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Abstract
Objective: Energy transfer up-conversion effect on the characteristics of a
passively Q-switched laser pulse has been investigated theoretically.Method:
Rate equations model was proposed in this study. The model tested by
numerical solving using Rung –Kutta- Fehelberg method in order to verify the
validity of the physical and the mathematical hypotheses was used in the
model through applying it to the passive Q-switching laser system consisting of
Nd+3:YAG as AM ( quasi three-energy levels medium) with a Cr+3 : YAG crystal
as a SA. The results of the proposed model show good agreement regarding
the time behavior of the population inversion density and the photon density
of the PQS pulse with the results of a previous theoretical study of the same
systemusing rate equations not taking into consideration the effect of ETU. This
benchmark enhances reliability using themodel. Findings: The study indicated
that the up-conversion processes caused a reduction in pulse energy and an
increase in duration, resulting in a slight decrease in the pulse power. So,
the pulse was generated at an earlier time in the case without up-conversion
effect compared with the case with up-conversion effect. Novelty: The rate
equation model has been modified, taking into account the. A model of rate
equations was presented or proposed that took into account the calculation
of the effect of energy transfer up-conversion processes in solid-state active
media in passively Q-switched systems.

Keywords: Laser; Nd+3: YAG; Q-switching passive; Q-switching; Energy
transfer up-conversion

1 Introduction
Passively Q-switched (PQS) is one of the most famous methods used to obtain
high-power laser pulses, which has a wide range of applications due to their
characterizations, such as simple structure, low repetition rates, and small size, such
as laser communication, high-precision processing, space detection, laser medical
treatment, and radar (1–4). Somenonlinear processes that occur in the activemedia (AM)
of the PQS system may affect the characteristics of these high-power pulses to different
degrees. One of these nonlinear processes is the energy transfer up-conversion (ETU).
It is occur in high-doped solid-state laser active media, because of
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two ions interact in the excited state of AM, an interaction occurs between two excited ions in the excited laser level, and one
of them gives part of its energy to the other ion, causing it to migrate to another higher energy level, while the ion that has lost
part of its energy falls to a lower energy level in AM (5,6).

The topic of ETU phenomenon received the attention of researchers, such as in 2019, Pavel L. et al. presented their studies
about ETU in Tm+3: LiYF4 Lasers at �2.3 𝜇m (6). In 2020, S. Cante and J. I. Mackenzie, they presented their study about ETU in
Nd+3:YAG at cryogenic temperatures, when the crystal is cooled to liquid nitrogen temperature, despite a twofold increase in
the macro parameter, it has a negligible effect on performance (7).

So, in 2020, Bo. Zhou et al. they are finding that the interfacial energy transfer (IET) an efficient approach for enabling photon
up-conversion of lanthanide ions (e.g., Er+3, Tm+3, Ho+3, Eu+3, Tb+3, Dy+3, Sm+3, and Nd+3) (8). In 2021, K. Mariselvam and
Juncheng Liu presented a study in which they discussed the ETU in Er+3/Tm+3: MCZBP glasses (9).

In 2023, Y. LI et al. presented a study to determine the exact transmission of energy conversion coefficient for Er+3 and Yb+3
co-doped laser crystals. The results reveal that the ETU process in Er+3, Yb+3:YAB laser system is 5 ∼ 35 times stronger than
that in Er+3 and Yb+3 co-doped phosphate glass (10).

Practically, the Z-scan technique is often used to estimate the effect of ETU in Nd+3:YAG.This technique involves measuring
the transmission of the pump laser through the Nd+3: YAG crystal at different pump intensities (6).

In this study, we theoretically investigated the effect of ETU on PQS laser pulse characteristics, using another rare element in
PQS optical system consisting of quasi three levels system of Nd+3: YAG as AM and Cr+4: YAG as a saturable absorbent material
(SA) at room temperature.The absorption spectrum of Cr+4: YAG is good and compatible with the emission spectrum of Nd+3:
YAG (11).

Nd+3:YAG possesses a combination of properties uniquely favorable for laser operation, the YAG host is hard, good optical
quality, and has a high thermal conductivity. Furthermore, the cubic structure of YAG favors a narrow fluorescent linewidth,
which results in high gain and low threshold for laser operation (12).

The transition inNd+3:YAG occurs between the 4F3/2 manifold to the 4I11/2 manifold at 1064 nm, which themain laser, this
transition represents four-level laser system.While the transition occurs between the 4F3/2 manifold and the 4I9/2 manifold at
946 nm, which represents quasi three- level laser system.

ETU processes in Nd+3:YAG represents the energy migration process caused by the ions transfer from the excited laser
level (4F3/2) to higher levels (5,9). Figure 1(a,b) shows the Nd+3:YAG energy levels scheme and its up-conversion processes,
respectively (13,14). While Figure 1 -c shows the energy levels diagram of Cr+4: YAG (15).

2 Methodology
Based on rate equations model (16), a model of rate equations was presented or proposed in this study to investigate the effect
of ETU on PQS pulse characteristics. In order to verify the validity of the physical and the mathematical hypotheses of the
proposed model, this model is tested by numerical solving to investigate the PQS system, which consisting of Nd+3: YAG as
AM (quasi three- energy levels medium) with a Cr+3: YAG crystal as an SA. The results of the proposed model were compared
with regard to the time behavior of the population inversion density and the photons number density of the PQS pulse (𝜑)
with the results of a previous theoretical study of the same system using rate equations not taken into consideration the effect of
ETU (17). This benchmark enhances reliability using the model. After that, some studies were conducted, and their results were
compared with the case of neglecting the effect of ETU and in the case of not neglecting it to determine the effect of ETU on
the pulse characteristics.

3 Theory
The presented (suggested) rate equations model as the following:

𝑑𝜑
𝑑𝑡 = 𝜑[𝐾𝑎𝑚𝑁 −𝐾𝑠𝑔𝑛𝑠𝑎𝑔𝑙 −𝐾𝑠𝑒𝑛𝑠𝑎𝑒𝑙 −𝛾𝑐] (1)

𝑑𝑁
𝑑𝑡 = 𝑅𝑝 −𝛾𝑝𝐾𝑎𝑚𝑁𝜑+ 𝑁

𝜏𝑎𝑚
−𝑊𝑁2 (2)

𝑑𝑛𝑠𝑎𝑔𝑙
𝑑𝑡 = −𝐾𝑠𝑔𝑛𝑠𝑎𝑔𝑙𝜑+𝑛𝑠𝑎𝑒𝑙/𝜏𝑠𝑎𝑒 (3)
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Fig 1

𝑑𝑛𝑠𝑎𝑒𝑙
𝑑𝑡 = 𝐾𝑠𝑔𝑛𝑠𝑎𝑔𝑙𝜑−𝑛𝑎𝑠𝑒𝑙/𝜏𝑠𝑎𝑒 (4)

Where Eq.1 represent the time variation of the laser photons density of PQS pulse (𝜑)(𝑐𝑚−3). While Eq.2 represent the time
variation of population inversion density of ions (N) in AM (cm-3), the fourth term in this Eq. 2 represent the novelty of
the model. Eq.3 and Eq.4 represent the time variation of ions population (ions number density) of the saturable absorbent
ground level (SAGL) and saturable absorbent excited level (SAEL) (n𝑠𝑎𝑔𝑙, n𝑠𝑎𝑒𝑙) respectively. 𝐾𝑎𝑚 = 2𝜎𝑎𝑙𝑎𝑚

𝜏𝑟
is the coupling

coefficient between𝜑 andN. 𝜎𝑎 is the emission cross sections (cm2) of AM excited energy level, 𝑙𝑎𝑚 is the AM length. 𝜏𝑟 = 2𝑙𝑐
𝑐

is the round trip transit time, 𝑙𝑐 is the length of the cavity, c is the speed of light in vacuum. 𝐾𝑠𝑔 = 2𝜎𝑠𝑔𝑙𝑠
𝜏𝑟

is the coupling
coefficient between 𝜑 and n𝑠𝑎𝑔𝑙, 𝜎𝑠𝑔 is the absorption cross sections (cm2) of n𝑠𝑎𝑔𝑙, l𝑠 is the length of SA. Kse = 2𝜎sels

𝜏r
is the

coupling coefficient between 𝜑 and n𝑠𝑎𝑒𝑙, 𝜎se is the absorption cross sections (cm2 ) of 𝑛𝑎𝑠𝑒𝑙. 𝛾𝑐 = (ln 1
𝑅 +𝐿) is the decay

rate of the cavity represents the all the losses in 𝜑. 𝑅 = √𝑅1𝑅2, where 𝑅1,𝑅2 are represent the reflectivity of rear mirror and
output coupler mirror respectively, L is the photons lost due to absorbing and scattering mechanisms in the cavity. 𝑅𝑝 is the
pumping rate, 𝛾𝑝 is the reduction factor of population, which is equal to 1,2 for 4-levels, 3-levels systems of AM respectively,
𝜏𝑎𝑚 is the fluorescence lifetime of laser level in AM, 𝜏𝑠𝑎𝑒 is the lifetime of SAEL, W is the up-conversion rate parameter. 𝑅𝑝
and 𝜏𝑎𝑚 generally very long in time comparing with the generation time of PQS laser pulse (18), then the first term and the
third term in Equ.2 can be neglect. So 𝜏𝑠𝑎𝑒 is very long compared the generation of PQS laser pulse (19,20), then it is possible to
neglect the second term of Eq. 3 and Eq.4, and rewrite these equations as following:

𝑑𝑁
𝑑𝑡 = −𝛾𝑝𝐾𝑎𝑚𝑁𝜑−𝑊 𝑁2 (5)
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𝑑𝑛𝑠𝑎𝑔𝑙
𝑑𝑡 = −𝐾𝑠𝑔𝑛𝑠𝑎𝑔𝑙𝜑 (6)

𝑑𝑛𝑠𝑎𝑒𝑙
𝑑𝑡 = 𝐾𝑠𝑔𝑛𝑠𝑎𝑔𝑙𝜑 (7)

The initial value of the population inversion density (𝑁𝑖) between the spectral lines of the AM can be estimated at the initial
time by means of boundary conditions as follows 𝑛𝑠𝑎𝑔𝑙 ≈ 𝑛𝑖 or 𝑛𝑠𝑎𝑒𝑙 ≈ 0, where (𝑛𝑖 = 𝑛𝑠𝑎𝑔𝑙 + 𝑛𝑠𝑎𝑒𝑙) is the total ions of
SA, in Eq.1 can be regards 𝑑𝜑

𝑑𝑡 ≈ 0 because of 𝜑 is very low in value at initial time , then the 𝑁𝑖 value can be estimated by Eq.
1 as the following:

𝑁𝑖 = 𝐾𝑠𝑎𝑔𝑙 𝑛𝑖+𝛾𝑐
𝐾𝑎𝑚

(8)

At maximum photons density, the most of SA ions in SAEL, then can be regards 𝑛𝑠𝑎𝑒𝑙 ≈ 𝑛𝑖(𝑛𝑠𝑎𝑔𝑙 ≈ 0), so can be considering
𝑑𝜑
𝑑𝑡 ≈ 0. Then the threshold population inversion (𝑁𝑡) can be estimated as the following:

𝑁𝑡 = 𝐾𝑠𝑎𝑒𝑙𝑛𝑖+𝛾𝑐
𝐾𝑎𝑚

(9)

The energy of PQS pulse can be calculated by the expression (21):

𝐸 = (𝑁𝑖 −𝑁𝑓)
𝑁𝑖

(𝑁𝑖 −𝑁𝑓)ℎ𝑣
𝛾𝑝

(10)

Where 𝑁𝑓 is the final population inversion density, can be obtained from computations. The pulse power can be estimated as
the expression:

𝑃 = 𝐸
𝜏 (11)

Where 𝜏 is the pulse duration, can be estimated by calculate the rising time and the falling time at the width of half maximum
amplitude of pulse.

4 Results and Discussion
One of the important steps that must be taken before starting to conduct studies in this work is the verify the reliability of
the mathematical model proposed in the study. The model has been tested by numerical solving using Rung-Kutta- Fehelberg
method to investigates the PQS laser system consisting of Nd+3:YAG as AM ( quasi three-energy levels medium) with a Cr+3 :
YAG crystal as a SA. The input data has been used in computation reported in Table 1 -a.

Figure 2-a represents the results from computations that did not neglect the ETU effect using the rate equations model
presented in this paper. While Figure 2 -b represents a previous theoretical study in the PQS system involved same AM and
SA (17), but it was not taken into consideration the ETU effect. When comparing the two figures, the time-varying behavior of
both the population inversion density and photon density can be found to be very similar, but there was a slight difference in
the values for specific time intervals.

Figure 3 shows the profile of PQS pulse behavior in terms with or without ETU processes effect. It appears that the pulse
generated at earlier time in the case without ETU effect than with ETU effect. The pulses were generated at the time (57, 60 ns)
approximatelywithout andwith ETUeffect respectively.Themaximumvalue of𝜑(𝜑𝑚𝑎𝑥.) increases in the case of without ETU
effect, where its value was 𝜑𝑚𝑎𝑥. = 6.2961 × 1017, while 𝜑𝑚𝑎𝑥. = 5.8919 × 1017 in the case with effect of ETU processes.
The study explains that; the energy which released as photons was decreased under the effect of ETU process; because of two
reasons, the first is the decrease in the 𝑁𝑖, and the second is the increase in N𝑓 as shown in Table 1 -b. Figure 4 shows the
temporal behavior of the N as a function of ETU, where the 𝑁𝑖 is slightly lower at with ETU processes effect compared with
the case without the ETU processes due to the transfer of ions from the higher laser level to another energy levels not involved
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Fig 2

Fig 3. Photons density(cm-3) of PQS pulse as a function of ETU

in the population inversion, and vice versa for the value of N𝑓 as shown in Table 1 -b. Also Figure 4 shows that the temporal
variation of the N of the two study cases with and without ETU effect is very close until about 38 ns, and then there is a clear
variation through the interval time 38 ns to 84 ns approximately.

Figure 5 shows the behavior profile of the SAGL population is compared to ETU, it appears a significant convergence in the
population value at the initial time of laser pulse generation until about 37 ns.This means that the effect of the presence of ETU
processes is very small during this time period.The variation in the SAGL population values begins after the 37ns time instant.
The study explains this by referring to Figure 3, can be noted that the variation in the value 𝜑 occurs at the 37 ns time instant.
The decrease in 𝜑 under the influence of ETU, as shown in Figure 3, led to a decrease in the intensity of the interaction between
𝜑 and ions of SAGL.
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Fig 4. Population inversion density (cm-3) as a function of ETU

This resulted in the level’s population being higher than its population when the effect of ETU was not considered. It was
also observed that at a time of about 80 ns. The effect is not significant, and the level’s population converges regardless of the
ETU’s state.

Figure 6 shows the temporal behavior of the SAEL population in terms of ETU, it is depicted as a significant convergence
in the population value at the initial time of laser pulse generation until approximately 37 ns. The effect of ETU processes is
very small during this time period, but after that, there will be a change in population values. By referring to Figure 3, the study
explains that the value of the 𝜑 in terms of ETU changes around the 37 ns instant. Without ETU’s influence, the increase in 𝜑 at
led to an increase in the intensity of the interaction between 𝜑 and the ions of the SAGL, which resulted in the transfer of ions
to the irritated level in the SA, resulting in an increase in its population, and it is also noticeable that at about 75 ns, the effect
of ETU is very small and the population of SAEL converges regardless of the with and without ETU processes.

Fig 5. population of SAGL (cm-3) as a function of ETU

Figure 7 illustrates the photon loss caused by the system cavity in terms of ETU processes, which has been observed to be
constant over time in both cases with and without these processes. The study explains that the photon loss is not influenced by
the AM spectrum and transitions, but rather by the effects of reflection, interference, diffraction, and scattering that are caused
by mirrors and other physical components of the system cavity. However, this loss is a fraction of the total photon loss shown
in Figure 8, in addition Figure 8 shows that the effect of ETU processes is evident in the time interval 37-75 ns, where the value
of the photon loss rate is higher than when these processes are neglected for the same time instant. The study’s explanation for
this is based on the temporal behavior of the population inversion density as depicted in Figure 4.
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Fig 6. population of SAEL (cm-3) as a function of ETU

Fig 7. Cavity photons losses (cm-3) as a function of ETU

Fig 8. Total photons losses in system (cm-3) as a function of ETU
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The results show that ETU operations result in a slight decrease in pulse energy and an increase in pulse duration due to the
slow buildup of the pulse, resulting in an increased rise time. Table 1 -c illustrates a decrease in pulse power as a result of the
decrease in energy and duration.

Table 1
a: Input data of parameters

Param. Value Refer. Param. Value Refer.
𝜎𝑎 5.1×10−20cm2 (10) 𝜆 0.946um (22)

𝜎𝑠𝑔 4×10−18cm2 (10) 𝛾𝑝 2 (23)

𝜎𝑠𝑒 1.1×10−18cm2 (24) W 2.8×10−22m3s−1 (10)

𝑛𝑖 3×1018cm−3 R1 99%
L 0.02 R2 90%
l𝑠 0.35 cm l𝑎 8 cm

b: Values results of the essentials parameter of PQS pulse as a function of ETU
ETU 𝜑𝑚𝑎𝑥.

(cm-3)
N𝑖 (cm-3) N𝑡ℎ (cm-3) N𝑓 (cm-3) N𝑑𝑒𝑓 (cm-3)

With ETU 5.892 x1017 1.031 x1018 3.044 x1018 1.097 x1017 9.229X1018

Without ETU 6.3 x1017 1.033x1018 3.21 x1018 1.052 x1017 9.273 x1018

C: Characteristics of PQS pulse as a function of ETU
ETU Raising time (ns) Falling time (ns) Duration

(ns)
Energy (J) Power (w)

With ETU 9.835 9.457 19.292 0.8664 4.491 x107

Without ETU 8.848 9.731 18.58 0.875 4.709x107

5 Conclusions
The mathematical model of the rate equations presented by the study can be used to study or investigate the effect of the ETU
on the characteristics of the PQS laser high power pulses.

The up-conversion operations in Nd+3: YAG as active medium of passive Q-switching lead to decrease the pulse energy and
an increase in pulse duration, in result the slight reduces in pulse power. To avoid this loss in the pulse power, even if it is slight,
it is necessary to increase the concentration of ions of the AM and avoid high temperature of the AM.

In cases with an up-conversion effect, the pulse generation occurs at delay short time compared without the up-conversion
case.
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