% to 148.3%, 237.2%
to 264.7 %, 237.3 % to 264.7 %, 279.6% to 324.5% and 279.6% to 324.5% for the existing estimator ¥, .., and the suggested
estimators Y g1, Y1y, Yo sTendy o> respectively, for Population II.

4 Conclusion

This research introduces a set of estimators for the population mean that address non-response by leveraging an auxiliary
variable, employing both conventional and calibration-based approaches. Variance expressions for these estimators were
derived using Taylor linearization. Furthermore, a simulation study was carried out to evaluate their performance and validate
their efficiency.

Hence, it demonstrates that the proposed estimators using the traditional method (¢ g1 and yy-) outperform the 4z
and ¥y, ... The estimators (§- g7 and 3y ) obtained by applying the calibration approach to traditional estimators also
perform better than the existing estimators ¢y and 4y, .. for Populations I and II in the presence of non-response under
stratified random sampling. The proposed estimators can be generalized to a multi-auxiliary setup under non-response as well
as under different sampling designs. This study can be further extended in the case of two-phase sampling when the population
mean of the auxiliary variable is not known in advance. Thus, we recommend the proposed study for its use in practice.

5 Data availability statement

We have generated a population-I comprising 26,000 individuals for four strata. A stratified sample of size n = 5200 is drawn.
The characteristics of the generated population are shown in Table 1. And generated a second population-II of size 14,400
individuals across four strata. The drawn sample size is n = 2880. The characteristics of the population are shown in Table 2.

6 Details of Ethical Clearance

We understand the importance of ethical clearance. Since in this study we do not involve any living being or societally entity.
This is a pure fundamental development in the area of parameter estimation in a sample survey. And related to data, we have
mentioned in the data availability statement section.
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