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Abstract
Objectives: To introduce 𝑏 - multiplicative metric spaces and cyclic multiplica-
tive rational contractions within the framework of best proximity point the-
orems. Methods: We define 𝑏 - multiplicative metric spaces and prove best
proximity point theorems for multiplicative proximal contractions, including
the first and second kind, cyclicmultiplicative rational contractionwhich extend
banach’s contraction principle to non-self mappings. Findings: In 𝑏 - multiplica-
tive metric spaces, the research proved the existence and uniqueness of the
best proximity points for multiplicative proximal contractions of the first and
second kind.Wehave also introduced cyclicmultiplicative rational contractions.
Novelty: The novelty of this work lies in introducing b-multiplicative metric
spaces in the study of best proximity points and cyclic multiplicative rational
contractions, thereby broadening the scope of proximity point theorems.
2020 Mathematics Subject Classification: 47H10, 54H25.
Keywords: 𝑏 - Multiplicative metric spaces (𝑏-𝑀𝑀𝑆); Best proximity points
(𝐵𝑃𝑃 ); Cyclic multiplicative rational contraction; Multiplicative proximal
contraction; Multiplicative proximal contraction of first and second kind

1 Introduction
Grossman and Katz initially developed the concept of multiplicative calculus. In 2008,
Bashirov et al. introduced a new type of space called multiplicative metric spaces. The
concept of a 𝑏 - metric was first proposed by Bakhtin in 1989 and later formalized by
Czerwik in 1993 as a generalization of metric spaces. Ali et al. (1) later introduced the
innovative concept of 𝑏-multiplicative metric spaces.

In 2006, Eldred and Veeramani provided results regarding best proximity points for
cyclic contractionmappings. In 2011, Sadiq Basha established best proximity point the-
orems for proximal contractions. In 2015,Mongkolkeha and Sintunavarat (2) introduced
the concept of best proximity points for multiplicative proximal contractions in multi-
plicative metric spaces. That same year, Reny George et al. (3) proved the existence of
best proximity points for cyclic contractions and generalized first- and second-kind
proximal contractions in complete 𝑏-metric spaces. J. Jarvisvivin and A. Mary Priya
Dharsini (4) recently studied the use of fixed-point theorems for differential equations
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in 𝑏 -multiplicative metric spaces in 2024. Furthermore, a fixed-point theorem for non-self mappings of rational type in 𝑏 -
multiplicative metric spaces have been developed by Joselin et al. (5) in 2024. The analysis of various types of contractions for
the existence of a best proximity point is presented in (6), (7), (8), (9), (10).

This paper introduces the concept of b − multiplicative metric spaces in the context of best proximity point results. For
multiplicative proximalmappings, including the first and second types, we prove the existence and uniqueness of best proximity
points in the context of b − multiplicative metric spaces. In addition, we introduce cyclic multiplicative rational mapping
contractions.

2 Preliminaries
Definition 2.1: (1) A mapping 𝑓 ∶ 𝑋 × 𝑋 → [1,∞) is considered a b − multiplicative metric on the non-void set 𝑋 with the
coefficient 𝑠 ≥ 1 if it fulfills any of the following conditions for 𝑥,𝑦,𝑤 ∈ 𝑋,

(m1) 𝑑(𝑥,𝑦) ≥ 1 if and only if 𝑥 = 𝑦;
(m2) 𝑑(𝑥,𝑦) = 𝑑(𝑦,𝑥);
(m3) 𝑑(𝑥,𝑤) ≤ [𝑑(𝑥,𝑤)𝑑(𝑤,𝑦)]𝑠
The (𝑋,𝑑) is called a 𝑏 −𝑀𝑀𝑆.
Definition 2.2: (1) Let (𝑋,𝑑) be a 𝑏 −𝑀𝑀𝑆,𝑥 ∈ 𝑋 and 𝜖 > 1,
𝐵𝜖(𝑥) = {𝑦 ∈ 𝑋|𝑑(𝑥,𝑦) < 𝜖},
Themultiplicative open ball with a radius of 𝜖 centered at 𝑥.
And multiplicative closed ball as
𝐵𝜖(𝑥) = {𝑦 ∈ 𝑋|𝑑(𝑥,𝑦) ≤ 𝜖}
Definition 2.3: (1) Let (𝑋,𝑑) be a 𝑏−𝑀𝑀𝑆,{𝑥𝑛} be a sequence in𝑋,𝑥 ∈ 𝑋. If every multiplicative open ball𝐵𝜖(𝑥), there

exists a natural number 𝑁 such that if 𝑛 ≥ 𝑁 ⇒ 𝑥𝑛 ∈ 𝐵𝜖(𝑥), then the sequence {𝑥𝑛} is said to be multiplicative converging
to 𝑥, denoted by {𝑥𝑛} → 𝑥(𝑛 → ∞).

Definition 2.4: (1) In a b − multiplicative metric spaces and a sequence {𝑥𝑛} is deemed a multiplicative Cauchy sequence
if, for every 𝜖 > 1, there exists 𝑁 ∈ 𝑁 such that 𝑑(𝑥𝑚,𝑦𝑛) < 𝜖 for 𝑚,𝑛 ≥ 𝑁.

Definition 2.5: (1) We define a b − 𝑀𝑀𝑆 as complete when every multiplicative Cauchy sequence within it converges
multiplicatively to a limit point 𝑥 ∈ 𝑋.

Definition 2.6: (9) A subset 𝐾 of a metric space 𝑋 is boundedly compact if each bounded sequence in 𝐾 has a subsequence
converging to a point in 𝐾.

Definition 2.6:(12) Consider themultiplicative metric spaces. (𝑋,𝑑) and Let𝐴,𝐵 be non-void subsets of𝑋 respectively.The
mapping 𝑓 ∶ 𝐴 → 𝐵 is referred to as a multiplicative proximal contraction if there exists a real number 𝜆 ∈ [0,1) such that

𝑑(𝑥1,𝑓𝑦1) = 𝑑(𝐴,𝐵)
𝑑 (𝑥2,𝑓𝑦2) = 𝑑(𝐴,𝐵)
𝑓𝑜𝑟𝑥1,𝑥2,𝑦1,𝑦2 ∈ 𝐴
This implies 𝑑(𝑥1,𝑥2) ≤ 𝑑(𝑦1,𝑦1)𝜆

Definition 2.7: (9) Consider (𝑋,𝑑) be a b − metric spaces with the coefficient 𝑠 ≥ 1 and 𝐴,𝐵 be non-void subsets of 𝑋
respectively. The mapping 𝑓 ∶ 𝐴 → 𝐵 is termed as generalized proximal contraction of first kind if there exists a non-negative
number 𝑎,𝑏,𝑐,𝑒 with 𝑠(𝑎+𝑏)+𝑠(𝑠+1)𝑐 +𝑒 < 1 such that

𝑑(𝑥1,𝑓𝑦1) = 𝑑(𝐴,𝐵)
𝑑 (𝑥2,𝑓𝑦2) = 𝑑(𝐴,𝐵)
𝑓𝑜𝑟𝑥1,𝑥2,𝑦1,𝑦2 ∈ 𝐴
Which implies 𝑑(𝑥1,𝑥2) ≤ 𝑎𝑑(𝑦1,𝑦2)+𝑏𝑑(𝑦1,𝑥1)+𝑐𝑑(𝑦2,𝑥2)+𝑒[𝑑(𝑦1,𝑥2)𝑑(𝑦2,𝑥1)].
Definition 2.8: (9) Let (𝑋,𝑑) be a b − metric spaces with the coefficient 𝑠 ≥ 1 and 𝐴,𝐵 be
non-void subsets of 𝑋 respectively. The mapping 𝑓 ∶ 𝐴 → 𝐵 is called generalized proximal contraction of second kind if

there exists a non-negative number 𝑎,𝑏,𝑐,𝑒 with 𝑠(𝑎+𝑏)+𝑠(𝑠+1)𝑐 +𝑒 < 1 such that
𝑑(𝑥1,𝑓𝑦1) = 𝑑(𝐴,𝐵)
𝑑 (𝑥2,𝑓𝑦2) = 𝑑(𝐴,𝐵)
𝑓𝑜𝑟𝑥1,𝑥2,𝑦1,𝑦2 ∈ 𝐴
Which implies
𝑑(𝑓𝑥1,𝑓𝑥2) ≤ 𝑎𝑑(𝑓𝑦1,𝑓𝑦2)+𝑏𝑑(𝑓𝑦1,𝑓𝑥1)+𝑐𝑑(𝑓𝑦2,𝑓𝑥2)+𝑒[𝑑(𝑓𝑦1,𝑓𝑥2)𝑑(𝑓𝑦2,𝑓𝑥1)].
Definition 2.9:
Let 𝐴,𝐵 be nonempty subsets of a metric spaces (𝑋,𝑑),𝑓 ∶ 𝐴∪𝐵 → 𝐴∪𝐵 is said to be cyclic contraction, if
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(i) 𝑓(𝐴) ⊆ 𝐵 and 𝑓(𝐵) ⊆ 𝐴 and
(ii) 𝑑(𝑓𝑥,𝑓𝑦) ≤ 𝑘𝑑(𝑥,𝑦)+(1−𝑘)𝑑(𝐴,𝐵)

for some 𝑘 ∈ (0,1) and for all 𝑥 ∈ 𝐴,𝑦 ∈ 𝐵.

3 Result and discussion
We use the notations. 𝐴0,𝐵0 and 𝑑𝑖𝑠𝑡(𝐴,𝐵) for non-void subsets 𝐴 and 𝐵 within b − multiplicative metric spaces (𝑋,𝑑).

Consider𝐴 and𝐵 as non-void subsets of a b−multiplicative metric spaces (𝑋,𝑑),Wewill explore the subsequent concepts
and notations that will be essential for our discussion.

𝑑𝑖𝑠𝑡(𝐴,𝐵) ∶= inf {𝑑(𝑥,𝑦) ∶ 𝑥 ∈ 𝐴∧𝑦 ∈ 𝐵},
𝐴0 ∶= {𝑥 ∈ 𝐴 ∶ 𝑑(𝑥,𝑦) = 𝑑(𝐴,𝐵) for some 𝑦 ∈ 𝐵},
𝐵0 ∶= {𝑦 ∈ 𝐵 ∶ 𝑑(𝑥,𝑦) = 𝑑(𝐴,𝐵) for some 𝑥 ∈ 𝐴}.
Definition 3.1:
Let 𝐴 be a non-void subset of a b − multiplicative metric spaces (𝑋,𝑑) with the coefficient 𝑠 ≥ 1. A mapping 𝑔 ∶ 𝐴 → 𝐴 is

stated to be an isometry if 𝑑(𝑔𝑥,𝑔𝑦) = 𝑑(𝑥,𝑦) for all 𝑥,𝑦 ∈ 𝐴.
Definition 3.2:
Let 𝐴 and 𝐵 be non-void subsets of b − multiplicative metric spaces (𝑋,𝑑). A point 𝑥 ∈ 𝐴 is referred to as a best proximity

point of a mapping 𝑓 ∶ 𝐴 → 𝐵 if it satisfies the condition that 𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵).
Lemma 3.1:
Let (𝑋,𝑑) be a 𝑏 − 𝑀𝑀𝑆 and {𝑥𝑛} be a sequence in 𝑋. Then {𝑥𝑛} is a multiplicative Cauchy sequence if and only if

𝑑(𝑥𝑛,𝑥𝑚) → 1 as 𝑚,𝑛 → ∞.
Definition 3.3:
A subset 𝐴 within a b − multiplicative metric spaces (𝑋,𝑑) is considered approximately compact concerning 𝐵 if for every

sequence {𝑥𝑛} in 𝐴, the condition 𝑑(𝑦,𝑥𝑛) → 𝑑(𝑦,𝐴) as 𝑛 → ∞ holds for some 𝑦 ∈ 𝐵, which ensures that there exists a
convergent subsequence.

Definition 3.4:
Let (𝑋,𝑑) be a 𝑏 − 𝑀𝑀𝑆 with the coefficient 𝑠 ≥ 1 and Let 𝐴,𝐵 be non-void subsets of 𝑋 respectively. The mapping

𝑓 ∶ 𝐴 → 𝐵 is termed as multiplicative proximal contraction, if a real number exists 𝜆 ∈ (0,1)∋

𝑑(𝑥1,𝑓𝑦1) = 𝑑(𝐴,𝐵)
𝑑 (𝑥2,𝑓𝑦2) = 𝑑(𝐴,𝐵) (3.1)

𝑓𝑜𝑟𝑥1,𝑥2,𝑦1,𝑦2 ∈ 𝐴
Under these conditions, the inequality
𝑑(𝑥1,𝑥2) ≤ 𝑑(𝑦1,𝑦2)𝜆

holds.
Definition 3.5:
Let (𝑋,𝑑) be a 𝑏 − 𝑀𝑀𝑆 with the coefficient 𝑠 ≥ 1 and Let 𝐴,𝐵 be non-void subsets of 𝑋 respectively. The mapping

𝑓 ∶ 𝐴 → 𝐵 is referred to multiplicative proximal contraction of first kind if there exists a non-negative number 𝑎,𝑏,𝑐,𝑒 with
𝑠(𝑎+𝑏)+𝑠(𝑠+1)𝑐 +𝑒 < 1∋

𝑑(𝑥1,𝑓𝑦1) = 𝑑(𝐴,𝐵)

𝑑 (𝑥2,𝑓𝑦2) = 𝑑(𝐴,𝐵) (3.2)

𝑓𝑜𝑟𝑥1,𝑥2,𝑦1,𝑦2 ∈ 𝐴
Which implies 𝑑(𝑥1,𝑥2) ≤ 𝑑(𝑦1,𝑦2)𝑎𝑑(𝑦1,𝑥1)𝑏 𝑑(𝑦2,𝑥2)𝑐 [𝑑 (𝑦1,𝑥2)𝑑 (𝑦2,𝑥1)]𝑒.
Definition 3.6:
Let (𝑋,𝑑) be a 𝑏−𝑀𝑀𝑆 with coefficient 𝑠 ≥ 1 and let𝐴 𝑎𝑛𝑑 𝐵 be non-void subsets of𝑋. A mapping 𝑓 ∶ 𝐴 → 𝐵 is termed

a multiplicative proximal contraction of second kind on 𝑏 − 𝑀𝑀𝑆 if there exists a non-negative constant 𝑎,𝑏,𝑐,𝑒 satisfying
𝑠(𝑎+𝑏)+𝑠(𝑠+1)𝑐 +𝑒 < 1 and the following conditions are met:

𝑑(𝑥1,𝑓𝑦1) = 𝑑(𝐴,𝐵)
𝑑 (𝑥2,𝑓𝑦2) = 𝑑(𝐴,𝐵) (3.3)
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𝑓𝑜𝑟𝑎𝑙𝑙𝑥1,𝑥2,𝑦1,𝑦2 ∈ 𝐴
Under these conditions, the inequality
𝑑(𝑓𝑥1,𝑓𝑥2) ≤ 𝑑(𝑓𝑦1,𝑓𝑦2)𝑎𝑑(𝑓𝑦1,𝑓𝑥1)𝑏 𝑑(𝑓𝑦2,𝑓𝑥2)𝑐 [𝑑 (𝑓𝑦1,𝑓𝑥2)𝑑 (𝑓𝑦2,𝑓𝑥1)]𝑒
holds true.
Definition 3.7:
Let 𝐴,𝐵 be non-void closed subsets of a b − multiplicative metric spaces 𝑋, A function 𝑓 ∶ 𝐴 ∪ 𝐵 → 𝐴 ∪ 𝐵 is defined as a

cyclic multiplicative rational contraction, if it satisfies the conditions:
(i) 𝑓 is cyclic;
(ii) there exists non-negative real numbers 𝑎,𝑏,𝑐,𝑒 in (0, 1

𝑠3 ) such that

𝑑(𝑓𝑥,𝑓𝑦) ≤ 𝑑(𝑥,𝑦)𝑎 [ [1+𝑑(𝑥,𝑓𝑥)]𝑑(𝑦,𝑓𝑦)
1+𝑑(𝑥,𝑦) ]

𝑏 [𝑑(𝑥,𝑓𝑥)𝑑(𝑦,𝑓𝑦)]𝑐[𝑑(𝑥,𝑓𝑦)𝑑(𝑦,𝑓𝑥)]𝑒 𝑑𝑖𝑠𝑡(𝐴,𝐵)1−(𝑎+𝑏+2𝑐+2𝑒)

For all 𝑥,𝑦 ∈ 𝐴∪𝐵.
Theorem 3.1:
Let (𝑋,𝑑) be a complete 𝑏 − 𝑀𝑀𝑆 with 𝑠 ≥ 1, Let 𝐴 and 𝐵 be non-empty, closed subset of 𝑋 respectively such that 𝐴 is

approximately compact with respect to 𝐵. Assume that 𝐴0 and 𝐵0 are non-void. Let 𝑓 ∶ 𝐴 → 𝐵 and 𝑔 ∶ 𝐴 → 𝐴 a map fulfilling
the requirements listed below:

a) 𝑓 is a multiplicative proximal contraction,
b) 𝑓 (𝐴0) is contained in 𝐵0.
c) 𝑔 is an isometry
d) 𝐴0 ⊆ 𝑔(𝐴0) .

Then, there exists a unique element. 𝑥∗ in 𝐴 such that
𝑑(𝑔𝑥∗,𝑓𝑥∗) = 𝑑(𝐴,𝐵).
Additionally, for any fixed 𝑥0 ∈ 𝐴0, the sequence {𝑥𝑛} defined by
𝑑(𝑔𝑥𝑛,𝑓𝑥𝑛−1) = 𝑑(𝐴,𝐵)
converges to the element 𝑥∗.
Proof:
Let 𝑥0 be a fixed element in 𝐴0. Consider 𝑓 (𝐴0) ⊆ 𝐵0 and 𝐴0 ⊆ 𝑔(𝐴0) , there exists an element 𝑥1 ∈ 𝐴0 such that
𝑑(𝑔𝑥1,𝑓𝑥0) = 𝑑𝑖𝑠𝑡(𝐴,𝐵)
Since 𝑓 (𝐴0) ⊆ 𝐵0 and 𝐴0 ⊆ 𝑔(𝐴0) , There is an element 𝑥2 ∈ 𝐴0 such that
𝑑(𝑔𝑥2,𝑓𝑥1) = 𝑑𝑖𝑠𝑡(𝐴,𝐵)
Since 𝑓 is a multiplicative proximal contraction on 𝑏 −𝑀𝑀𝑆 and 𝑔 is isometry,

𝑑(𝑥2,𝑥1) = 𝑑(𝑔𝑥2,𝑔𝑥1)
≤ 𝑑(𝑥1,𝑥0)𝜆 (3.4)

Once more, because 𝑓 (𝐴0) ⊆ 𝐵0 and 𝐴0 ⊆ 𝑔(𝐴0), An element exists 𝑥3 ∈ 𝐴0∋
𝑑(𝑔𝑥3,𝑓𝑥2) = 𝑑𝑖𝑠𝑡(𝐴,𝐵)
It is inferred from 𝑓 is a multiplicative proximal contraction on 𝑏 −𝑀𝑀𝑆,𝑔 is isometry and (3.4) that
𝑑(𝑥3,𝑥2) = 𝑑(𝑔𝑥3,𝑔𝑥2)
≤ 𝑑(𝑥2,𝑥1)𝜆

≤ 𝑑(𝑥1,𝑥0)𝜆

By employing the same method, for every n belonging to the natural numbers, we can identify. 𝑥𝑛,𝑥𝑛+1 that are elements
of 𝐴0 such that

𝑑(𝑔𝑥𝑛,𝑓𝑥𝑛−1) = 𝑑𝑖𝑠𝑡(𝐴,𝐵)
and

𝑑(𝑔𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑𝑖𝑠𝑡(𝐴,𝐵) (3.5)

𝑑(𝑥𝑛+1,𝑥𝑛) = 𝑑(𝑔𝑥𝑛+1,𝑔𝑥𝑛)
≤ 𝑑(𝑥𝑛,𝑥𝑛−1)𝜆

≤ 𝑑(𝑥𝑛,𝑥𝑛−1)𝜆2
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….
≤ 𝑑(𝑥𝑛,𝑥𝑛−1)𝜆𝑛

For all 𝑛 ∈ 𝑁. Afterward, we shall demonstrate that {𝑥𝑛} is a Cauchy sequence. Let 𝑚,𝑛 ∈ 𝑁 with 𝑚 > 𝑛, then
𝑑(𝑥𝑚,𝑥𝑛) ≤ 𝑑(𝑥𝑚,𝑥𝑚−1)𝑑 (𝑥𝑚−1,𝑥𝑚−2)…𝑑(𝑥𝑛+1,𝑥𝑛)
= 𝑑(𝑥1,𝑥0)𝑠𝜆𝑚 1

1−𝑠𝜆 where 𝑠𝜆 < 1
As we let 𝑚,𝑛 → ∞ in the preceding inequality, we find that 𝑑(𝑥𝑚,𝑥𝑛) → 1. This implies that the sequence {𝑥𝑛} is a

Cauchy sequence. Since 𝐴 is a closed subset of complete 𝑏 − 𝑀𝑀𝑆, then the sequence {𝑥𝑛} will converge to some element
𝑥 ∈ 𝐴. It is important to note that,

𝑑(𝑔𝑥,𝐵) ≤ 𝑑(𝑔𝑥,𝑓𝑥𝑛)
≤ [𝑑 (𝑔𝑥,𝑔𝑥𝑛+1)•𝑑(𝑔𝑥𝑛+1,𝑓𝑥𝑛)]𝑠
= [𝑑(𝑔𝑥,𝑔𝑥𝑛+1)•𝑑𝑖𝑠𝑡(𝐴,𝐵)]𝑠
≤ [𝑑(𝑔𝑥,𝑔𝑥𝑛+1)•𝑑(𝑔𝑥,𝐵)]𝑠
For all 𝑛 ∈ 𝑁. Given the continuity of 𝑔 and the sequence {𝑥𝑛} converges to 𝑥, it follows that the sequence {𝑔𝑥𝑛} also

converges to 𝑔𝑥, that is 𝑑(𝑔𝑥,𝑔𝑥𝑛) → 1 as 𝑛 → ∞. Consequently 𝑑(𝑔𝑥,𝑓𝑥𝑛) → 𝑑(𝑔𝑥,𝐵) as 𝑛 → ∞. Given that 𝐵 is
approximately compact with respect to 𝐴, there exists a subsequence {𝑓𝑥𝑛𝑘

} of {𝑓𝑥𝑛} that converges to some element 𝑢 ∈ 𝐵.
Furthermore, for each 𝑘 ∈ 𝑁, we have

𝑑(𝐴,𝐵) ≤ 𝑑(𝑔𝑥,𝑢)
≤ 𝑑(𝑔𝑥,𝑔𝑥𝑛𝑘+1).𝑑(𝑔𝑥𝑛𝑘+1,𝑓𝑥𝑛𝑘

).𝑑(𝑓𝑥𝑛𝑘
,𝑢)

≤ 𝑑(𝑔𝑥,𝑔𝑥𝑛𝑘+1).𝑑(𝐴,𝐵).𝑑(𝑓𝑥𝑛𝑘
,𝑢) (3.6)

Letting 𝑘 → ∞ in (3.6), we get 𝑑(𝑔𝑥,𝑢) = 𝑑(𝐴,𝐵) and hence 𝑔𝑥 ∈ 𝐴0. From the fact that 𝐴0 ⊆ 𝑔(𝐴0) , then 𝑔𝑥 = 𝑔𝑧 for
some 𝑧 ∈ 𝐴0. By the isometry of 𝑔, we get

𝑑(𝑥,𝑧) = 𝑑(𝑔𝑥,𝑔𝑧) = 1
and thus 𝑥 = 𝑧, that is, 𝑥 is an element of 𝐴0. Since, 𝑓 (𝐴0) ⊆ 𝐵0, there exists 𝑥 ∈ 𝐴 such that

𝑑(𝑥∗,𝑓𝑥) = 𝑑𝑖𝑠𝑡(𝐴,𝐵) (3.7)

From (3.5), (3.7) and the multiplicative proximal contractive condtion of 𝑓, we get
𝑑(𝑔𝑥𝑛+1,𝑥∗) ≤ 𝑑(𝑥𝑛,𝑥)𝜆

For all 𝑛 ∈ 𝑁. It results in that
lim𝑛→∞ 𝑑(𝑔𝑥𝑛+1,𝑥∗) ≤ lim𝑛→∞ 𝑑(𝑥𝑛,𝑥)𝜆 = 1.
This demonstrates that the sequence {𝑔𝑥𝑛} converges to 𝑥∗. By lemma (3.1), we consider that. 𝑔𝑥 = 𝑥∗. Hence,
𝑑(𝑔𝑥,𝑓𝑥) = 𝑑(𝑥∗,𝑓𝑥) = 𝑑(𝐴,𝐵).
Then, to demonstrate the uniqueness, suppose that there exist.𝑥1 ∈ 𝐴 with 𝑥 ≠ 𝑥1 and
𝑑(𝑔𝑥1,𝑓𝑥1) = 𝑑𝑖𝑠𝑡(𝐴,𝐵)
Since 𝑔 is an isometry and 𝑓 is a multiplicative proximal contraction on b − multiplicative metric spaces, Consequently,
𝑑(𝑥,𝑥1) = 𝑑(𝑓𝑥,𝑓𝑥1) ≤ 𝑑(𝑥,𝑥1)𝜆,
which contradicts itself. Therefore we get 𝑥 = 𝑥1. The proof is now complete.
Corollary 3.1:
Let (𝑋,𝑑) be a complete 𝑏 − 𝑀𝑀𝑆 with 𝑠 ≥ 1 and Let 𝐴,𝐵 be non-void closed subsets of 𝑋 such that 𝐴0 and 𝐵0 are

non-void and 𝐵 is approximately compact with respect to 𝐴. Consider a function 𝑓 ∶ 𝐴 → 𝐵 satisfies the following conditions:

a) 𝑓 is a multiplicative proximal contraction;
b) 𝑓 (𝐴0) ⊆ 𝐵0.

Then there exists a unique point. 𝑥∗ ∈ 𝐴 such that
𝑑(𝑥∗,𝑓𝑥∗) = 𝑑(𝐴,𝐵).
Also, for any fixed 𝑥0 ∈ 𝐴0, the sequence {𝑥𝑛} defined by
𝑑(𝑥𝑛,𝑓𝑥𝑛−1) = 𝑑(𝐴,𝐵)
converges to 𝑥∗.
Theorem 3.2:
Consider (𝑋,𝑑) be a complete 𝑏 − 𝑀𝑀𝑆 with 𝑠 ≥ 1, Let 𝐴 and 𝐵 be non-empty, closed subset of 𝑋 respectively such

that 𝐴 is approximately compact with respect to 𝐵. Assume that 𝐴0 and 𝐵0 are non-void. Let 𝐴 and 𝐵 be a map fulfilling the
following conditions:
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a) 𝑓 is a multiplicative proximal contraction of first kind,
b) 𝑓 (𝐴0) is contained in 𝐵0.

Then there exists a unique element 𝑥 exists in 𝐴 such that
𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵)
and the sequence \{𝑥𝑛} converges to the best proximity point 𝑥, where 𝑥0 is any fixed element in 𝐴0 and 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) =

𝑑𝑖𝑠𝑡(𝐴,𝐵) for 𝑛 ≥ 0.
Proof:
Let 𝑥0 ∈ 𝐴0. As a result of 𝑓 (𝐴0) is contained in 𝐵0, An element 𝑥0 is assured to exist in 𝐴0 that meets the condition
𝑑(𝑥1,𝑓𝑥0) = 𝑑(𝐴,𝐵)
Additionally, since 𝑓𝑥1 is a part of 𝑓 (𝐴0) which is contained in 𝐵0, It can be inferred that there exists an element 𝑥2 in 𝐴0

such that
𝑑(𝑥2,𝑓𝑥1) = 𝑑(𝐴,𝐵)
This process can be extended indefinitely. Having chosen {𝑥𝑛} in 𝐴0, there exits an element 𝑥𝑛+1 in 𝐴0 satisfying the

condition that
𝑑(𝑥2,𝑓𝑥1) = 𝑑(𝐴,𝐵)
For every non-negative integer 𝑛. Given that 𝑓 is a multiplicative proximal contraction of first kind,
𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎𝑑(𝑥𝑛−1,𝑥𝑛)𝑏 𝑑(𝑥𝑛,𝑥𝑛+1)𝑐[𝑑(𝑥𝑛−1,𝑥𝑛+1)𝑑(𝑥𝑛,𝑥𝑛)]𝑒
≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎𝑑(𝑥𝑛−1,𝑥𝑛)𝑏 𝑑(𝑥𝑛,𝑥𝑛+1)𝑐[𝑑(𝑥𝑛−1,𝑥𝑛+1)]𝑒
≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎𝑑(𝑥𝑛−1,𝑥𝑛)𝑏 𝑑(𝑥𝑛,𝑥𝑛+1)𝑐[𝑑(𝑥𝑛−1,𝑥𝑛)𝑑(𝑥𝑛,𝑥𝑛+1)𝑐]𝑒
𝑑(𝑥𝑛,𝑥𝑛+1)1−𝑐−𝑠𝑒 ≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎+𝑏+𝑠𝑒

𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥𝑛−1,𝑥𝑛) 𝑎+𝑏+𝑠𝑒
1−𝑐−𝑠𝑒

𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝜆

Where 𝜆 = 𝑎+𝑏+𝑠𝑒
1−𝑐−𝑠𝑒 < 1.

∴{𝑥𝑛} is a Cauchy sequence. Because the spaces is complete, the sequence {𝑥𝑛} converges to 𝑥 in 𝐴. Therefore,
𝑑(𝑥,𝐵) ≤ 𝑑(𝑥,𝑓𝑥𝑛) = lim𝑛→∞ 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑(𝐴,𝐵) ≤ 𝑑(𝑥,𝐵).
Therefore 𝑑(𝑥,𝑓𝑥𝑛) → 𝑑(𝑥,𝐵). Since 𝐵 is approximately compact with respect to 𝐴, the sequence {𝑓𝑥𝑛} has a

subsequence {𝑓𝑥𝑛𝑘
} converging to some element 𝑦 ∈ 𝐵. So, it follows that

𝑑(𝑥,𝑦) = lim𝑛→∞ 𝑑(𝑥𝑛𝑘+1,𝑓𝑥𝑛𝑘
) = 𝑑(𝐴,𝐵)

Therefore, 𝑥 must belong to 𝐴0. Given that 𝑓 (𝐴0) is contained in 𝐵0

𝑑(𝑢,𝑓𝑥) = 𝑑𝑖𝑠𝑡(𝐴,𝐵) (3.8)

for some element 𝑢 ∈ 𝐴. Since 𝑓 is multiplicative proximal contraction of first kind, and we know that 𝑑(𝑢,𝑓𝑥) = 𝑑𝑖𝑠𝑡(𝐴,𝐵)
and 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑(𝐴,𝐵), it can be concluded that

𝑑(𝑢,𝑥𝑛+1) ≤ 𝑑(𝑥,𝑥𝑛)𝑎𝑑(𝑢,𝑥)𝑏𝑑(𝑥𝑛,𝑥𝑛+1)𝑐 [𝑑 (𝑥,𝑥𝑛+1)𝑑 (𝑥𝑛,𝑢)]𝑒
Letting 𝑛 → ∞,
𝑑(𝑢,𝑥) ≤ 𝑑(𝑢,𝑥)𝑏+𝑒

This implies 𝑢 = 𝑥.
Therefore, from (3.8) it can be that 𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵). Let us assume that there is another best proximity point 𝑥∗ in 𝐴 so

that
𝑑(𝑥∗,𝑓𝑥∗) = 𝑑(𝐴,𝐵).
Since 𝑓 is multiplicative proximal contraction of the first kind, it follows that
𝑑(𝑥,𝑥∗) ≤ 𝑑(𝑥,𝑥∗)𝑎𝑑(𝑥,𝑥)𝑏𝑑(𝑥∗,𝑥∗)𝑐 [𝑑 (𝑥,𝑥∗)𝑑 (𝑥,𝑥∗)]𝑒 𝑑(𝑥,𝑥∗)
≤ 𝑑(𝑥,𝑥∗)𝑎+2𝑒

(𝑎+2𝑒) < 1 imply 𝑥 = 𝑥∗.
Corollary 3.2:
Let 𝑓 be a self mapping on a complete b − multiplicative metric spaces (𝑋,𝑑) with 𝑠 ≥ 1. Further, let us

assume that there exist non-negative real numbers 𝑎,𝑏,𝑐,𝑒 with 𝑠(𝑎 + 𝑏) + 𝑠(𝑠 + 1)𝑐 + 𝑒 < 1 and 𝑑(𝑥1,𝑥2) ≤
𝑑(𝑦1,𝑦2)𝑎𝑑(𝑦1,𝑥1)𝑏 𝑑(𝑦2,𝑥2)𝑐[𝑑(𝑦1,𝑥2)𝑑(𝑦2,𝑥2)]𝑒 for all 𝑥1,𝑥2 in the domain of the mapping 𝑓. Then the mapping 𝑓
has a unique fixed point.

Theorem 3.3:
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Let (𝑋,𝑑) be a complete 𝑏 − 𝑀𝑀𝑆 with 𝑠 ≥ 1, Let 𝐴 and 𝐵 be non-empty, closed subset of 𝑋 respectively such that 𝐴
is approximately compact with respect to 𝐵. Assume that 𝐴0 and 𝐵0 are non-void. Let 𝑓 ∶ 𝐴 → 𝐵 be a map satisfying the
following conditions:

a) 𝑓 is a multiplicative proximal contraction of second kind,
b) 𝑓 (𝐴0) is contained in 𝐵0.

Then, there exists a unique element 𝑥 in 𝐴 such that
𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵)
the sequence \{𝑥𝑛} converges to the best proximity point𝑥with𝑥0 being any chosen element from𝐴0 and 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) =

𝑑𝑖𝑠𝑡(𝐴,𝐵) for 𝑛 ≥ 0.
Further, if 𝑥∗ is another best proximity point of 𝑓, then 𝑓𝑥 = 𝑥∗, hence 𝑓 is a constant on the set of all best proximity points

of 𝑓.
Proof:
Let 𝑥0 ∈ 𝐴0. Because 𝑓 (𝐴0) is included in 𝐵0, there is guaranteed to be an element 𝑥0 in 𝐴0 that satisfies the condition
𝑑(𝑥1,𝑓𝑥0) = 𝑑(𝐴,𝐵)
Further, since 𝑓𝑥1 is a member of 𝑓 (𝐴0) which is contained in 𝐵0, It can be deduced that there exists an element 𝑥2 in 𝐴0

such that
𝑑(𝑥2,𝑓𝑥1) = 𝑑(𝐴,𝐵)
This procedure can be extended indefinitely. Having selected {𝑥𝑛} in 𝐴0, there exists an element 𝑥𝑛+1 in 𝐴0 satisfying the

condition that
𝑑(𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑(𝐴,𝐵)
For every non-negative integer 𝑛. Given that 𝑓 is multiplicative proximal contraction of first kind, we have
𝑑(𝑓𝑥𝑛,𝑓𝑥𝑛+1) ≤ 𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛)𝑎𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛)𝑏 𝑑(𝑓𝑥𝑛,𝑓𝑥𝑛+1)𝑐[𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛+1)𝑑(𝑓𝑥𝑛,𝑓𝑥𝑛)]𝑒.
≤ 𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛)𝑎𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛)𝑏 𝑑(𝑓𝑥𝑛,𝑓𝑥𝑛+1)𝑐[𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛+1)]𝑒
𝑑(𝑓𝑥𝑛,𝑓𝑥𝑛+1) ≤ 𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛)𝜆

Where 𝜆 = 𝑎+𝑏+𝑠𝑒
1−𝑐−𝑠𝑒 < 1.

Therefore, {𝑓𝑥𝑛} is a Cauchy sequence. Because the spaces is complete, the sequence {𝑓𝑥𝑛} converges to some element 𝑥
in 𝐴. Therefore,

𝑑(𝑦,𝐴) ≤ 𝑑(𝑦,𝑥𝑛+1) = lim𝑛→∞ 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑(𝐴,𝐵) ≤ 𝑑(𝑦,𝐴).
Therefore 𝑑(𝑦,𝑥𝑛+1) → 𝑑(𝑦,𝐴). Since𝐴 is approximately compact with respect to𝐵, the sequence {𝑥𝑛} has a subsequence

{𝑥𝑛𝑘
} converging to some element 𝑦 ∈ 𝐵. So, it results that

𝑑(𝑥,𝑓𝑥) = lim𝑛→∞ 𝑑(𝑥𝑛𝑘+1,𝑓𝑥𝑛𝑘
) = 𝑑(𝐴,𝐵)

Let us consider another best proximity point 𝑥∗ in 𝐴 so that
𝑑(𝑥∗,𝑓𝑥∗) = 𝑑(𝐴,𝐵)
Because 𝑓 is a multiplicative proximal contraction of the second kind, we have
𝑑(𝑓𝑥,𝑓𝑥∗) =≤ 𝑑(𝑓𝑥,𝑓𝑥∗)𝑎+2𝑒

(𝑎+2𝑒) < 1 imply 𝑓𝑥 = 𝑓𝑥∗.
Theorem 3.4:
Let (𝑋,𝑑) be a complete 𝑏 − 𝑀𝑀𝑆 with 𝑠 ≥ 1, Let 𝐴 and 𝐵 be non-empty, closed subset of 𝑋 respectively such that 𝐴

is approximately compact with respect to 𝐵. Assume that 𝐵0 is non-void. Consider a function 𝑓 ∶ 𝐴 → 𝐵 that satisfies the
following conditions:

a) 𝑓 is both a multiplicative proximal contraction of the first kind and a proximal contraction of the second kind,
b) 𝑓 (𝐴0) is contained in 𝐵0.

It follows that there exists a unique element 𝑥 in 𝐴 such that
𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵)
and the sequence \{𝑥𝑛} converges to the best proximity point 𝑥, where 𝑥0 is any fixed element in 𝐴0 and 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) =

𝑑𝑖𝑠𝑡(𝐴,𝐵) for 𝑛 ≥ 0.
Proof:
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Continuing with the approach inTheorem (3.2), it is possible to find a sequence {𝑥𝑛} in 𝐴0 such that

𝑑(𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑(𝐴,𝐵) (3.9)

holds for every non-negative 𝑛. As indicated in Theorem (3.2), one can demonstrate that the sequence {𝑥𝑛} is a Cauchy
sequence and thus converges to some element 𝑥 in 𝐴. Additionally, as highlighted in Theorem (3.3), it can be asserted that
the sequence {𝑓𝑥𝑛} is a Cauchy sequence and hence converges to some element 𝑦 in 𝐵. Therefore, it follows that

𝑑(𝑥,𝑦) = lim𝑛→∞ 𝑑(𝑥𝑛+1,𝑓𝑥𝑛) = 𝑑𝑖𝑠𝑡(𝐴,𝐵) (3.10)

Hence, 𝑥 becomes an element of 𝐴0. Since 𝑓 (𝐴0) is contained in 𝐵0.

𝑑(𝑢,𝑓𝑥) = 𝑑(𝐴,𝐵) (3.11)

for some element 𝑢 in 𝐴. Since 𝑓 is a multiplicative proximal contraction of the first kind, we have

𝑑(𝑢,𝑥𝑛+1) = 𝑑(𝑥,𝑥𝑛)𝑎𝑑(𝑢,𝑥)𝑏𝑑(𝑥𝑛,𝑥𝑛+1)𝑐[𝑑(𝑥,𝑥𝑛+1)𝑑(𝑥𝑛,𝑢)]𝑒 (3.12)

Letting 𝑛 → ∞, 𝑑(𝑢,𝑥) ≤ 𝑑(𝑢,𝑥)(𝑏+𝑒), which implies that 𝑥 and 𝑢 must be identical. Thus it follows that
𝑑(𝑥,𝑓𝑥) = 𝑑(𝑢,𝑓𝑥) = 𝑑(𝐴,𝐵).
Also, the uniqueness of the 𝐵𝑃𝑃 of the mapping 𝑓 follows as in Theorem (3.2). This completes the proof of the theorem.
Proposition 3.1:
Let 𝐴,𝐵 be non-void subsets of a b − multiplicative metric spaces 𝑋. Suppose 𝑓 ∶ 𝐴∪𝐵 → 𝐴∪𝐵 is a cyclic multiplicative

rational contraction. Then starting with any 𝑥0 ∈ 𝐴 ∪ 𝐵, we have 𝑑(𝑥𝑛,𝑥𝑛+1) → 𝑑(𝐴,𝐵) where 𝑥𝑛+1 = 𝑓𝑥𝑛 for all
𝑛 ∈ 𝑁 ∪{0}.

Proof:
Let 𝑥0 ∈ 𝐴∪𝐵. A sequence {𝑥𝑛} is defined by 𝑥𝑛+1 = 𝑓𝑥𝑛 for all 𝑛 ∈ 𝑁 ∪{0}. Then by Definition (3.1.1), we have
𝑑(𝑥𝑛,𝑥𝑛+1) = 𝑑(𝑓𝑥𝑛−1,𝑓𝑥𝑛)
≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎 [ [1+𝑑(𝑥𝑛−1,𝑓𝑥𝑛−1)]𝑑(𝑥𝑛,𝑓𝑥𝑛)

1+𝑑(𝑥𝑛−1,𝑥𝑛) ]
𝑏 [𝑑(𝑥𝑛−1,𝑓𝑥𝑛−1)𝑑(𝑥𝑛,𝑓𝑥𝑛)]𝑐[𝑑(𝑥𝑛−1,𝑓𝑥𝑛)𝑑(𝑥𝑛,𝑓𝑥𝑛−1)]𝑒

𝑑𝑖𝑠𝑡(𝐴,𝐵)1−(𝑎+𝑏+2𝑐+2𝑒)

≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎 [ [1+𝑑(𝑥𝑛−1,𝑥𝑛)]𝑑(𝑥𝑛,𝑥𝑛+1)
1+𝑑(𝑥𝑛−1,𝑥𝑛) ]

𝑏
[𝑑(𝑥𝑛−1,𝑥𝑛)𝑑(𝑥𝑛,𝑥𝑛+1)]𝑐[𝑑(𝑥𝑛−1,𝑥𝑛+1)𝑑(𝑥𝑛,𝑥𝑛)]𝑒

𝑑𝑖𝑠𝑡(𝐴,𝐵)1−(𝑎+𝑏+2𝑐+2𝑒)

≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎 [𝑑 (𝑥𝑛,𝑥𝑛+1)]𝑏 [𝑑 (𝑥𝑛−1,𝑥𝑛)𝑑 (𝑥𝑛,𝑥𝑛+1)]𝑐 [𝑑 (𝑥𝑛−1,𝑥𝑛)𝑑 (𝑥𝑛,𝑥𝑛+1)]𝑠𝑒 𝑑𝑖𝑠𝑡(𝐴,𝐵)1−(𝑎+𝑏+2𝑐+2𝑒)

𝑑𝑖𝑠𝑡(𝐴,𝐵)1−(𝑎+𝑏+2𝑐+2𝑒)

≤ 𝑑(𝑥𝑛−1,𝑥𝑛)𝑎+𝑐+𝑠𝑒 [𝑑 (𝑥𝑛,𝑥𝑛+1)]𝑏+𝑐+𝑠𝑒 𝑑𝑖𝑠𝑡(𝐴,𝐵)1−(𝑎+𝑏+2𝑐+2𝑒)

Which gives as
𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥𝑛−1,𝑥𝑛) 𝑎+𝑐+𝑠𝑒

1−𝑏−𝑐−𝑠𝑒 𝑑𝑖𝑠𝑡(𝐴,𝐵)1− (𝑎+𝑏+2𝑐+2𝑒)
1−𝑏−𝑐−𝑠𝑒

We note that 𝑎+𝑐+𝑠𝑒
1−𝑏−𝑐−𝑠𝑒 < 1. Then the above inequality becomes

𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥𝑛−1,𝑥𝑛) 𝑎+𝑐+𝑠𝑒
1−𝑏−𝑐−𝑠𝑒 𝑑𝑖𝑠𝑡(𝐴,𝐵){1− (𝑎+𝑏+2𝑐+2𝑒)

1−𝑏−𝑐−𝑠𝑒 }

Similarly, 𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥𝑛−2,𝑥𝑛−1)( 𝑎+𝑐+𝑠𝑒
1−𝑏−𝑐−𝑠𝑒 )2

𝑑𝑖𝑠𝑡(𝐴,𝐵){1−( (𝑎+𝑏+2𝑐+2𝑒)
1−𝑏−𝑐−𝑠𝑒 )

2
}

Continuing this process, we get

𝑑(𝑥𝑛,𝑥𝑛+1) ≤ 𝑑(𝑥0,𝑥1)( 𝑎+𝑐+𝑠𝑒
1−𝑏−𝑐−𝑠𝑒 )𝑛

𝑑𝑖𝑠𝑡(𝐴,𝐵){1−( (𝑎+𝑏+2𝑐+2𝑒)
1−𝑏−𝑐−𝑠𝑒 )

𝑛
}

Letting limit as 𝑛 → ∞, we have
𝑑(𝑥𝑛,𝑥𝑛+1) → 𝑑(𝐴,𝐵).
Proposition 3.2:
Let 𝐴,𝐵 be non-void closed subsets of a complete b − multipicative metric space 𝑋,
𝑓 ∶ 𝐴∪𝐵 → 𝐴∪𝐵 be a cyclic multiplicative rational contraction map, let 𝑥0 ∈ 𝐴 and define 𝑥𝑛+1 = 𝑓𝑥𝑛. Suppose {𝑥2𝑛}

has a convergent subsequence in 𝐴. Then there exists 𝑥 ∈ 𝐴 such that 𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵).
Proof:
Let {𝑥2𝑛𝑘

} be a subsequence of {𝑥2𝑛} and lim𝑘→∞ 𝑥2𝑛𝑘
= 𝑥 for some 𝑥 ∈ 𝐴. Now,

𝑑(𝐴,𝐵) ≤ 𝑑(𝑥,𝑥2𝑛𝑘−1) ≤ [𝑑(𝑥,𝑥2𝑛𝑘
)𝑑(𝑥2𝑛𝑘

,𝑥2𝑛𝑘−1)]𝑠
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Taking limit as 𝑛 → ∞ in the above inequality, we have
𝑑(𝑥2𝑛𝑘

,𝑥2𝑛𝑘−1) → 𝑑𝑖𝑠𝑡(𝐴,𝐵)
Since 𝑑(𝐴,𝐵) ≤ 𝑑(𝑥2𝑛𝑘

,𝑓𝑥) ≤ 𝑑(𝑥2𝑛𝑘−1,𝑥)
As 𝑛 → ∞, we have
𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵).
Theorem 3.5:
Let 𝐴,𝐵 be non-void closed subsets of a b − multiplicative metric spaces 𝑋 and 𝑓 ∶ 𝐴∪𝐵 → 𝐴∪𝐵 is a cyclic multiplicative

rational contraction. If either 𝐴 or 𝐵 is boundedly compact, then there exists 𝑥 ∈ 𝐴∪𝐵 such that 𝑑(𝑥,𝑓𝑥) = 𝑑(𝐴,𝐵).
Proof. It follows directly from propositions (3.1), (3.2)

4 Conclusion
The importance of b − multiplicative metric spaces in best proximity point theorems were studied in this work. We
demonstrated the existence and uniqueness of best proximity points for multiplicative proximal contractions, including the
first and second kind, within b − multiplicative metric spaces by applying Banach’s contraction principle to non-self mappings.
We additionally introduced the idea of cyclic multiplicative rational contractions on the theorems of best proximity points.
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