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Abstract

Objectives: To introduce b - multiplicative metric spaces and cyclic multiplica-
tive rational contractions within the framework of best proximity point the-
orems. Methods: We define b - multiplicative metric spaces and prove best
proximity point theorems for multiplicative proximal contractions, including
the first and second kind, cyclic multiplicative rational contraction which extend
banach’s contraction principle to non-self mappings. Findings: In b - multiplica-
tive metric spaces, the research proved the existence and uniqueness of the
best proximity points for multiplicative proximal contractions of the first and
second kind. We have also introduced cyclic multiplicative rational contractions.
Novelty: The novelty of this work lies in introducing b-multiplicative metric
spaces in the study of best proximity points and cyclic multiplicative rational
contractions, thereby broadening the scope of proximity point theorems.
2020 Mathematics Subject Classification: 47H10, 54H25.

Keywords: b - Multiplicative metric spaces (b-M M S); Best proximity points
(BP P); Cyclic multiplicative rational contraction; Multiplicative proximal
contraction; Multiplicative proximal contraction of first and second kind

1 Introduction

Grossman and Katz initially developed the concept of multiplicative calculus. In 2008,
Bashirov et al. introduced a new type of space called multiplicative metric spaces. The
concept of a b - metric was first proposed by Bakhtin in 1989 and later formalized by
Czerwik in 1993 as a generalization of metric spaces. Ali et al.(!) later introduced the
innovative concept of b-multiplicative metric spaces.

In 2006, Eldred and Veeramani provided results regarding best proximity points for
cyclic contraction mappings. In 2011, Sadiq Basha established best proximity point the-
orems for proximal contractions. In 2015, Mongkolkeha and Sintunavarat @ introduced
the concept of best proximity points for multiplicative proximal contractions in multi-
plicative metric spaces. That same year, Reny George et al.®) proved the existence of
best proximity points for cyclic contractions and generalized first- and second-kind
proximal contractions in complete b-metric spaces. J. Jarvisvivin and A. Mary Priya
Dharsini ¥ recently studied the use of fixed-point theorems for differential equations
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in b -multiplicative metric spaces in 2024. Furthermore, a fixed-point theorem for non-self mappings of rational type in b -
multiplicative metric spaces have been developed by Joselin et al.® in 2024. The analysis of various types of contractions for
the existence of a best proximity point is presented in(®,?,® () (10),

This paper introduces the concept of b — multiplicative metric spaces in the context of best proximity point results. For
multiplicative proximal mappings, including the first and second types, we prove the existence and uniqueness of best proximity
points in the context of b — multiplicative metric spaces. In addition, we introduce cyclic multiplicative rational mapping
contractions.

2 Preliminaries

Definition 2.1:)’ A mapping f : X x X — [1,00) is considered a b — multiplicative metric on the non-void set X with the
coeflicient s > 1 if it fulfills any of the following conditions for z,y,w € X,

(m1) d(z,y) > lifand only if x = y;

(m2) d(z,y) =d(y,z);

(m3) d(z,w) < [d(z,w)d(w,y)]®

The (X,d) iscalleda b— MMS.

Definition 2.2: (¥ Let (X,d) beab— MMS,xz € X and e > 1,

B () ={y € X|d(z,y) <},

The multiplicative open ball with a radius of € centered at x.

And multiplicative closed ball as

B (z) ={y € X|d(z,y) < e}

Definition 2.3:(V Let (X,d) beab— MM S, {z,, } beasequencein X,z € X. If every multiplicative open ball B, (z), there
exists a natural number N such thatifn > N = z,, € B.(x), then the sequence {z,, } is said to be multiplicative converging
to z, denoted by {z_} — z(n — o0).

Definition 2.4: ) In a b — multiplicative metric spaces and a sequence {z,, } is deemed a multiplicative Cauchy sequence
if, for every € > 1, there exists N € N such that d(x,,,,y,,) < € form,n > N.

Definition 2.5:) We define a b — M M S as complete when every multiplicative Cauchy sequence within it converges
multiplicatively to a limit point x € X.

Definition 2.6:® A subset K of a metric space X is boundedly compact if each bounded sequence in K has a subsequence
converging to a point in K.

Definition 2.6:!? Consider the multiplicative metric spaces. (X, d) and Let A, B be non-void subsets of X respectively. The
mapping f : A — B is referred to as a multiplicative proximal contraction if there exists a real number A € [0,1) such that

d('rlafyl) = d(AvB)

d(IQany) - d(AvB)

forzy,xo,y1,y2 €A

This implies d (2, 24) < d (y1,y,)"

Definition 2.7:® Consider (X,d) be a b — metric spaces with the coefficient s > 1 and A, B be non-void subsets of X
respectively. The mapping f : A — B is termed as generalized proximal contraction of first kind if there exists a non-negative
number a,b, c,e with s(a+b) + s(s+1)c+e < 1 such that

d(xlafyl) =d(A,B)

d(zg, fys) =d(A,B)

Jorzy,29,y1,y2 €A

Which implies d (z1,%5) < ad (y1,y3) +bd (y1,21) + cd(y2, x5) +e[d(yy, 2)d(ya, 21 )].

Definition 2.8:) Let (X, d) be a b — metric spaces with the coefficient s > 1 and A, B be

non-void subsets of X respectively. The mapping f : A — B is called generalized proximal contraction of second kind if
there exists a non-negative number a,b,c, e with s(a+b) + s(s+1)c+e < 1 such that

d(21, fy,) = d(A, B)

d(zg, fys) = d(A, B)

forey,xy,y1,y, € A

Which implies

d(fxy, fra) <ad(fyy, fys) +0d (fy,, for) +cd (fya, fra) +eld(fyr, fre)d(fys, fr1)].

Definition 2.9:

Let A, B be nonempty subsets of a metric spaces (X,d), f : AUB — AU B is said to be cyclic contraction, if
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(i) f(A)C Band f(B) C Aand
(i) d(fx, fy) <kd(z,y)+(1—k)d(A,B)

for some k € (0,1) and forallz € A,y € B.

3 Result and discussion

We use the notations. A, B, and dist(A, B) for non-void subsets A and B within b — multiplicative metric spaces (X, d).

Consider A and B as non-void subsets of a b — multiplicative metric spaces (X, d), We will explore the subsequent concepts
and notations that will be essential for our discussion.

dist(A,B) :=inf{d(z,y) : x € ANy € B},

Ay:i={z€ A:d(z,y) =d(A,B) for some y € B},

By:={y€ B:d(z,y) =d(A,B) for some x € A}.

Definition 3.1:

Let A be a non-void subset of a b — multiplicative metric spaces (X, d) with the coefficient s > 1. A mapping g: A — A is
stated to be an isometry if d(gz, gy) = d(z,y) for all z,y € A.

Definition 3.2:

Let A and B be non-void subsets of b — multiplicative metric spaces (X,d). A point = € A is referred to as a best proximity
point of a mapping f : A — B if it satisfies the condition that d(x, fz) = d(A, B).

Lemma 3.1:

Let (X,d) beab— MMS and {z,,} be a sequence in X. Then {x,, } is a multiplicative Cauchy sequence if and only if
d(z,,,x,,) — 1asm,n — co.

Definition 3.3:

A subset A within a b — multiplicative metric spaces (X, d) is considered approximately compact concerning B if for every
sequence {z,, } in A, the condition d (y,x,,) — d(y,A) as n — oo holds for some y € B, which ensures that there exists a
convergent subsequence.

Definition 3.4:

Let (X,d) be a b— MM S with the coeflicient s > 1 and Let A, B be non-void subsets of X respectively. The mapping
f:+ A — Bis termed as multiplicative proximal contraction, if a real number exists A € (0,1)3

d(xq,fy,) =d(A,B)
d(zg, fys) = d(A,B) 3.1)

fOT$1,$2,y1,y2 €A
Under these conditions, the inequality

d(zy,25) < d(y17y2)>\

holds.

Definition 3.5:

Let (X,d) be a b— MMS with the coefficient s > 1 and Let A, B be non-void subsets of X respectively. The mapping
f+ A — Bisreferred to multiplicative proximal contraction of first kind if there exists a non-negative number a, b, ¢, e with
s(a+b)+s(s+1)c+e<1>

d(zq,fy1) =d(A,B)

d<$27fy2> :d(AaB) (3-2)

forzy,xo,y1,y, € A

Which implies d (2, 25) < d(?hayz)ad(ypfl)bd(927x2)c [d(yy,22)d (y2,21)]°.

Definition 3.6:

Let (X,d) beab— MM S with coefficient s > 1 and let A and B be non-void subsets of X. A mapping f : A — B is termed
a multiplicative proximal contraction of second kind on b — M M S if there exists a non-negative constant a, b, ¢, e satisfying
s(a+b)+s(s+1)c+e < 1and the following conditions are met:

d(.’L‘l,f:(h) :d(A’B

)
d(zy, fy,) = d(A,B) (3.3)
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forallx,25,y,,y5 € A

Under these conditions, the inequality

d(fxpfo) < d(fyl,fy2)ad(fyl,fxl)bd(fy2,fx2)c [d(fyl,fx2)d(fy2,fx1)]e

holds true.

Definition 3.7:

Let A, B be non-void closed subsets of a b — multiplicative metric spaces X, A function f: AUB — AU B is defined as a
cyclic multiplicative rational contraction, if it satisfies the conditions:

(i) f is cyclic;

(ii) there exists non-negative real numbers a, b, ¢, e in (0, %) such that

d(fr, fy) < d(e,y)* |22 L2190.591° (a(, fa)d(y, fy))°[d(r, fy)d(y, fo))€ dist(A, B)'-(w+b+2es2e)

Forallz,y € AUB. 7

Theorem 3.1:

Let (X,d) be a complete b— M M S with s > 1, Let A and B be non-empty, closed subset of X respectively such that A is
approximately compact with respect to B. Assume that A, and B, are non-void. Let f : A — Band g: A — A a map fulfilling
the requirements listed below:

a) f is a multiplicative proximal contraction,
b) f(A,) is contained in By,.

¢) ¢ isanisometry

d) Ag Cg(Ap).

Then, there exists a unique element. £* in A such that
d(gz*, fz*) =d(A,B).
Additionally, for any fixed z, € A, the sequence {x,, } defined by
d(gxn’fxn—l) =d(A,B)
converges to the element z*.
Proof:
Let x, be a fixed element in A. Consider f (A,) C By and Ay C g(A,), there exists an element 2:; € A, such that
d(gxq, fxg) = dist(A, B)
Since f(Ay) C By and Ay C g(Ag), There is an element ., € A such that
d(gzy, fr,) = dist(A,B)
Since f is a multiplicative proximal contraction on b— M M .S and g is isometry,

d(ry,71) = d(gx27gx1)
<d(xy,m)" (3.4)

Once more, because f (Ay) C By and Ay C g(Ag), An element exists x5 € Ay

d(gzs, fxg) =dist(A, B)

It is inferred from f is a multiplicative proximal contraction on b — M M .S,g is isometry and (3.4) that

d(z3,75)=d (9953»9552)

<d(zg,2q) A

<d (J? 1:To ) A

By employing the same method, for every n belonging to the natural numbers, we can identify. x,,,z,, | that are elements
of A such that

d (gxnﬁ fxnfl) = dZSt(A7B>

and

d(gz, 1, [x,)=dist(A, B) (3.5)

d(xn+17xn) = d(anJrl?gxn)
<d(z,,z, 1)

nr*vn—1
A2
< d<xn7xn71)
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\n
S d(xnvxnfl)

For all n € N. Afterward, we shall demonstrate that {z,, } is a Cauchy sequence. Let m,n € N with m > n, then

d(zm’xn) < dm(xm7zm—1)d(xm—1’xm—2) od (xn+17xn)

=d(x,,20)"" T where s\ < 1

As we let m,n — oo in the preceding inequality, we find that d (z,,,,2,,) — 1. This implies that the sequence {z,,} is a
Cauchy sequence. Since A is a closed subset of complete b — M M S, then the sequence {x,, } will converge to some element
x € A. It is important to note that,

d(gz, B) <d(gz,fxz,)

< [d (g$7g$n+1) od (gxn+17fmn)]s

= [d (g$7gxn+l> ® dZSt(A’ B)}S

<ld(gz,92, 1) ®d(gz,B)]"

For all n € N. Given the continuity of g and the sequence {z,, } converges to z, it follows that the sequence {gz,, } also
converges to gz, that is d (gx,gz,,) — 1 as n — co. Consequently d (gz, fx,,) — d(gz,B) as n — oo. Given that B is
approximately compact with respect to A, there exists a subsequence { fz,, } of { fz,,} that converges to some elementu € B.
Furthermore, for each k € N, we have

d(A, B) < d(gr,u)
d (ga?,gxnkﬂ) d (gaznk+1,fxnk) .d (fa?nk,u)
d (gm,gmnkﬂ) .d(A,B).d (fa:nk,u> (3.6)

Letting k£ — oo in (3.6), we get d(gz,u) = d(A, B) and hence gz € A. From the fact that Ay C g(4,), then gz = gz for
some z € A . By the isometry of g, we get

d(z,z) =d(gz,g2) =1

and thus 2 = z, that is, « is an element of A,. Since, f (A,) C By, there exists x € A such that

d(z*, fx) = dist(A, B) (3.7)

<
<

From (3.5), (3.7) and the multiplicative proximal contractive condtion of f, we get

d <g$n+1’x*) <d (xn’x)A

Foralln € N. It results in that

lim,, . d (gscnﬂ,:r:*) <lm,  d (':En’x>A =1

This demonstrates that the sequence {gz,, } converges to z*. By lemma (3.1), we consider that. gz = z*. Hence,

d(ge, fz) = d(x", fz) = d(A, B).

Then, to demonstrate the uniqueness, suppose that there exist.x; € A with z # z; and

d(gxq, fxy) =dist(A,B)

Since g is an isometry and f is a multiplicative proximal contraction on b — multiplicative metric spaces, Consequently,

d(:ﬂ,(ﬂl) = d(fxafxl) < d(xvxl))\’

which contradicts itself. Therefore we get x = z . The proof is now complete.

Corollary 3.1:

Let (X,d) be a complete b — M M S with s > 1 and Let A, B be non-void closed subsets of X such that A, and B, are
non-void and B is approximately compact with respect to A. Consider a function f : A — B satisfies the following conditions:

a) f is a multiplicative proximal contraction;
b) f(Ap) € By.

Then there exists a unique point. * € A such that

d(z*, fz*)=d(A,B).

Also, for any fixed 25 € A, the sequence {z,, } defined by

d(znvfxn—1> =d(A,B)

converges to x*.

Theorem 3.2:

Consider (X,d) be a complete b — MM .S with s > 1, Let A and B be non-empty, closed subset of X respectively such
that A is approximately compact with respect to B. Assume that A, and B, are non-void. Let A and B be a map fulfilling the
following conditions:
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a) f isa multiplicative proximal contraction of first kind,
b) f(A) is contained in By,.

Then there exists a unique element z exists in A such that

d(z, fx) =d(A,B)

and the sequence \{z,, } converges to the best proximity point =, where x, is any fixed elementin A, and d (z,, 1, fz,,) =
dist(A, B) forn > 0.

Proof:

Let 2y € Ay. Asaresult of f (A) is contained in B, An element z, is assured to exist in A that meets the condition

d(xlafxO) = d(A’B)

Additionally, since fxz, is a part of f (A,) which is contained in By, It can be inferred that there exists an element x,, in A
such that

d($2,fx1) = d(AvB)

This process can be extended indefinitely. Having chosen {z,, } in A, there exits an element x,,,, in A, satisfying the
condition that

d(zQaf‘rl) = d(A’B)

For every non-negative integer n. Given that f is a multiplicative proximal contraction of first kind,

d (xnvanrl) < d ($n71,$n)ad (xnfbmn)b d(xn7xn+1>c[d(xn717$n+1)d(xn7mn)]e

< d (xnfl’xn)ad (In717xn)b d(xn’anrl)c[d(xnfl7xn+1)}e

< d (xn—lvxn)ad (In—lvxn>b d(xnvxn-&-l)c[d(mn—l7In)d(xn7zn+1)c]e

1mes b
d(In,xn+1) c Seﬁd@nfl;xn)w_ tse
atbise
d(x"“anrl) < d(xn—lvxn);:cise
AT, 1) Sd(Ty_1,2y)

Where \ = gtbtse <1,

~{x,, } is a Cauchy sequence. Because the spaces is complete, the sequence {x,, } converges to = in A. Therefore,

d(z,B) <d(x, fz,)=1lm,, . d (:r:nﬂ,fa?n) =d(A,B) <d(z,B).

Therefore d (z, fx,,) — d(x,B). Since B is approximately compact with respect to A, the sequence {fz, } has a
subsequence { fxnk} converging to some element y € B. So, it follows that

d(a,y) =limy, oo d (2,41, f7,, ) = d(A, B)
Therefore, z must belong to A,. Given that f (A,) is contained in B,

d(u, fr)=dist(A,B) (3.8)

for some element u € A. Since f is multiplicative proximal contraction of first kind, and we know that d(u, fz) = dist(A, B)
andd (x4, fz, ) =d(A,B), it can be concluded that

d(u,x,,. ) <d(z,2,)d(u,z)’d (x,,2,,)[d(@2,,,)d(@,,u)°

Letting n — oo,

d(u,z) < d(u,z)""®

This implies v = x.

Therefore, from (3.8) it can be that d(z, fo) = d(A, B). Let us assume that there is another best proximity point * in A so
that

d(z*, fz*)=d(A,B).

Since f is multiplicative proximal contraction of the first kind, it follows that

d(z,2*) < d(z,2")"d(z,2)’d (", 2") [d (x,2") d (z,2")] d (z,2")

< d(:L’,x*)a_‘—Qe

(a+2e) < 1imply x = z*.

Corollary 3.2:

Let f be a self mapping on a complete b — multiplicative metric spaces (X,d) with s > 1. Further, let us
assume that there exist non-negative real numbers a,b,c,e with s(a +b) + s(s + 1)c + e < 1 and d(zq,24) <
d(y1,y2)*d (yy,21)° d(yg,25)[d(y1, 25)d(ys,25)]¢ for all 2,z in the domain of the mapping f. Then the mapping f
has a unique fixed point.

Theorem 3.3:

https://www.indjst.org/ 1034


https://www.indjst.org/

Lavino & Priya Dharsini / Indian Journal of Science and Technology 2025;18(13):1029-1037

Let (X,d) be a complete b— MM S with s > 1, Let A and B be non-empty, closed subset of X respectively such that A
is approximately compact with respect to B. Assume that A, and B, are non-void. Let f : A — B be a map satisfying the
following conditions:

a) f is a multiplicative proximal contraction of second kind,
b) f(A) is contained in By,.

Then, there exists a unique element z in A such that

d(z, fx) =d(A,B)

the sequence \{z, } converges to the best proximity point x with z, being any chosen element from Ay andd (z,, 1, fz,,) =
dist(A, B) forn > 0.

Further, if * is another best proximity point of f, then fz = x*, hence f is a constant on the set of all best proximity points
of f.

Proof:

Let z, € Ay. Because f(A) is included in By, there is guaranteed to be an element z in A that satisfies the condition

d(zq,frg) =d(A,B)

Further, since fz is a member of f (A ) which is contained in By, It can be deduced that there exists an element z,, in A
such that

d(anf'Tl) = d(A’B)

This procedure can be extended indefinitely. Having selected {z, } in A, there exists an element z,, , ; in A satisfying the
condition that

d (anrlvfmn) = d(AvB)

For every non-negative integer n. Given that f is multiplicative proximal contraction of first kind, we have

d(fry fr, ) <d(fz, | fr ) d(f, g fo,) d(fn, f2,,0)°d(f2, o fo, )d(fr,, f2,)]°.

< d (fl’nil,fl’n)ad (fznflvfxv”)b d(fxnv fanﬁl)C[d(fznflvfInle)]e

d (‘fxn’fanrl) <d (fxnfﬂfxn))\

Where \ = gtbtse <1,

Therefore, { fz } is a Cauchy sequence. Because the spaces is complete, the sequence { fz,, } converges to some element =
in A. Therefore,

d(yvA) <d (y’xn+1) = hmn%oo d ($n+17fxn> = d(A’ B) < d(y7A)

Therefored (y,x,,,1) — d(y, A). Since A is approximately compact with respect to B, the sequence {x,, } has a subsequence
{xnk} converging to some element y € B. So, it results that

A, fo) =lim,, o d (2, 1. fz,,,) = d(A, B)

Let us consider another best proximity point z* in A so that

d(z*, fx*) =d(A,B)

Because f is a multiplicative proximal contraction of the second kind, we have

d(f, fa*) =<d(f, f2")*"*

(a+2e) < limply fz = fo*.

Theorem 3.4:

Let (X,d) be a complete b— M M S with s > 1, Let A and B be non-empty, closed subset of X respectively such that A
is approximately compact with respect to B. Assume that B is non-void. Consider a function f : A — B that satisfies the
following conditions:

a) fisboth a multiplicative proximal contraction of the first kind and a proximal contraction of the second kind,
b) f(A) is contained in By,.

It follows that there exists a unique element = in A such that

d(z, fx) =d(A,B)

and the sequence \{x,, } converges to the best proximity point x, where x, is any fixed element in Ay and d (z,, , 1, fz,,) =
dist(A, B) forn > 0.

Proof:
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Continuing with the approach in Theorem (3.2), it is possible to find a sequence {z,, } in A, such that
d(xn+17f~rn) :d(AaB) (3.9)

holds for every non-negative n. As indicated in Theorem (3.2), one can demonstrate that the sequence {z,, } is a Cauchy
sequence and thus converges to some element x in A. Additionally, as highlighted in Theorem (3.3), it can be asserted that
the sequence { fz,, } is a Cauchy sequence and hence converges to some element y in B. Therefore, it follows that

d(z,y) =lim,,_, d(z, 1, fz,)=dist(A,B) (3.10)
Hence, x becomes an element of A,. Since f (A) is contained in By,.
d(u, fr)=d(A,B) (3.11)
for some element u in A. Since f is a multiplicative proximal contraction of the first kind, we have
d(u,,, 1) =d(z,2,) dw,z)’d(x,,z, 1) [dz,z,,)d,,u)]° (3.12)

Letting n — 00, d(u,2) < d(u,z)*™
d(z, fz) = d(u, f2) = d(A, B).
Also, the uniqueness of the BP P of the mapping f follows as in Theorem (3.2). This completes the proof of the theorem.
Proposition 3.1:

Let A, B be non-void subsets of a b — multiplicative metric spaces X . Suppose f: AUB — AU B is a cyclic multiplicative
rational contraction. Then starting with any zo € AU B, we have d(z,,,z,,,) — d(A,B) where z, ., = fz,, for all
ne NU{0}.

Proof:

Let z, € AU B. A sequence {z,, } is defined by z,, | = fz,, foralln € NU{0}. Then by Definition (3.1.1), we have

d<xn>xn+1>:d(fxn,1afxn)

a x x x x b c e
<d< LTp—1:Tn ) [[1+d( n]ji;i{w::{];li)mf ">:| [d(zn—lvfxn—l)d(znafzn)] [d<xn—1’fxn>d(znafxn—l)]
dist ) (a+b+2c+2e)

b
n— ) |:[1+d(w1n+il7( >]d(5n)’wn“):| [d(l’n,1,$n)d($n,$n+1)]c[d(xn71,xn+1)d(xn7$n)]

(4,

( n—1:%n
d’LSt(A, ) (a+b+2c+2e)

d(

(4,

, which implies that z and u must be identical. Thus it follows that

xT

Lo 1’ n) [d(xn,anrl)]b[d($n717$n)d($n,$n+l>]c[d($n71,$n)d(1’n,$n+1)] dZSt(A B) (a+b+2ct2e)

dzst ) (a+b+2c+2e)
< d( nil’xn)aJchrse [d (xnyxn+1)]b+c+se dis (A B) —(a+b+2c+2e)
Which gives as

atcts 1— M
d(xn,xn+1)§d<l'n71’xn)l b—c— :'Edlst(A B) T pc—se

We note that ;2fetse_ < 1. Then the above inequality becomes
—0—cCc—se

aterse (atbizetde)y

d(l'n,xn+1)§d<l' 1, )mdlst(A B>{1 e

n—1""n
2
oo (a+b+2c+2c—:)) }

Similarly, d (,,,%,,.1) < d (€, 2,2, 1) ) dist(A, B){l_( e
Continuing this process, we get

atctse a+b+20+26)

A (s 11) < d (@, TH55) " dist (4, By 1T}

Letting limit as n — oo, we have

d(z,,2,,1)— d(A,B).

Proposition 3.2:

Let A, B be non-void closed subsets of a complete b — multipicative metric space X,

f:+AUB — AU B be a cyclic multiplicative rational contraction map, let x, € A and definez,, ; = fxz,,. Suppose {z5,, }
has a convergent subsequence in A. Then there exists € A such that d(z, fz) = d(A, B).

Proof:

Let {z,,, } beasubsequence of {z5,, } and lim;,_, . ¥5,, = for some z € A. Now,

d(A,B) <d (z,xgnk_l) < [d (az,ank> d <x2nk_,x2nk_1>] °
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Taking limit as n — 0o in the above inequality, we have

d (ank,xQ,kal) — dist(A, B)

Since d(A,B) <d (mgnk,f@ <d (xgnkfl,x)

As n — oo, we have

d(z, fx) =d(A,B).

Theorem 3.5:

Let A, B be non-void closed subsets of a b — multiplicative metric spaces X and f: AUB — AU B is a cyclic multiplicative
rational contraction. If either A or B is boundedly compact, then there exists x € AU B such that d(z, fx) = d(A, B).

Proof. It follows directly from propositions (3.1), (3.2)

4 Conclusion

The importance of b — multiplicative metric spaces in best proximity point theorems were studied in this work. We
demonstrated the existence and uniqueness of best proximity points for multiplicative proximal contractions, including the
first and second kind, within b — multiplicative metric spaces by applying Banach’s contraction principle to non-self mappings.
We additionally introduced the idea of cyclic multiplicative rational contractions on the theorems of best proximity points.
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