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Abstract

Objective/Aim: To establish the existence and uniqueness of fixed points for
self maps in b-metric spaces. Methods: We have used generalized ¢-weak
contractive condition involving cubic terms of d(x, y) and weak compatibility
of two maps in the setting of b-metric spaces. Findings: Some fixed point
theorems for a self map and common fixed point theorems for two maps have
been proved and some suitable examples are also given to justify the proven
results. Novelty: In b-metric spaces, the existence of fixed points for mappings
satisfying generalized ¢-weak contractive conditions involving cubic terms of
d(x, y) has not been proved yet by others. Furthermore, our results extend and
generalize the results of Dutta and Choudhury, Murthy and Prasad, Hao and
Guan, Jain and Kaur, Petru, sel, A. and Petru, sel, J., Peng et. al. etc.
Mathematics Subject Classification: 54H25, 47H10.

Keywords: Fixed Point; b-Metric Space; ¢ -Weak Contraction; Generalized ¢
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1 Introduction

Fixed point Theory is one of the most important and useful tool in many branches of
Science, Economics, Engineering and Computer Science, etc. The majority of applied
mathematics problems reduce to fixed point problems. The famous Banach contraction
principle proves the existence and uniqueness of fixed points for a contraction mapping
in complete metric space. It has been generalized by many researchers by finding
fixed point of single map or common fixed points of two or more mapping in various
spaces satisfying various contractive conditions which are either commuting or weakly
commuting or compatible or weakly compatible etc.

In the development of various metric spaces, one of the significant generalizations
of metric space is b- metric space introduced by Bakhtin in 1989. Afterwards,
Czerwik @ proved some fixed point theorems in b- metric spaces in 1993. Aydi et
al.® proved common fixed point results for single valued and multi-valued mapping
satisfying -weak contraction in b-metric spaces. After that, several interesting results
about the existence of fixed points and common fixed points using different contractive
conditions in b-metric spaces have been obtained by Akkouchi®, Kir et.al ®), Agraw
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1 et. al.©®, Hao and Guan”, Jain and Kaur ®, Guan and Li", Petrusel, A. and Petrusel, J.1?, Peng et. al. !V etc.
On the other hand, contraction mapping was generalized by many researchers. Boyd and Wong replaced the contraction
mapping by ¢ -contraction mapping and proved the following result in 1969.

Theorem 1.1.

“Let T be a ¢ - contraction mapping defined on a complete metric space X, i.e.,

d(Tx, Ty) < ¢(d(x, y)) for all x, y € X where ¢: [0, 00) — [0, 00) is an upper semi-continuous function from right such that
0 < p(t) <tforallt> 0. Then, T has a unique fixed point”

In 1997, Alber and Guerre-Delabriere introduced ¢ - weak contraction and proved the following.

Theorem 1.2.

“T be a ¢ - weak contraction mapping defined on a complete metric space X, i.e.,

d(Tx, Ty) < d(x,y) - p(d(x, y)) for all x, y € X where ¢: [0, c0) — [0, co) is an upper semi-continuous function from right
such that p(t) > 0 for all t > 0 and ¢(0) = 0. Then, T has a unique fixed point”

In 2013, Murthy and Prasad"? introduced a new type of inequality with cubic terms of d(x, y) involving p > 0 called a
“generalized ¢-weak contractive condition with cubic terms involving p” and established the following result:

Theorem 1.3.

“Let (X, d) be a complete metric space and T be a self-map of X satisfying the following condition:

(1 + pd(x, y)]d?(Tx, Ty)< pmax {3 [d?(x, Tx)d(y, Ty)+ d(x, Tx) d?(y, Ty)],

d(x, Tx)d(x, Ty)d(y, Tx), d(x, Ty)d(y, Tx)d(y, Ty)}

where

m(x, y) = max{d2(x, y), d(x, Tx)d(y, Ty), d(x, Ty)d(y, Tx),

11d(x, Tx)d(x, Ty)+ d(y, Tx)d(y, )]},

In the present paper, we generalize the above result in the setting of b- metric space and extend our result for a pair of weakly
compatible self mappings in b- metric space. We also obtain some suitable examples to justify the proven results. Our results
extend and generalize the results of Dutta and Choudhury(3), Murthy and Prasad 12, Hao and Guan (), Jain and Kaur®),
Petrusel, A. and Petrusel, J.(19), Peng et. al. (1) etc.

2 Preliminaries

We now give some known definitions and standard notations which will be needed in the sequel:

Definition 2.1("

Let X be a nonempty set and let s > 1be a given real number. A function d: XxX — [0, c0) is said to be b-metric if the following
conditions hold good:

(i) d(x,y) =0 ifand onlyifx =y.

(ii) d(x, y) = d(y, x).

(iii) d(x, y) < s[d(x,z) + d(z, y)], forallx,yand z € X.

Then, the triplet (X, d, s) is called a b-metric or metric type space.

Remark 2.2.
The class of b-metric spaces is larger than that of metric spaces, since a b-metric is a metric when s = 1. All the metric spaces

are b-metric spaces but the converse is not true. We can illustrate this with the help of the following examples:

Example 2.3.

“Let X =10, 1, 3}, d(x, y) = (z — y)2 and s = 2.
Then, d(x, y) < s[d(x, z) + d(z, y)], for all x, y and z € X but the triangle inequality d(x, y) < d(x, z) + d(z, y) does not hold
forx =0,y =3asd(0,3) >d(0, 1) + d(1, 3). Therefore, (X, d, s) is a b- metric space but not a metric space”
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Example 2.4.

“Let (X, d) be a metric space and define d*(x, y) = (d (x, y))” where p > 1 is a real number. Then, (X, d*, s) is a b-metric space
with s = 2P~1 but not a metric space.”

Example 2.5.

oo oo 1
“LetX =1,(R), 0<p < lwhere [,(R) = {{z,,} CR, >° > | |z, | <oo} and define d(x, y) = >, lzn —y,|P)7, forx={z,},
y =1y, } €l,(R). Then, (X, d, s) is a b-metric space with s = 27 but not a metric space.”

Definition 2.6.

“Let (X, d, s) be a b-metric space.

(a) A sequence {z,,} in X is called convergent if and only if there exists x € X such that for each ~ €> 0 there exists m €N
such that d(x,,, x) <eforalln > m.

(b) The sequence {x,,} in X is said to be Cauchy if and only if for each > 0 there exists no€ N such that d(x,,, z,,,) <e for
alln, m >n,”

Definition 2.7.

“The b-metric space (X, d, s) is called complete if every Cauchy sequence in X is convergent in X”

Definition 2.8.

“Let (X, d, s) be a b-metric space and S, T: X — X be two mappings. The mapping S and T are said to be weakly compatible if
they commute at their coincident points, i.e., TSx = STx whenever Sx = Tx”

3 Main Results

Theorem 3.1.

Let (X, d, s) be a complete b-metric space and T be a self-map of X satisfying
(1 + pd(z, y)|d*(Tz, Ty) < Bmax {4[d*(z, Tx)d(y, Ty) + d(z, Tx)d*(y, Ty)],
d(z, Tx)d(z, Ty)d(y, Tz), d(z, Ty)d(y, Tx)d(y, Ty)} + m(z, y) — ¢(m(z, y)),

where

m(x, y) = max{d2(x, y), d(x, Tx)d(y, Ty), d(x, Ty)d(y, Tx),

p > 0 is a real number and ¢: [0,00) — [0,00) is a continuous function with ¢(t) = 0 if and only if t = 0 and ¢ (t) > 0 for each
t > 0. Then, T has a unique fixed point in X.

Proof: Let x, be an arbitrary point in X. We define a sequence {z,,} in X by
Ty = T2,,n 2> 0.(2)

If v, = x,,q, for some n, then, T has trivially a fixed point. Therefore, we assume that x,,#z,,, for all n €N. For
convenience, we write

d(xn’ xn+1) = dn (3)

First, we show that {d,, } is a monotonically decreasing sequence, i.e., d,, , 1 <d,,.

Case 1: If n is odd. Take n = 2m-1. We prove that d,,,, <ds,,,_1-

Now, taking x = 25,,,_1 , ¥ = Z4,, in Inequality (1), we have

[1+pd(@gp, 1, 20 )1d? (T2, 1, T23,,)

<Emax {[d* (21> T2 1)d@24, T224,) + (@001 T, 1) A2 (T2, TZ,)]s

d(@5,—1> TZ5p—1)d (@90 —1> TT2.,, )X 20> TTo0,—1), A, THAGE, THAGE T + m(2o,,— 1> Tom,) — PM(Zo,,_1> Tam))s

where

M(Z3,, 1> T2r,) = MaX{d® (21,15 T2m)> AT 20— 15 T2, 1)A (@240, T22,,),

55 [d(@a 15 T2op, 1)d(To0, 1> T2 )+d(@g0s TLoy, 1)@, Tre,,)1}

Now using Inequality (2), we get

[1+pd(@ 21> T2m)1d* (@2 Topms1)

<Emax {§[d* (@2 1> T2m)A(@opm> Tam 1) + A@2m 1> Torm) A2 (Topm» Tapm 1)),

(1)
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d(i, 1)d@, )G + m(2g,, 15 Tom) — @M(Zg 0,15 Tom))s
where
M(Z3,, 15 Tap,) = MaX{d? (T2, 15 T2 )y A@2 15 L2 A@210 Lo 1) Q@200 - 15% 21 11) AT 205 T2 1)
- 35 [d(@ 2 15 T2 )A(@ 2 15 Topn 1)@ 2 s T2 ) A (@05 Topm 1)1}
en,

(1 + pday_1]d?s,, < Bmaz{§[d®s,_1 dap + o1 d%5,,], 0, 0} 4)

+ M@ 1, Tom) — O(M(Top 1, Ty,
where,
M(Zo,, 1> Tom,) = maX{d%mfl 2oy 12 0, 2= [day, 1d(Ta,, 15 Tap, 1) + 01}
< max{dgm& s A — 1o 05 S5 [dayy 1 S(dgp, 1 +da,y,)])
[By triangle inequality of b-metric space]
Ifdy,, 1 <do,,,then
m(mefl’ x2m) < max{d%m’ d%m’
So Inequality (4) becomes
d%m + pd2m71d5m<gmax {%[defld%m +d2m71dgm]’ 0, 0} + d%m - @(d%m)
< p d2m71d%m+ d%m - (d%m) [ giVeS _90() '90()]
which gives p(d2,,,) < 0, a contradiction.
Thus, dy,,, <dgpp_1-
Case 2: If n is even, taking n = 2m and putting X = 2,,,, , y = Z5,,,, 1 in Inequality (1) and proceeding as above we can easily

obtain that dy,,  ; <ds,,.
Therefore, {d,,} is a monotonically decreasing sequence of non-negative real numbers and hence convergent.
Let nliﬂ;od” =k for somek > 0(5)
We assert that k = 0. Using Inequality (1), we have
(1+pd(z,,, 2, 1)1d*(Tz,,, T2, 1)
<Pmax{1[d?*(z,,, Tz,)d(@, 1, T, 1) + dz,, Tz,,) d* (2 41, T2y )] A2y, T )d (2, T2y, )@, 4 s T2y,
d(@ > Ty 11)d(@g 10, Ty )d(@ g, 4 15Ty 1)}
+ m('rn’ xn+1) - @(m(xn’ x'n,-o—l)) = %max {%[dQ(Iyp $n+1)d(l'n+1, xn+2)+ d(xn> an+1) d2($n+1, xn+2)]) d(In,
‘Tn+1)d(xn’ xn+2)d(‘rn+1’ xn+1)’

This implies that

<1+ pdn) d3L+1 < %max {%[d%d'rwrl +dnd%+1]7 07 O} + m(mn, anrl) - go(m(xm anrl))' (6)
where
m(xn’ anrl) = max{dQ(xn, xn+1)’ d(xn’ Tmn)d(aer»l’ Tanrl)’d(xn’ Txn+1)d(xn+1’ T'rn)’

% [d(z,,, Tz, )d(z,,, Tz, )+d(z, 1, T2,,) Az, 1> T2, )]}

= max{d2 (xn’ xn+1)> d(xn’ xn+1)d(xn+1’ xn+2)> d(xn’$n+2)d(xn+l ’xn+1)’
351d(@,,, 2 )A(@,,, Ty ) 4@ @ 1)@ T 0) 1)
= max{d?2 , dpd, 1,0, 5=[d, d(z,,, z, o)+ 0]}
Now, using triangle inequality of b-metric space, taking limit as n — oo and using Inequality (5) we have,

lim m(z,,, , 1) < max{k?® k2,0, Lkslk + k]} = k% (7)

n—oo T 2s
Now taking limit as n — oo in Inequality (6) and using Inequality (7), we have

(1+pk) k2 < BE3 + k2- (k%)< pk3 + k% (k?)
which gives p(k?)< 0, which implies that k = 0.

0,d3,,} = d3,,

Therefore,
lim dp, = lim d(z,,, 2,,q) = 0(8)

Now, we show that {z,,} is a cauchy sequence in X. Let m, n € N, m> n, then
d(z,,, ,,) <s{d(z,,, ,, 1) + d(z,, 1> ,,)}

SS d(xn’ xn+1) + SQ{d(xn+1’ xn+2) + d(xn+2’ xm)}

<sd(@y,, Tpyiq) + 52d(@ 01> Tpsn) +83A(T 110 Ty i) Feeveeeeniiiiin,
=sd,,
Taking limit as n — 0o and using Inequality (8), we get nhl& d(z,,,z,,)=0

Hence, {x,,} is a cauchy sequence in X. But X is a complete b- metric space and therefore there exists some x € X such that
Jim 220

Now, we prove that x is a fixed point of T.
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Replacing y by z,, in inequality (1), we obtain
(1 + pd(x, z,,)]d?(Tx, Tx,,)<E2max {%[dQ(X, Tx) d(z,,, Tz ,)+ d(x, Tx) d?(z,,, Tz ,,)],
d(x, Tx)d(x, Tz, )d(x,,, Tx), d(x, Tz,,)d(z,,, Tx)d(z,,, Tz, )}
Fmx 2,) - pm(x, 7)),
1+ pd(z, 2,)d (T, 1) € s (070, 7o) 0, 5) 4 0 T2 0 50
i(m7 T.Z')d(.fb‘, anrl)d( )? d( n+1)d( no Tw)d(xn’ xn+1)} + m(x’ xn) - gp(m(a?, xn))v
where

m(x, z,,) = max{d?(x, z,,), d(x, Tx)d(z,,, Tz,,), d(x, Tx,,)d(z,,, TX),
= [d(x, Tx)d(x, Tz, )+ d(z,,, Tx)d(z,,, Tz,,)]},
= max{d?(x, r,,), d(x, Tx)d(z,,, Tpi1),d(% T, 0)d(@,, TX), o [d(x, TX)A(X, ©,, 1)+ d(2,, TX)d(Z,,, 2,04 1)])
Now taking limit as n — oo and using Inequality (8) and Inequality (9) we get
lim m(x,z,) = max{0, 0,0, [0+ 0]} = 0(11)

n—o0

Now taking limit as n — oo in Inequality (10) and using Inequality (11), we have
(1+ 0) d?(Tx, x) <Zmax{1[0+0],0,0} +0-¢©(0) =0
This implies that d2(Tx, x) < 0. Thus, d?(Tx, x) = 0 and consequently, d(Tx, x) = 0.
Thus, Tx = x.
Uniqueness : Let x and y be two fixed points of T. Then by using Tx = x and Ty =y, inequality (1) reduces to
[1 + pd(z, y)ld®(z, y) < pmaw {3[d* (2, 2)d(y, y) + d(z, 2)d*(y,)], d(x, 2)d(x, y)d(y, @), (|5
d(a, y)d(y, 2)d(y. v)} + mz. y) — e(mlz, y))
where
m(x, y) = max{d2(x, y), d(x, x)d(y, y), d(x, y)d(y, x), 2= [d(x, x)d(x, y)+ d(y, x)d(y, )]}
= max{d>(x, y),0, d%(x, y),0}
- d2(x,y)
So, Inequality (12) becomes
[1+ pd(x, ]d2(x, y)<Zmax 0,0, 0} + d2(x, y) - p(d2(x, y),
pd3(x,y) < - p(d%(x, ),
pd3(x,y) + p(d?(x, y)) <0, , which is only possible when d?(x, y) = 0.
This implies that x = y. Hence, T has a unique fixed point.
Now, we furnish an example that shows the existence of a unique fixed point for a self map in complete b- metric space X(X
is not a metric space as shown in example 2.3). The example establishes the generalization of our result over the result of Murthy
and Prasad 12,

%
x) (10)

Example 3.2

Let X = {0, 1, 3}, and d: XxX — [0, 0o) be defined by d(x, y) = (= —y)Q. Then, (X, d) is complete b-metric space with s = 2.
Consider the mapping T: X — X defined by T(0) = 1, T(1) = 1, T(3) = 0 and ¢(t) = %. Now, we check the inequality (1) for
different points of X.
Case 1: If x = 0 and y = 1, then (1) gives after simplification, 0 <2 which is true.
Case 2: Ifx = 1 and y = 3, then we have 1 + 4p < 18p + 16- ¢(16) = 18p + 32, i.e,, 14p + 22 > 0 which holds for p > 0.
Case 3: If x = 0 and y = 3, then after simplifying (1), we get 1 + 9p <43p + 54, i.e,, 27p + 106> 0, which is true since p > 0.
Thus, all the conditions of Theorem 3.1 are satisfied. Clearly, 1 is a unique fixed point of T.

Corollary 3.3.

Taking s = 1 in Theorem 3.1, we get Theorem 1.3 and further taking p = 0 we get Corollary 4 of Murthy and Prasad .

Corollary 3. 4.

Let (X, d, s) be a complete b-metric space and T be a self-map of X satistying

d?(Tx, Ty) < m(x, y) - p(m(x, y)),

where

m(x,y) = max{d?(x, y), d(x, Tx)d(y; Ty), d(x, Ty)d(y, Tx), 5= [d(x, Tx)d(x, Ty)+ d(y, Tx)d(y, Ty)],

p > 0 is a real number and ¢: [0,00) — [0,00) is a continuous function with ¢(t) = 0 if and only if t = 0 and ¢ (t) > 0 for each
t > 0. Then, T has a unique fixed points in X.
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Now, we extend theorem 3.1 by finding a common fixed points result for two self maps using generalized ¢-weak contractive
condition with cubic terms involving p in the setting of b-metric space.

Theorem 3.5.

Let (X, d, s) be a complete b-metric space and S, T be self-maps of X such that T(X) C S(X) and the pair {S, T} is weakly
compatible. Also,
(1 + pd(Sz, Sy)|d*(Tz, Ty) < Zmax{5[d*(Sz, Tx)d(Sy, Ty)+ d(Sz, Tx)d*(Sy, Ty)],
d(Sx, Tx)d(Sz, Ty)d(Sy, Tx), d(Sx, Ty)d(Sy, Tx)d(Sy, Ty)} + m(Sz, Sy) —e(m(Sz, Sy)),
where
m(Sx, Sy) = max{d?(Sx, Sy), d(Sx, Tx)d(Sy, Ty), d(Sx, Ty)d(Sy, Tx), 5 [d(Sx, Tx)d(Sx, Ty)+ d(Sy, Tx)d(Sy, Ty)]},
p > 0 is a real number and ¢: [0,00) — [0,00) is a continuous function with ¢(t) = 0 if and only if t = 0 and ¢ (t) > 0 for each
t > 0. Then, S and T have a unique common fixed point in X.
Proof: Let x4 be an arbitrary point in X. Since T(X) C S(X) Therefore, we can find some x, such that Tz, =Sz, =y;. We
define a sequence {y,,} in X by
Yo =Tz, 1= Sz,,n>0. (14)
For convenience, we write
d(yn7 yn+1) = dn (15)
First, we show that {d,, } is a monotonically decreasing sequence, i.e., d,, . 1 <d,,.
Case 1: If n is odd. Take n = 2m-1. We prove that d,,,, <ds,,,_1-
Now, taking x = z5,,,_1 , ¥ = Z3,,, in Inequality (13), we have
(1 +pd(Szs,, 1>ST9,,)]1d*(T2s,, 1, T2s,,)
<Zmax {1[d*(Sz2,,_1> TT0,,_1)d(STop,» TZop,) + d(STay, 1> TZo 1) d2(STgp,» TZo)],
d(Szg,y, 15 Togy, 1)d(STa,, 1, T2o,)d(S20,,,, T2oy, 1), d(SZoy, 15 T2o,,)d(S 0, Toy, 1)d(ST o, T2 gy, )}
+m(SZyp, 1, STop,) — (M85, 1, STo, ),
Where
m(SZy,,, 1>STs,,) = max{d?(STy,, 1>STo.,)» d(STa,, 1> T2, 1)d(STs,,., TTo,,),
d(S2g,,1,T25,,)d(S2 2, T2, 1),
5= [d(Sz5,, 1> TTo,, 1)d(STo,, 1> TTo,,)+d(S25,,, TTa,, 1)d(STa,,, T2s,, )]}
Now using Inequality (14) , we get
[1+ pdY2rm—1> Y2 )10 Y2rm> Y2m+1)
<Emax {%[dZ(mefl’ Y2 )42 Y2m+1) + AY2rm—1> Y2um) A (Yo m» Yom+1))s
dWarm—1> Y2m)dW2m 15 Y2m 114205 Y2m)s A2 15 Y20+ 1)dW2rms Y2m)dWarm Yo m 1)}
+ (Y215 Y2m) = P20 15 Y2rm))s
where
M(Y3,, 1> Yorm) = max{dQ(me_l, Yom)> AY2mm—1> Y2m)dW2rm> Y2m41)> AW2m—15Y2m+1)dY20m> Y21 )
2= dW2m—1> Y2m)AY2im—15 Y2m+1)14W2mm> Y2 )AY21m5 Y2im 1)1}
Then,
[1 + demfl}dgm S gma’x {%[d%mfl d2m + d2m71 d%mL 07 0}
+ M (Y2m-15Y2m) — (M Y2m-_1, Y2m))
where,
MY, 1> Yorm) = max{d3,,, 1, dyp,_1dap,, 0, o5 Aoy 1d(@a0, 15 Top 1) + 01}
< max{d%mq s dom—1d2.m, 0, %[d2m71 $(dgpm—1+dapm,)]}
[By triangle inequality of b-metric space]
Ifds,, 1 <do,,,then
m(me—l’ x2m) < max{d%m’ d%m’
So Inequality (15) becomes
d%m + pd2m71d5m<%max {%[defld%m +d2m71dgm]’ 0, 0} + d%m - So(d%m)
< p d2m71d%m+ d%m - Qp(d%m) [d%mfl < d%m gives _(p<d%m> < _@(d%mfl)]
which gives p(d2,,,) < 0, a contradiction.
Thus, dy,, <d3,, 1
Case 2: If n is even, taking n = 2m and putting x = 25, , ¥ = T5,,,,1 in Inequality (1) and proceeding as above we can easily
obtain that dy,,, . 1 <ds,,.

(13)

(16)

0,d3,,} = d3,,
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Therefore, {d,,} is a monotonically decreasing sequence of nonnegative real numbers. Now, proceeding as in theorem 3.1,
we can easily prove that

lim d,, = lim d(y,,, ¥,,,1) = 0and {y,,} is a cauchy sequence in X.
n—oo n— oo

But X is a complete b-metric space and therefore there exists some y € X such that

Lim y,, =y (17)

Since, y € T(X) and T(X) C S(X), therefore, there exist a point u € X such that y = Su. Now, we prove that Tu = y. For this
replacing x by u and y by z,, in inequality (13), we obtain

(1 + pd(Su, Sz,,)]d?(Tu, Tx,,)

<Emax {1 [d?(Su, Tu)d(Sz,,, Tx,,) + d(Su, Tu) d*(Sz,,, Tz,,)],

d(Su, Tu)d(Su, Tx,,)d(Sz,,, Tw), d(Su, Tz,,)d(Sz,,, Tw)d(Sz,,, Tz, )} + m(Su, Sz,,) - p(m(Su, Sz ,,)),

m(Su, Sz,,) = max{d?(Su, Sz,,), d(Su Tu)d(Sz,,, Tx,,), d(Su, Tz,,)d(Sz,,, Tu),

= [d(Su, Tw)d(Su, Tx,,)+d(Sz,,, Tu)d(Sz,,, Tz,,)]}.

Thus

[1+pd(y, y,,)]d*(Tu, 1)

<Zmax {{[d*(y, Tw)d(Yy,» Y1) + Ay Tu) (Y, Y1)

d(y, T)d(s Y 11)d (Y Tw), (Y, Yy 1) T Y1)} + M ) = p(m(y, y,)),

m(y, y,,) = max{d(y, y,,)» d(ys Tw)d(W,,> Yy 1)> AW Yy 1)d (Y, T,

LAy, Tu)d(y, s 1) +d (0 TWAWrs 1)1}

Now taking limit as n — oo and using Inequality (17) , we get

d?(Tu, y) <Zmax {0, 0, 0} + m(y, y,,) - »(m(y, y,,)), where

m(y, y,,) = max{0, 0,0,0} =0

Therefore, d2(Tu, y) < 0, which gives y = Tu.

Hence, Su = y = Tu. Thus, u is coincidence point of S and T. Now, since {S, T} is weakly compatible, therefore, STu = TSu
which gives Sy = Ty.

Now, we claim that y is common fixed point of S and T. For this, we replace x by u in Inequality (13)

[1+ pd(Su, Sy)]dQ(Tu, Ty) <Zmax {3 [d?(Su, Tu)d(Sy; Ty) + d(Su, Tu) dQ(Sy, Ty)l,

d(Su, Tu)d(Su, Ty)d(Sy, Tu), d(Su, Ty)d(Sy, Tu)d(Sy, Ty)} + m(Su, Sy) — o(m(Su, Sy)),

where

m(Su, Sy) = max{d?(Su, Sy), d(Su, Tu)d(Sy, Ty), d(Su, Ty)d(Sy, Tu),

== [d(Su, Tu)d(Su, Ty)+ d(Sy, Tu)d(Sy, Ty)1},

Since Su =y = Tu and Ty = Sy, therefore,

[1+ pd(y, Sy)]d*(y, Sy) <Zmax {1 [d>(y, y)d(Sy, Sy)+ d(y, y) d*(Sy, Sy)],

d(y, y)d(y, Sy)d(Sy y), d(y; Sy)d(Sy, y)d(Sy, Sy)} + m(y, Sy) — ¢ (m(y, Sy)),

where

m(y, Sy) = max{d?(y, Sy), d(y, y)d(Sy; Sy), d(y, Sy)d(Sy, y),

5= [d(y, y)d(y Sy)+ d(Sy, y)d(Sy, Sy)I} = d*(y: Sy).

Therefore,

d?(y, Sy) + pd3(y, Sy) <2 .0 + d?(y, Sy) - ¢(d?(y, Sy)). This implies that

pd3(y, Sy) + ¢(d?(y, Sy)) < 0, which gives d (y, Sy) = 0 and hence y = Sy = Ty.

Thus, y is common fixed point of S and T

Uniqueness : Let z be another common fixed point of S and T. Then using Inequality (13) , we have

(1 + pd(Sz, Sy)1d?(Tz, Ty) <Zmax {1 [d?(Sz, Tz)d(Sy, Ty)+ d(Sz, Tz) d*(Sy, Ty)],

d(Sz, Tz)d(Sz, Ty)d(Sy, Tz), d(Sz, Ty)d(Sy, Tz)d(Sy, Ty)}

+ m(Sz, Sy) - ¢(m(Sz, Sy)),

where

m(Sz, Sy) = max{d?(Sz, Sy), d(Sz, Tz)d(Sy, Ty), d(Sz, Ty)d(Sy, Tz),

== [d(Sz, Tz)d(Sz, Ty)+ d(Sy, Tz)d(Sy, Ty)l},

(1+ pd(z, y)1d?(z, y) <Emax {}[d?(z, 2)d(y, y)+ d(z, z) d*(y, y)],

d(z 2)d(z y)d(y, 2), d(z, Y)d(y, 2)d(3; )} + m(z, y) - p(m(z, y)), (18)

where

m(z, y) = max{d?(z, y), d(z, 2)d(y, y), d(z, y)d(y; z),

2= [d(z, 2)d(z, y)+ d(y, 2)d(y, )]

=d?%(z,y).
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Solving inequality (18), we have z = y.
Consequently, y is a unique common fixed point of S and T.
Now, we give an example in support of our theorem:

Example 3.6.

Let X ={0, 1, 3, 4}, and d: XxX — [0, 00) be defined by d(x, y) = (z — y)2. Then, (X, d) is complete b-metric space with s = 2.
Let (t) = £ and consider the mappings S, T: X — X defined by

T0)=1,T(1)=1,T(3)=0,T4) =1

S(0) =3, S(1) = 1,S(3) = 3, S(4) = 0.

Then, T(X) C S(X) and {S, T} are weakly compatible as 1 is the only coincident point of S and T and ST(1) = TS(1). Now, we
check the inequality (13) for different points of X.

Case 1: If x = 0 and y = 1, then (13) gives after simplification, 0 <32 which is true.

Case 2 : If x = 0 and y = 3, then after simplifying (13), we get 1 < 162p + 36 - ©(36) , i.e., 162p + 23> 0, which is true since
p=>0.

Case 3: If x =0 and y = 4, then we have 0 < 8p + 54 which holds for p > 0.

Case 4:Ifx=1andy = 3, then we have 1 + 4p < 18p + 16- ©(16) = 18p + 32, i.e., 14p + 22 > 0 which holds for p > 0.

Case 5:If x = 1 and y = 4, then after simplifying (13), we get 0 <£ . 0 +1, which is true.

Case 6:If x = 3 and y = 4, then we have 1 + 9p <43p + 81- p(81) = 43p + 54, i.e., 2Tp + 53> 0 which holds for p > 0.

Thus, all the conditions of Theorem 3.5 are satisfied. Clearly, 1 is a unique common fixed point of S and T.

Corollary 3.7.

If we take S = I(Identity Map) in theorem 3.5, we obtain Theorem 3.1 and in addition if we take s = 1, we get Theorem 1.3 of
Murthy and Prasad 12).

Remark 3.8.

Theorem 3.1 and Theorem 3.5 extend and generalize the corresponding results of Agrawal et. al.®), Hao and Guan ?, Jain and
Kaur®, Petrusel et. al. ' and Guan H, Li J© etc.

4 Conclusion

In the present paper, firstly, we have established a fixed point theorem using a generalized ¢-weak contractive condition
involving cubic terms of d(x, y) in the setting of b-metric space and then we have generalized the results by finding a unique
common fixed point of two self mappings. The results proved in this paper generalize and extend various known existing results.
Further, some suitable examples are also given which show the generality of our proven results over the existing ones.
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