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Abstract
Objectives: To establish the Haar wavelet approach for solving the generalized
Blasius equation, specifically in the context of turbulent flow at high Reynolds
numbers. Methods: By employing an appropriate similarity transformation,
the governing nonlinear partial differential equations describing turbulent
boundary layers are reduced to ordinary differential equation. The Haar
wavelet integration operational matrix method is developed to solve these
governing equations for turbulent boundary layer fluid flow. Findings: The
applicability of the proposed approach is illustrated by solving a nonlinear
ordinary differential equation with an exact solution. Our results indicate
that this method produces favourable results compared to the Range-Kutta
Fehlberg 4th-5th Method. Furthermore, the effects of several parameters,
such as acceleration and velocity, are examined at high Reynolds numbers.
The findings are presented using tables and graphs. Novelty: Most previous
research addressing the Blasius equation has focused on laminar flow. This
article uniquely concentrates on solving the Blasius equation for turbulent flow.
To our knowledge, wavelet numerical methods have not been applied to tackle
these challenges in existing literature. The Haar wavelet method is particularly
noted for its efficiency and accuracy, and we leverage this method to solve the
turbulent boundary layer equations effectively.
Keywords: Haar wavelet method; Turbulent boundary layer; Blasius
equation; Reynolds numbers; Nonlinear ODE

1 Introduction
A rise in Reynolds number in fluid dynamics usually results in a transition from laminar
to turbulent flow characteristics (1). In this context study of velocity and acceleration for
high Reynolds numbers is crucial. Many problems associated with turbulent boundary
layers have significant applications in science and engineering, including aircraft design,
pipelines and fluid transport, heat exchangers and turbomachinery designs etc.The first
to study the fundamentals of boundary layer theory was Ludwig
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Prandtl in 1904. Combining two different disciplines hydraulics and hydrodynamics.Which provides solutions toNavier-Stokes
equations at high Reynolds numbers. Later, Blasius (2) published an equation that describes the velocity profile within a laminar
boundary layer over a continuous flat plate, laying the groundwork for the study of fluid behaviour near solid surface. Khanfer
et al. (3) provided an approximate solution to the Blasius equation with temperature-dependent viscosity. Extensive research has
been carried out on the study of turbulent boundary layers. The numerical simulation of a turbulent boundary layer over a flat
plate is studied by Huang et al. (4) Laguarda et al. (5) investigated the effect of Reynolds number on turbulent boundary layers.
Camillo et al. (6) examined the hypersonic turbulent boundary layer using both computational and experimental methods while
taking massive eddies into account. The impact of an elastic panel on a turbulent boundary layer is analysed by Gao et al. (7)
Additional related studies on turbulent boundary layers can be found in references (8), (9), (10).

Previously, the similarity solution, finite difference method (FDM), finite volume method (FVM), finite element method
(FEM), and spectral approaches were the most widely used numerical techniques for solving such problems. FDM and FVM
are approximations of the equation itself. Despite having global support, spectral bases are indefinitely differentiable. Conversely,
base functions employed in finite element or finite differencemethods haveweak continuity qualities but small compact support.
In conclusion, FDM, FVM, and FEM have strong spatial localization but low accuracy. Whereas spectral approaches have good
accuracy but poor spatial localization. However, wavelets get around the limitation by offering precise and compact support
both locally and globally.

In mathematical and application-oriented research areas wavelet analysis plays a vital role. Obtaining solutions for highly
nonlinear ordinary and partial differential equations is a complex task, but wavelet methods simplify this process. Wavelets are
commonly used in numerical analysis, image processing, signal analysis, and data compression. A very useful and efficient way
to solve differential equations is the Haar wavelet approach, which allows for easy computation and improved convergence as
the level of resolution increases. Construction of an operational matrix for Haar wavelets for the solution of fractional equation
is given by Sunthrayuth et al. (11) Verma et al. (12) provided a Haar wavelet solution for a nonlinear system of singular differential
equations using the collocation method. The numerical solution for the integro-differential equation by the Haar wavelet
collocationmethod is discussed byMohammad et al. (13) Preetham et al. (14) analysedmagnetohydrodynamic (MHD) boundary
layer nanofluid flow through the Haar wavelet numerical method.The algebraic multigrid approach utilizing Haar wavelets was
applied by Shiralashetti et al. (15) to address the porous journal-bearing lubrication problem. Furthermore, Shiralashetti et al. (16)
studied the Haar wavelet collocation method and provided solutions to Stochastic ordinary differential equations. Numerous
authors have explored solutions to the Blasius equation for laminar flow (17), (18), (19), yet the application of wavelets to turbulent
flow remains largely unexamined. Haar wavelet offers better accuracy and a simple approach for tackling complex problems. In
this paper, we establish the formulation of the Haar wavelet integration operational matrix method (HWIOMM) to solve the
generalized Blasius equation for turbulent flow obtained from governing equations of the two-dimensional turbulent boundary
layer.

The structure of the paper is outlined as follows: Section 2 presents the methodology, detailing the Haar wavelet and its
fundamental properties. This section also discusses the numerical computation of the Haar wavelet and its implementation in
fluid dynamics problems. Section 3 reviews the results and discussions of the work, while Sections 4 and 5 are dedicated to the
conclusion and references, respectively.

2 Methodology

2.1 Explanation of Wavelet and Haar Wavelet

Wavelets and wavelet-based analysis are utilized across a wide range of scientific and engineering fields.Wavelets consist of a set
of functions derived from a single function known as the mother wavelet, which is modified through translation and dilation.
Mathematically, a family of continuous wavelets is expressed as,

𝜓(𝛼,𝛽)(𝑥) = |𝛼|
−1
2 𝜓(𝑥−𝛽

𝛼 ),𝛼,𝛽 ∈ 𝑅,𝛼 ≠ 0. (1)

Where 𝛼 is dilation and 𝛽 is translation parameters. To discretize the values, parameters are limited as, 𝛼 = 𝛼−𝑗
0 ,𝛽 =

𝑚𝛽0𝛼−𝑗
0 ,𝛼0 > 1,𝛽0 > 0 and 𝑗,𝑘 ∈ 𝑍 . The family of discrete wavelets are written as,

𝜓𝑗,𝑘(𝑥) = |𝛼0|
𝑗
2 𝜓(𝛼𝑗

0𝑥−𝑘𝛽0), (2)
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where 𝜓𝑗,𝑘(𝑥) represents wavelet bases for 𝐿2(𝑅). Specifically, the function 𝜓𝑗,𝑘(𝑥) represents an orthonormal basis when
𝛼0 = 2 and 𝛽0 = 1. The Haar wavelet is the most basic orthonormal wavelet supporting compactly in [0,1]. The fundamental
of the Haar wavelet family is the Haar scaling function and the Haar wavelet function defined as,

ℎ0(𝜂) = { 1 𝑓𝑜𝑟 𝜂 ∈ [0,1),
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

ℎ1(𝜂) =

⎧{{
⎨{{⎩

1 𝑓𝑜𝑟 𝜂 ∈ [0, 1
2 ),

−1 𝑓𝑜𝑟 𝜂 ∈ [1
2 ,1),

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(3)

Likewise, all other levels of wavelets can be generated from the translation and dilation of ℎ1(𝜂). In general, for 𝜂 ∈ [𝐴,𝐵]
interval is divided into 𝑛 subintervals, each of width Δ𝜂 = (𝐵−𝐴)

𝑛 . The Haar wavelet is defined as,

ℎ𝑘(𝜂) =
⎧{
⎨{⎩

1 𝑓𝑜𝑟 𝜂 ∈ [𝜁1(𝑘),𝜁2(𝑘)) ,
−1 𝑓𝑜𝑟 𝜂 ∈ [𝜁2(𝑘),𝜁3(𝑘)) ,
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(4)

Where,

𝜁1(𝑘) = 𝐴+(𝑝
𝑞 )(𝐵 −𝐴) = 𝐴+(𝑝

𝑞 )𝑛Δ𝜂,

𝜁2(𝑘) = 𝐴+(𝑝 +0.5
𝑞 )(𝐵 −𝐴) = 𝐴+(𝑝 +0.5

𝑞 )𝑛Δ𝜂,

𝜁3(𝑘) = 𝐴+(𝑝 +1
𝑞 )(𝐵 −𝐴) = 𝐴+(𝑝 +1

𝑞 )𝑛Δ𝜂.

(5)

Here, 𝑞 = 2𝑟, 𝑟 = 0,1, ...,𝐽 represents the dilation parameter, 𝐽 is the maximum degree of resolution and 𝑝 = 0,1,2, ..., 𝑞 − 1
represents the translation parameter and the index 𝑘 is given by 𝑘 = 𝑝 + 𝑞 + 1. Index 𝑘 holds the minimum value of 2 for
𝑞 = 1, p = 0 and maximum value of 𝑁 = 2𝑀 = 2𝐽+1.

2.2 Haar Wavelet Function Approximation

Any function 𝑓(𝜂) ∈ 𝐿2 representing the Haar series can be expressed as,

𝑓(𝜂) = 𝑎0ℎ0(𝜂)+𝑎1ℎ1(𝜂)+𝑎2ℎ2(𝜂)+ ... =
∞
∑
𝑘=0

𝑎𝑘ℎ𝑘(𝜂).

Where 𝑎𝑘,𝑘 = 0,1,2, ..., Haar coefficients and are given by, 𝑎𝑘 = ∫1
0 𝑓(𝜂)ℎ𝑘(𝜂)𝑑𝜂.

If 𝑓(𝜂) is approximated in each sub-interval, then truncated infinite series will be,

𝑓(𝜂) ≈
𝑞−1
∑

𝑘=0
𝑎𝑘ℎ𝑘(𝜂) = 𝐴𝑇

𝑘 𝐻𝑞(𝜂). (6)

Where 𝑞 = 2𝑟. The Haar wavelet coefficient vector 𝐴𝑘 and Haar wavelet function vector 𝐻𝑞(𝜂) are defined as, 𝐴𝑘 =
[𝑎0,𝑎1,𝑎2, ...,𝑎𝑞−1]𝑇 ,𝐻𝑘(𝜂) = [ℎ0,ℎ1,ℎ2, ...,ℎ𝑞−1]𝑇
Considering collocation points as following 𝜂𝑟 = 2𝑟−1

2𝑁 , 𝑟 = 1,2, ...,𝑁.
TheHaar wavelet matrix 𝐻𝑞(𝜂) of order 𝑁 for 𝑁 collocation points is written as,

𝐻𝑞(𝜂) =
⎡
⎢
⎢
⎢
⎣

ℎ0
ℎ1
ℎ2
⋮

ℎ𝑞−1

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

ℎ0,0ℎ0,1 …ℎ0,𝑞−1
ℎ1,0ℎ1,1 …ℎ1,𝑞−1
ℎ2,0ℎ2,1 …ℎ2,𝑞−1

⋮⋮⋮⋮
ℎ𝑞−1,0ℎ𝑞−1,1 …ℎ𝑞−1,𝑞−1

⎤
⎥
⎥
⎥
⎦

(7)
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2.3 Haar Wavelet Integration Operational Matrix Method

Integration of the Haar wavelet vector 𝐻𝑞(𝜂) is approximated as,

∫𝜂
0 𝐻𝑞(𝜂)𝑑𝜂 ≅ 𝑃𝐻𝑞(𝜂). (8)

Where 𝑃 forms operational matrix for Haar wavelet integration.
General order Haar wavelet integration operational matrix 𝑃𝜈 is expressed as,

𝑃𝜈𝐻𝑞(𝜂) = [𝑃ℎ0(𝜂),𝑃ℎ1(𝜂), ...,𝑃ℎ𝑞−1(𝜂)]𝑇 . (9)

Where,

𝑃 ℎ𝑘(𝜂) =

⎧{{{
⎨{{{⎩

1
𝜈! (𝜂 −𝜁1(𝑘))𝜈 for 𝜂 ∈ [𝜁1(𝑘),𝜁2(𝑘)) ,

1
𝜈! {(𝜂 −𝜁1(𝑘))𝜈 −2(𝜂 −𝜁2(𝑘))𝜈} for 𝜂 ∈ [𝜁2(𝑘),𝜁3(𝑘)) ,

1
𝜈! {(𝜂 −𝜁1(𝑘))𝜈 −2(𝜂 −𝜁2(𝑘))𝜈 +(𝜂 −𝜁3(𝑘))𝜈} for 𝜂 ∈ [𝜁3(𝑘),𝐵),

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(10)

Where,

𝜁1(𝑘) = 𝐴+(𝑝
𝑞 )(𝐵 −𝐴) = 𝐴+(𝑝

𝑞 )𝑛Δ𝜂,

𝜁2(𝑘) = 𝐴+(𝑝 +0.5
𝑞 )(𝐵 −𝐴) = 𝐴+ 𝑝 +0.5

𝑞 𝑛Δ𝜂,

𝜁3(𝑘) = 𝐴+(𝑝 +1
𝑞 )(𝐵 −𝐴) = 𝐴+ 𝑝 +1

𝑞 𝑛Δ𝜂.

(11)

For instance, if 𝐽 = 1 ⇒ 𝑁 = 4,𝜂 ∈ [0,1),

𝑃1𝐻4(𝜂) = 1
8

⎡
⎢⎢
⎣

1 3 5 7
1 3 3 1
1 1 0 0
0 0 1 1

⎤
⎥⎥
⎦

,

𝑃2𝐻4(𝜂) = 1
128

⎡
⎢⎢
⎣

1 9 25 49
1 9 23 31
1 7 1 1
0 0 1 7

⎤
⎥⎥
⎦

,

If 𝐽 = 3 ⇒ 𝑁 = 16,𝜂 ∈ [0,1),

𝑃1𝐻16(𝜂) = 1
32

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31
1 3 5 7 9 11 13 15 15 13 11 9 7 5 3 1
1 3 5 7 7 5 3 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 3 5 7 7 5 3 1
1 3 3 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 3 3 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 3 3 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 3 3 1
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,
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𝑃2𝐻16(𝜂) = 1
2048

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 9 25 49 81 121 169 225 289 361 441 529 625 729 841 961
1 9 25 49 81 121 169 225 287 343 391 431 463 487 503 511
1 9 25 49 79 103 119 127 128 128 128 128 128 128 128 128
0 0 0 0 0 0 0 0 1 9 25 49 79 103 119 127
1 9 23 31 32 32 32 32 32 32 32 32 32 32 32 32
0 0 0 0 1 9 23 31 32 32 32 32 32 32 32 32
0 0 0 0 0 0 0 0 1 9 23 31 32 32 32 32
0 0 0 0 0 0 0 0 0 0 0 0 1 9 23 31
1 7 8 8 8 8 8 8 8 8 8 8 8 8 8 8
0 0 1 7 8 8 8 8 8 8 8 8 8 8 8 8
0 0 0 0 1 7 8 8 8 8 8 8 8 8 8 8
0 0 0 0 0 0 1 7 8 8 8 8 8 8 8 8
0 0 0 0 0 0 0 0 1 7 8 8 8 8 8 8
0 0 0 0 0 0 0 0 0 0 1 7 8 8 8 8
0 0 0 0 0 0 0 0 0 0 0 0 1 7 8 8
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 7

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

,

Haar wavelet integration operational matrix of general order 𝜈 is expressed as, 𝑃𝜈 = (𝑃𝜈𝐻𝑞(𝜂))𝐻−1
𝑞 (𝜂).

Theorem2.3.1Consider a function 𝑓(𝜂) from𝐿2(𝑅) space.With its bounded derivative of first order,∀𝜂 ∈ (0,1), ∣𝑓′(𝜂)∣ ≤
𝜆. then 𝐽𝑡ℎ level error norm satisfy these inequalities.

‖𝐸𝐽‖ ≤ √𝜆
7

𝐾
2

√
3𝑀 .

Here 𝜆,𝐾 are real constants and 𝑀 = 2𝐽 is a positive number.

Proof: Let 𝐽𝑡ℎ level error is defined as, |𝐸𝐽| = |𝑓(𝜂)−𝑓𝐽(𝜂)| =
∞
∑

𝑙=2𝑀+1
𝑎𝑙ℎ𝑙(𝜂).

Where 𝑓𝐽 =
𝑀+1
∑
𝑙=1

𝑎𝑙ℎ𝑙(𝜂), and ‖𝐸𝐽‖2 =
∞
∫

−∞
(

∞
∑

𝑙=2𝑀+1
𝑎𝑙ℎ𝑙(𝜂),

∞
∑

𝑚=2𝑀+1
𝑎𝑚ℎ𝑚(𝜂))𝑑𝜂,

∞
∑

𝑙=2𝑀+1

∞
∑

𝑚=2𝑀+1
𝑎𝑙𝑎𝑚

∞
∫

−∞

ℎ𝑙(𝜂)ℎ𝑚(𝜂)𝑑𝜂,‖𝐸𝐽‖2 ≤
∞
∑

𝑙=2𝑀+1
|𝑎𝑙|2 .

Since, |𝑎𝑙| ≤ 𝐾2−3 𝑙
2 max∣𝑓′(𝜂)∣ and 𝐾 defined as, 𝐾 =

1
∫
0

|𝜂ℎ1(𝜂)|𝑑𝜂 for 𝜂 in ( 𝑝
𝑞 , 𝑝+0.5

𝑞 ) .

Thus, ‖𝐸𝐽‖2 ≤
∞
∑

𝑙=2𝑀+1
𝜆𝐾22−3𝑙 ⇒ ‖𝐸𝐽‖2 ≤ 1

7 ( 𝜆𝐾2
23𝑀 ) ⇒ ‖𝐸𝐽‖ ≤ √ 𝜆

7
𝐾

2
√

3𝑀 .
By above inequality, it is observed that as 𝑀 increases error decreases. i.e. for Haar wavelet level of resolution is inversely
proportional to error.

2.4 Haar Wavelet Integration Operational Matrix Method of Solution

The third-order nonlinear differential equation is usually expressed in its general form as,

𝑓‴(𝜂) = 𝐹(𝜂,𝑓,𝑓′,𝑓″). (12)

Approximating the highest order derivative as,

𝑓‴(𝜂) =
2𝑀
∑

𝑘=1
𝑎𝑘ℎ𝑘(𝜂) = 𝐴𝑇 𝐻𝑞(𝜂), (13)

where𝐴𝑇 is the Haar wavelet coefficient vector.Which is to be determined,𝐻𝑞(𝜂) is the Haar wavelet bases matrix. Integrating
Eq. (13) from 0 to 𝜂 we get,

𝑓″(𝜂) = 𝑓″(0)+
2𝑀
∑

𝑘=1
𝑎𝑘𝑃1,𝑘(𝜂) = 𝑓″(0)+𝐴𝑇 𝑃1(𝜂), (14)
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Integrating Eq. (14) from0 to 𝜂 we get,

𝑓′(𝜂) = 𝑓′(0)+𝜂𝑓″(0)+
2𝑀
∑

𝑘=1
𝑎𝑘𝑃2,𝑘(𝜂) = 𝑓′(0)+𝜂𝑓″(0)+𝐴𝑇 𝑃2(𝜂), (15)

Integrating Eq. (15) from 0 to 𝜂 gives,

𝑓(𝜂) = 𝑓(0)+𝜂𝑓′(0)+ 𝜂2

2 𝑓″(0)+
2𝑀
∑
𝑘=1

𝑎𝑘𝑃3,𝑘(𝜂) = 𝑓(0)+𝜂𝑓′(0)+ 𝜂2

2 𝑓″(0)+𝐴𝑇 𝑃3(𝜂), (16)

Substitute 𝜂 = 1𝑎𝑡𝑦 → ∞ and using boundary conditions, 𝑓″(0) can be determined as,

𝑓″(0) = [𝑓′(1)−𝑓′(0)−
2𝑀
∑

𝑘=1
𝑎𝑘𝐶1,𝑘] = [𝑓′(1)−𝑓′(0)−𝐴𝑇 𝐶]. (17)

Where 𝐶 = ∫1
0 𝑃1,𝑘(𝜂)𝑑𝜂. By substituting the expressions 𝑓(𝜂),𝑓′(𝜂),𝑓″(𝜂),𝑓‴(𝜂) and 𝑓″(0) into the provided differential

Equation (12) and applying collocation points 𝜂𝑟 = (2𝑟 − 1)/2𝑁,𝑟 = 1,2, ...,𝑁, we derive a system of nonlinear equations.
Newton’s Method (17) is applied to solve these 𝑁 equations, resulting in the determination of the unknown Haar coefficients
𝐴𝑇 . Substituting these unknowns in Eq. (16) allows us to obtain the solution to the differential equation.

2.5 Haar Wavelet Integration Operational Matrix Method of Implementation

Test Problem 2.5.1. Consider the boundary value problem (BVP) having an exact solution.

𝑓″(𝜂)+(𝑓′(𝜂))2 −64𝑓(𝜂) = 32,0 < 𝜂 < 1,𝑓(0) = 0,𝑓(1) = 16. (18)

The exact solution is:

𝑓(𝜂) = 16𝜂2. (19)

We solve Eq. (18) using the HWIOMM as outlined in section 2.4. We obtain a nonlinear system of algebraic equations as
follows,

𝐴𝑇 𝐻(𝜂)+[(16−𝐴𝑇 𝑃2(1))+𝐴𝑇 𝑃1(𝜂)]2 −64[(16−𝐴𝑇 𝑃2(1))𝜂 +𝐴𝑇 𝑃2(𝜂)] = 32. (20)

By solving these systems of 𝑁 algebraic equations using Newton’s method (17), we can determine the unknown coefficients.
Substituting these coefficients into the equations gives a solution for the above BVP.

To demonstrate the effectiveness of the proposed approach, we present the nonlinear boundary value problem (BVP)
described in Eq. (18), with its exact solution given in Eq. (19). The results obtained using HWIOMM closely match the exact
solution with remarkable precision, comparable to the Range-Kutta Fehlberg 4th -5th Method (RKF45). These findings are
detailed in Table 1 and Figure 1, with error estimation provided in Table 2.

Table 2 clearly illustrates the error analysis for different levels of resolution.We can see that error diminishes with increasing
resolution.

Turbulent Boundary Layer Fluid Flow Problem 2.5.2.The diagram depicts the formation of the boundary layer in regions
of turbulent flow, as well as the transition from laminar to turbulent layers, as shown in Figure 2. At high Reynolds numbers,
turbulent flow persists boundary layer characteristics. The occurrence of turbulent flows relies on reduced viscosity or higher
fluid velocity. In these situations, there is significant chaotic motion near the surface. Due to the complexities of fluctuation in
velocity and pressure, it is necessary to consider the time average motion of the turbulent flow.

The Navier-Stokes equation for turbulent flow, i.e. Reynolds averaging equation of motion and continuity equation of
two-dimensional, time-independent incompressible fluid of turbulent boundary layer is given by following boundary value
problems.

𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 = 0, (21)

𝑢𝜕𝑢
𝜕𝑥 +𝑣𝜕𝑢

𝜕𝑦 = −1
𝜌

𝜕𝑃
𝜕𝑦 +𝜇𝜕2𝑢

𝜕𝑦2 − 𝜕
𝜕𝑦 < 𝑢′𝑣′ > . (22)
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Table 1. Comparison of HWIOMM solution to the exact solution and RKF45 solution for 𝑁 = 16 of test problem 2.5.1
𝜂 Exact solution HWIOMM

Solution
HWIOMMAbsolute error RKF45

Solution
RKF45
Absolute error of

0.031250 0.01562500000 0.01562500005 5.646E-11 0.014865804 7.591E-4
0.093750 0.1406250000 0.1406250001 1.694E-10 0.138346271 2.227E-3
0.156250 0.3906250000 0.3906250002 2.823E-10 0.386825515 3.799E-3
0.218750 0.7656250000 0.7656250003 3.952E-10 0.760303990 5.321E-3
0.281250 1.265625000 1.2656250005 5.082E-10 1.258782071 6.842E-3
0.343750 1.890625000 1.8906250006 6.211E-10 1.882259977 8.365E-3
0.406250 2.640625000 2.6406250007 7.340E-10 2.630737800 9.887E-3
0.468750 3.515625000 3.5156249992 7.792E-10 3.504215572 1.140E-2
0.531250 4.515625000 4.5156249991 8.502E-10 4.502693302 1.293E-2
0.593750 5.640625000 5.6406249990 9.499E-10 5.626170994 1.445E-2
0.656250 6.890625000 6.8906249989 1.050E-9 6.874648656 1.597E-2
0.718750 8.265625000 8.2656249988 1.150E-9 8.248126297 1.749E-2
0.781250 9.765625000 9.7656249987 1.249E-9 9.746603934 1.902E-2
0.843750 11.39062500 11.390624998 1.349E-9 11.37008159 2.054E-2
0.906250 13.14062500 13.140624998 1.450E-9 13.11855928 2.206E-2
0.968750 15.01562500 15.015624998 1.550E-9 14.99203705 2.358E-2

Fig 1. Results of HWIOMM and RKF45 with the exact
solution of test problem 2.5.1

https://www.indjst.org/ 1052

https://www.indjst.org/


Shiralashetti et al. / Indian Journal of Science and Technology 2025;18(13):1046–1058

Table 2. Error analysis 𝐿∞ of HWIOMM solution for the test problem 2.5.1
𝐽 𝑁 𝐿∞
2 08 1.75482E-8
3 16 1.54999E-9
4 32 3.93754E-10
5 64 3.98396E-10
6 128 4.14358E-10
7 256 4.70911E-10

Fig 2. Formation of turbulent boundary layer

Here, 𝑢 and 𝑣 are the velocity components, representing the mean stream-wise and mean wall-normal velocities respectively,
along 𝑥 axis and normal direction parallel to 𝑦 axis. 𝜇 indicates kinematic viscosity, which depends on the temperature of the
fluid, 𝑑𝑃

𝑑𝑥 is the pressure gradient, 𝜌 is the density, and< 𝑢′𝑣′ > is an additional stress known as the apparent stress of the fluid.
In turbulent flow, total stress is made up of regular viscous stress and apparent stress or Reynolds stress. Initially, fluid near the
wall will be at rest, which means velocities 𝑢 and 𝑣 are zero. As the fluid resides from the wall as 𝑦 → ∞ velocity 𝑢 is equal to
free stream velocity 𝑈. Thus, boundary conditions for the boundary layer equation will be, 𝑢 = 𝑣 = 0 when 𝑦 = 0 and 𝑢 → 𝑈
when 𝑦 → ∞. At constant pressure, and using the Boussinesq approximation for turbulent shear stress, Eq. (22) reduces to,

𝑢𝜕𝑢
𝜕𝑥 +𝑣𝜕𝑢

𝜕𝑦 = 1
𝜌 (𝜇+𝜇𝑡) 𝜕2𝑢

𝜕𝑦2 . (23)

Where 𝜇𝑡 is eddy viscosity, which is a function of flow and 𝜇 is a function of temperature.
We transform Eq. (23) to a suitable form, by considering the stream function 𝜓 we have,

𝑢 = 𝜕𝜓
𝜕𝑦 ,𝑣 = −𝜕𝜓

𝜕𝑥 . (24)

Introducing similarity variable 𝜂 and stream function 𝜓 as,

𝜂 = 𝑦
𝛿 = 𝑦

( 𝜇𝑡
𝜌𝑈 )

1
𝑛 𝑥

𝑛−1
𝑛

, and 𝜓 = −∫ 𝑢𝑑𝑦 = −𝑐(𝜇𝑡
𝜌 )

1
𝑛 (𝑈𝑥)

(𝑛−1)
𝑛 𝑓(𝜂). (25)

Using Eq. (24) and (25) simplified equation is,

𝑓‴(𝜂)+⎡⎢
⎣

𝛼ℜ
𝑛−2

𝑛 ⎤⎥
⎦

𝑓(𝜂)𝑓″(𝜂) = 0. (26)
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Defining Reynolds number ℜ as ℜ 𝜌𝑈 𝑥
𝜇𝑡

and 𝛼 = 𝑐2 (𝑛−1)
𝑛 . Since 𝑐 ≠ 0 for all 𝑛 > 2 this implies 𝛼 > 0. Boundary conditions

are 𝑓(0) = 𝑓′(0) = 0,𝑓′(∞) = 1.
Consider the generic turbulent boundary layer fluid flow equation given in Eq. (26), along with its boundary conditions.

As discussed in section 2.4, a similar procedure is followed for solving the considered fluid problem of the turbulent boundary
layer. We obtain a nonlinear system of algebraic equations. By using collocation points 𝜂𝑟 = (2𝑟 −1)/2𝑁,𝑟 = 1,2, ...,𝑁, and
substituting values of 𝑓(𝜂), 𝑓″(𝜂) and𝑓″(0) in Eq. (26), we obtain the following equation.

𝐴𝑇 𝐻(𝑥)+𝛼ℜ
𝑛−2

𝑛 [𝑥2

2 +𝐴𝑇 𝑃3(𝑥)− 𝑥2

2 𝐴𝑇 𝑃2(1)]+1+𝐴𝑇 𝑃1(𝑥)−𝐴𝑇 𝑃2(1) = 0. (27)

Newton’s method (17) is applied to solveN nonlinear algebraic equations of Eq. (27) and unknownHaar wavelet coefficients are
obtained. Substituting these unknowns, the numerical solution of equations 𝑓(𝜂),𝑓′(𝜂),𝑓″(𝜂) can be determined.

3 Results and Discussion
In this present analysis, the HWIOMM is developed for the numerical solution of nonlinear differential equations of turbulent
boundary layer. Initially, a test problem with exact solution is solved to validate the proposed method. The results obtained
by HWIOMM are highly accurate and convergent, even with a small number of grid points. It has been observed that the
HWIOMM solution is very close to the exact solution, demonstrating significantly better accuracy compared to the RKF45
method. From Table 1, 2 and Figure 1, it is clear that the HWIOMM solution shows strong agreement with the exact solution.
Further, HWIOMM is utilised for solving turbulent boundary layer fluid flow problem.The equation derived in Eq. (26), along
with the boundary condition, represents an enhanced Blasius equation for turbulent flow. For 𝑛 = 2 equation simplifies to the
general equation for Streamline flow given by Cortell (18). We obtained the solution of the equation for 𝛼 = 1

2 by HWIOMM
and our results are observed to be very close to those obtained by Howarth (19).

To validate HWIOMM and the generalized Blasius equation. The solution given by Howarth (19) and the numerical solution
obtained are presented in Table 3 and Figure 3.

Table 3. Comparison of 𝑓,𝑓′,𝑓″ values by HWIOMM for 𝑛 = 2∧𝛼 = 1
2 with Howarth’s (19) results

𝜂 HWIOMM Howarth’s (19) result
𝑓(𝜂) 𝑓′(𝜂) 𝑓″(𝜂) 𝑓(𝜂) 𝑓′(𝜂) 𝑓″(𝜂)

0 0 0 1.3282 0 0 1.3282
0.1 0.0066 0.1328 1.3281 0.0066 0.1328 1.3280
0.2 0.0265 0.2656 1.3245 0.0265 0.2655 1.3259
0.3 0.0597 0.3984 1.3183 0.0597 0.3979 1.3203
0.4 0.1061 0.5312 1.3077 0.1061 0.5294 1.3095
0.5 0.1656 0.6641 1.2914 0.1655 0.6598 1.2920
0.6 0.2381 0.7969 1.2685 0.2379 0.7876 1.2664
0.7 0.3230 0.9297 1.2383 0.3229 0.9125 1.2315
0.8 0.4209 1.0325 1.1878 0.4203 1.0335 1.1867
0.9 0.5316 1.1445 1.1330 0.5295 1.1495 1.1317
1 0.6536 1.2682 1.0684 0.6500 1.2595 1.0670

Fluid model describes the turbulent boundary layer flow at high Reynolds numbers, where Reynolds number plays a trivial
role in determining flow characteristics. Usually flows with high Reynolds number is considered to be turbulent. Based on
Reynolds number flow regimes can be analysed. If the Reynolds number is less than 2000, the flow is considered to be laminar,
for a Reynolds number more than 4000, the flow is turbulent. And Reynolds number that falls between 2000 and 4000 is
categorized as transitional flow. Thus, flows with a Reynolds number greater than 4000 are considered to be turbulent flows.
For specific𝛼acceleration is analysed for higher Reynolds numbers and is shown in Table 4.

From Figure 4, it can be observed that for 𝛼 = 0.14112∧𝑛 = 5, acceleration increases with an increase in Reynolds number.
Similarly, for𝛼 = 0.0128 ∧ 𝑛 = 9. It is observed that due to the greater momentum of fluid particles, there is a rise in inertial
force and a reduction in viscosity. As a result, acceleration increases with the increase in Reynolds number and acceleration
less increases with the rise of the integer number𝑛. To analyse the velocity profile of the governing equation, HWIOMM is
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Fig 3. Result of 𝑓,𝑓′,𝑓″ by HWIOMM for 𝑛 = 2∧𝛼 = 1
2

Table 4. Comparison values of 𝑓″(0) for 𝛼 = 0.14112∧𝑛 = 5 and 𝛼 = 0.0128∧𝑛 = 9
Reynolds no. Re Value of𝛼𝑅𝑒 𝑓″(0) for 𝛼 = 0.14112∧𝑛 = 5 𝑓″(0) for 𝛼 = 0.0128∧𝑛 = 9
5000 23.3868 2.2735 1.5090
10000 35.4477 2.6001 1.9154
20000 53.7287 3.0636 2.5031
30000 68.5269 3.4501 2.9319
40000 81.4375 3.79 3.2803
50000 93.1044 4.098 3.5791
60000 103.8674 4.3645 3.8435
70000 113.9324 4.527 4.0757
80000 123.4362 4.6411 4.2101

implemented.The comparison of velocity with high Reynolds numbers for various values of 𝑛 is given. It is observed that there
is an increase in velocity with an increase in Reynolds number and less increase in velocity with an increase in 𝑛 shown in
Figure 5. The study emphasises the relation between the Reynolds number and the changing behaviour of fluid systems from
laminar to turbulent flow. In laminar flow, acceleration typically rises as the Reynolds number does. However, in turbulent flow,
drag resistance and energy loss cause the acceleration to gradually decrease as the Reynolds number rises after increasing to a
certain point, observed in Figure 6.

4 Conclusion
In this article, the Haar wavelet integration operational matrix method (HWIOMM) is developed to solve turbulent boundary
layer equations under the consideration of a constant pressure gradient. Initially, we present nonlinear BVP having an exact
solution to justify the proposed method. The HWIOMM is validated by contrasting the outcomes with RKF45, and our results
show that the HWIOMM solutions are more accurate and closely aligned with the exact solutions. Furthermore, we analyze
the error rates at different levels of resolution, and it is observed that HWIOMM exhibits a lower error rate, even with smaller
grid points. The considered turbulent flow problem is solved using HWIOMM for 𝑛 = 2∧𝛼 = 1

2. The acquired solutions are
contrasted with the existing numerical findings, and the results are found to be more accurate and coincide with existing
literature. The study of acceleration for higher Reynolds numbers for specific values of 𝛼has been examined and noted that
the acceleration increases with an increase in Reynolds number. Further, is found to increase with the increase in Reynolds
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Fig 4. Variation of acceleration for increasing values of
Reynolds Numbers

Fig 5. Variation of velocity for increasing values of Reynolds
Numbers

https://www.indjst.org/ 1056

https://www.indjst.org/


Shiralashetti et al. / Indian Journal of Science and Technology 2025;18(13):1046–1058

Fig 6. Variation of acceleraton for increasing values of
Reynolds Numbers

number and after reaching a certain limit acceleration gradually drops with increasing Reynolds number.The presented results
imply that the method provides an efficient, reliable and simple method for solving such complex problems.
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