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Abstract

Objectives: An examination of convergence for a sequence of closed sets in
Neutrosophic Metric Spaces is the main goal of this research. Particularly, the
focus of this study is directed at Wijsman! -convergence (WIC) and Wijsman/*-
convergence(WI*C). Methods: The various properties of Neutrosophic
Metric Spaces are investigated in this study. Using exact mathematical
techniques, this study comprehends the features of convergent sequences
in these domains. Furthermore, this study expresses particular views on
Wijsmanl -Cauchy(WICa)and Wijsman/*-Cauchy(WI*Ca) sequences. Findings:
The convergence behaviour of closed sets in Neutrosophic Metric Spaces is a
result of this research. it presents findings and remarks about the sequences
of Wijsmanl- convergence, WijsmanI*- convergence, Wijsmani-Cauchy, and
Wijsmanr*-Cauchy. These findings improve the current understanding of
convergence in relation to NMS. Novelty: What makes this work unique
is that it focuses on convergence notions in Neutrosophic Metric Spaces,
specifically on WijsmanI and WijsmanI*- convergence enriches the current
body of information in this domain.

Keywords: Neutrosophic Metric Spaces; Wijsman | convergent and Wijsman

| ¢ convergent sequences; Wijsman | ;Cauchy and Wijman | Cauchy sequences

1 Introduction

Kisi(" started the hypothesis of factual combination. It is a very compelling device
to concentrate on the combination of mathematical issues in grouping spaces by the
possibility of thickness. Factual assembly among the series of sets was analysed by
Granados et al.®. Granados® prevailed with regards to summing up the factual union
and presented the idea of an ideal I -combination. Dundar et al. @ dissected I- and I*-
union for twofold successions. Zadeh ® first proposed the fuzzy sets concept in 1965,
and therefore it has found varying uses in the realm of valid semantics. Atanassov(®,
subsequent to summing up the fuzzy sets, likewise presented the idea of IFSs in 1986.
Park? did an itemised assessment of the possibility of intuitively fuzzy metric spaces.
Some of the many applications of fuzzy metric space® and fuzzy sets in the hard
sciences include fixed-point hypothesis testing, image as well as
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signal processing (including clinical navigation and imaging), and more. In addition, measurable combination, optimal
assembly, and various attributes of groupings in IFNSs were analysed by Mursaleen et al.(®) and Pancaroglu AK in et al.(!?,
In the following, Jeyaraman et al. and Sowndararajan et al. proposed the Neutrosophic Metric Spaces concept and outlined
several fixed-point solutions '), Researchers have since begun to work on distance spaces built over neutrosophic sets (13-1%
The idea of the union of successions of focuses has been stretched out by a few creators to a combination of groupings of sets 1.

In this study, the Wijsman assembly concept1”:!8) is one such extension that is examined. The union of set groups was
extended to quantifiable mixing by M. Sen and M. Et.1”), who also provided a few key theories. Wijsman always looks
into the regularity and features of sequences of sets that show triple ideal convergence. This helps us understand important
aspects of convergence properties *?), Moreover, Isi’s ) study on *Ideal Convergence of Sequences in Neutrosophic Normed
Spaces’ contributes fresh insights into convergence within neutrosophic normed spaces, providing unique perspectives in this
specialised mathematical field.

Verda G urdal’s®? research delves into the examination of generalised statistical limitpoints for triple sequences within
random 2-normed 3 spaces, offering valuable insights within this particular mathematical realm. In a collaborative effort, Ayhan
Esi, Vakeel A. Khan, Mobeen Ahmad, and Masood Alam®?) present significant findings on Wijsman Ideal Convergence in
Intuitionistic Fuzzy Metric Spaces, enriching our understanding of Wijsman ideal convergence in the context of intuitionistic
fuzzy metric spaces.

While some of the findings shown here are quite similar to the research emphasis at the right place, the confirmations often
use a different method. Only when I and I*are admissible Ideals some of the results are true. In order to support the main result,
we have the required conditions that / is admissible ideal and the neutrosophic space must be separable.

2 Methodology

Definition 2.1. 'Y Let M be nonempty set, 17, @ and p be fuzzy sets on M2 x (0, ) , * be a continuous t-norm, ¢ be a continuous
t-conorm and & be a continuous t-conorm. So, the 7-tuble(M,n, @, p,*,¢,®)is known as an Neutrosophic Metric Space (
NMS) if the following requirement are met: for “every A,z > O and y,z,w € .#

O n(zA)+e(,z,A)+p(yz,A) <3,

(i) n(yz,A) >0

(iii) n (,z,A) =1, ifand only if y = z,

() N(.2.2) = N(2.0, 1)

™) n»zA)=n(zwit) <nly,wA+1)

(vi) 1 (3,2,.) : (0,00) — (0, 1) is continuous and /llin N (y,z,A) =1 forevery A >0

(vii) @(y,z,4) < 1

(viii) ¢ (y,z,A) = 0 if and only ify = z,

(ix) (P(y727)~) = (p(Z7y7)‘)’

®  e(z,A)00(z,w,t) > @(y,w, A +1)

(xi) @ (y,z,A) : (0,00) — (0,1) is continuous){iﬁm ©(y,z,A) =0 forevery A >0

i) p(y,2,4) <1,

(xiii) p (y,z,A) =0ifand onlyify =z,

xiv) p(1,2,4) = p(z, 3, 4),

) p(v,z,4) @ p(z,w,t) > p(y.w,A +1)

(xvi) p (,2,.) : (0,00) — (0,1) is continuous/{i_;}n p (y,z,A) =0 forevery A >0

(xvii) If A <0, then 1 (y,2,4) =0, ¢ (y,z,A) =l and’p (y,z,A) =1
In such situation, (1, ¢, p) is called the NM.

Example 2.2.('7) Suppose(M, d) is defined as metric space. Define
axb =ab,aob=min(a + b,1}and a® b = min(a + b,1}
foreverya,b € [0,1].

Suppose 1, and p are fuzzy sets on M? x (0,0) defined as

nzi)= AJ}Z ;01 2,8) = Aﬁ,(y)z)andp(y,z A)=

Then (M, n, @,*,0,®) is an NMS.
Definition 2.3.(7) Let(M,n, @, p,*,o,®) be NMS where C is defined as M nonempty subset. For everyA > 0 and x € M,
we define 7 (x,C,A) = sup {n (x,y,s) :y € C},

o)

https://www.indjst.org/ 72


https://www.indjst.org/

Johnsy & Jeyaraman / Indian Journal of Science and Technology 2024;17(SP1):71-78

¢(x,C,A) = inf{Q(x,y,s) 1 y

€ €}and p(x,%,A) =inf{p(x,y,s) : y € €}
andp (x,C, A)is in conclusiveness degree of xto C at A,

Definition 2.4. 17) Let (M, 1, ¢, p, *,0,®) be NMS. A sequence x = (x;) is convergent to & if for any 0 < € <0 and s >0
so kg € N ina form that  (x, E,A) > 1—€,0 (x,&,4) < egand p (x,&,4) < € for all k > k.

Definition 2.5.7 A NMS (M, n,@,p,*,o,® )is separable if and only if it has a dense subset, which can be counted
{xr} as well as subsequent property: for everyA > 0 and for every & € M, there exists atleast one x, so that 1 (x,,§,1) >
1—€, @(x;,E,A) <eandp (x,,E,1) < g,foreach e € (0,1).

, where @ (x,C,1), is non nearness degree, 1 (x,C,A)is nearness degree

3 Results and Discussion

In the following section, I is denoted as admissible ideal in N. First, let’s agree on some common terms.

Definition 3.1. Let (M, 1, @, p,*,¢,$) be an NMS. A sequence of sets (Cy } is known to be Wijsman convergent to Cif € > 0
ands >0 kg € N so that

limy_co n (x’CkvA’) = n(x’(gvﬂ’)alimkﬁoo ¢ (x>Ck,)“) = (p(x,C,l)

kll_)m p (x,Ci,A) =p (x,C,A) forall k > ky.

In this context, L(c, ) refers to the collection of all Wijsman limit points for the sequence{Cj }
Definition 3.2. Let us consider (M, 1,9, p,*,0,H)be NMS and I be proper ideal in N. A sequence {C.} of nonempty closed
subsets of M is called as WIC to C with regards to NM (1,9, p) , if for every 0 < € < 1, for each x € M and for all > 0 so that
keN:|n(x%é,A)—nkx,E,A)| <1—¢€or
|@ (x, 6, A) — @(x,¢,1)| > € and €3
|P (xvgkvl) _p(x7<g’/’l‘)| > €
We write (1,0,p) — I, —klinzoCk =C.

Example 3.3. Suppose (M, 1,9, p,*,0,®)isan NMSand C, {C;} isan nonempty closed subsets of M. Assume M = R*along
with {Cy} are sequence described by

(x7y)€R2:O§x§k,O§y§ X, if k#n? >

= >

Cl ((x,y)ERz:xZO,yzl7 if k=n? C={(xy) €R" :x>0,y=0}

Since
{n<k:n((xy),%A)—n((xy), 7 A)| <1-¢
limgsep | or [@((0,),6A) = @((x,y), %, 4) >} |=0
and |p ((x,y),6,A) —p((x,y), ¢, 4)| = €

So, {Cy} sets’ sequence is Wijsman statistical convergent(W StC) to set C.

1 ((6,3), %k A) =n((x,3), €, A)[ < 1-¢
S(e)=qkeN: or|o((x,y), €. 1) —o((x.y), €, 1) = €

and |p ((xvy)v(gkv}’) —p((x7y),(£,l)| > €
If we considery = J,; then the (WStC)coincides with the Wijsman ideal convergence. Therefore

(N((%,9),C x,A) —n((x,y),C,A)| < 1—¢€
keN : ((p((a)cka ) (P(( ay)C)L)|ZE :(kENZk:nz}CId.

and (p((x y) Ci, A ) p((xay)vcal” > €

Definition 3.4. Let (M, n, @,p, *,0,®) be separable NMSwhile J be admissible ideal in N. A sequence (Cy} of nonempty closed
subsets of M is called as WICa with regards to NM (1, ¢,p), if for each 0 < € < 1, for every x € M and A > 0, there must be
(n((xay)vckaz') - n((xay)vc‘?l” <l-e¢
I=1I(¢)suchthat < ke N :  or (¢((x,y),C,A)—@((x,y),C,L)| > € el
and (p((x,y),Ck,A)—p((x,y),C,A)| > €
Definition 3.5. Let (M, n,,p,*,o,®) be separable NMSwhile (Cy.} is nonempty closed subsets of M. A sequence (Cy} is
called as WI*Ca with regards to NM (1, ¢, p) , if there exists
P={p=(pj):pj<pj+1,j € N} CNand P € Z(J) with the result that the subsequence €, = { %, } is Wijsman Cauchy
in M, that is,
i (1 (5,Cy 1) = (5.Cy )] = 1, lim (9., 2) (5 2) [ =

and lim (p (5.Cyy.2) —p (5.Cp )| =0.
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Definition 3.6. Let (M,n, @, *,0,®) be separable NMS whilel be proper ideal in N.Let us consider (C} be M.nonempty
closed subsets. (C;} sequence is called as WI*C to C with regards to NM (1, @, p), if there existsP € F (I), where
P= {p =(pj):pj<pj+1,J € N} C N therefore, for each s > 0, we have
Lim1(x,Cp ) = 1 (,C. ), [im 9(x,Cpy,2) = @ (5,C. )and
—yo0 —o0
klimp(x,Cpk,l) =p (x,C,1).
—yo0
In such case, we have to write (n, @,p) — I, — limC, = C.
Following is a theorem that demonstrates this point, and we can show that each WIC denotes the WICa condition in NMS.
Theorem 3.7. Let (M, 1,9, p,*,0,®) be separable NMS. Let I be arbitrary admissible ideal. Hence, each WIC sequence of
closed sets (Cy} is WICa Regarding NM (1, ¢, p).
Proof. Suppose (1,¢,p) —1,, fklika =C.
—yo00
Then, for every 0 < € < 1, for allA > 0 and x € M, the set
\77 (xfng,) - TI(X»%JN <l-e¢
U(e,s)=1 keN:or |o(x,6,A)—o(x,€,1)| > ee
and ‘p (x,%(,l) _p(xacg7)t)| > €
belongs to /. Thus / is an admissible ideal, so kg € N must bewith the result that
ko € U (€,s) . Now, suppose that

|T[ X, 6, A T](x‘ﬁko, ) <1-2¢
V(e,s)=¢ keN: or|p(x Cgk, )= ¢ (x, 6, A)| >2e ..
and |p (x, 6k, A) — (x,‘gko,l) >2¢

Considering the inequality
N (x, G A) =0 (x, 6, A) | < 10 (x, G A) = (6, CA) |+ |1 (x,Ghy A) —1(x, €, 1))
|<pd(x,%,/l)—<p(xffkwl)\ > 9 (0, %0 A) = (.6, A) [ +[9 (x, Gy, A) — 0(x, €, 4))|
an

[P (6, %1 A) = p (2, %, A) [ > [p (x, G0, A) = p(x, €, A) | + [P (x, G, ) = p(x, %, )|
Observe that if k € V (,s), therefore

|TI (x7cgk72') - Tl(x7<57)~)| + ’n (x7(gk07)~) - Tl(x7(5»l)|
’|(p(x7(£kvl)_¢(xa%7)’>|+ }q)(x,(gko,l) —(p(xfg,ﬂ,)’

and|p (xvcgkvﬂ’) _p(xvcgaz’ﬂ + |p (x7<€k07)~) —p(x’cf A’

From another point of view, since ko € U (&, s) , we obtain

>

>

< (1-2¢)
>2¢
)| > 2¢e

|n (X,Cko,)l,) —-n ()C,C,A,)| >1—g,
|(P(X7Ck07)‘)_(P(x7C7)’)| <é€
and ‘p (x7CkO7)‘) —-p (X,C,)u)| <E&.

We get |T' (X,Ck,l) -1 (x,C,)L)| <l-g, |¢(X7Ckal) - (p(x,C,7L)| > €
’ and |p (x,Cx,A)—p (x,C,A)| > €.

Hence k € U (g,s).

This implies that U (g,s) C V (€,s) € I, for every 0 < € < 1 and for all A > 0 and x € M. Therefore, V (€,s) € I,whereas
sequence is {Cy} that is Wijsman I- Cauchy.

Theorem 3.8. Let us consider (M, n, @, p,*,0,®) be separable NMSwhilel be an admissible ideal. Therefore, each closed
sets sequence WI*Ca is WICa.

Proof. If we assume that sequence (Cy} is WI*Ca to NM (1, @, p) . Then for each x € M and for every 0 < € < 1, there is
PeF(I), here

pP= {p (pj) pj<pj+1,]€N}1nawaythat

1 (0,CpA) =1 (x,Cpp A)[ S 1=, [ (x,CppsA) = (x,Cpp A) | 2 €
and ’p (x,Cpk,l)—p(x,Cpl,),) > =ko(€)
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Suppose N = N (€) = py,+1. Therefore, for each € > 0, one obtains

N (x,Cp.A) =1 (r.Cy, A) | < 1—e,
|9 (x,Cppo ) — @ (x,Cn,A)| >
and |p (x,Cp,A) —p (x,Cn,A)| > &

Now let us assume that K = N\ P.Obviously, K € I

M (x,Ci,A) — N (x,Cy,A)| < 1 —¢
Q(g,A)=qkeN: or|pkxC,A)—@xCy,A) =€ » CKU{p1,p2,.... P}
and |p (x,Ci,A) —p (x,Cy,A)| > €

Hence, for all A > 0 and for each 0 < € < 1, one can determine N = N(¢) so that Q (g,1), that is sequence {Cy } isWICa.

Theorem 3.9. Let us consider/to be an admissible ideal with(AP) property as well as (M, 1, @, p, *,©, ®)be separable NMS.
Hence, WI*Ca sequence of sets’ idea matches with WICa in that regard to NM (1, ¢, p).

Proof. In the preceding Theorem, we proved the direct part.

Let us assume that sequence {Cy } isWICa sequence in that regard NM (1, @, p) . Then by definition, if for every 0 < € < 1,
for every x € M andA > 0, there is a m = m(¢) such that

|n(x’CkaA‘)7n(x7Cnva’)‘Slig
B(g,A)=<¢keN: or |o(xC,A)—¢(x,Cy,A)| > € el.
and ‘p(X,Ck,A)_P(X7Cn,)~)|28

Now, suppose that
|n (x,Cr,s)—1 (x7ij,s)| >1-— %
Pi(e,A\)=XkeN: or ‘(p(x,Ck,k)—(p(Lij,l)’ < f ,
and ’p (x,Cr,A)—p (x,CmJ.J»H < §
where m; —m( ) j=1,2,3,..., Obviously, for j=1,2,3..., Pj(g,s) € F(I).
Utilizing Lemma,P C N, in this way that P € F (I)while P\ P; represent a finite set for any j.

This is a case when we can finally demonstrate
kl[li?;lm|n (x7Ck7)’> -1 ()C C],A)| = 1’ llm |(p(xacka2') ()C Cla )| -

and lim |p (x,C, 1) — p (x,C,A)| =

k,l—o0
Exemplifying the aforementioned equations, let € > 0, r € NIn this way, r > %
If k,I € P, so P\P; is finite set; hence, w = w(r) such that

1 1
‘n(x7ckux’)_n (X,C[r7)~)| >1- ; ) |77(X7Clal)_n (X7C[,.,)~)| > 1_;

|0 (x.Ce, 1) =@ (x.C . A) < 5 \rp(sz,/l)—w(x,Cz,,l)l<%,
and|p (x,C,A) —p (x,C;,,A)| < L [p (x,C,A) —p (x,Cp,, A)| < L, forall K, > w(r).
Then, the above inequalities follow that for k,7 > w (r)
|77 (X,Ck,)t) _n(xacla/l” < |77 (xvckvl)_n (X7Clr’/l)|+ (77 (xvcl’a')_n (X,C[r,l”
>(1-D+(1->1-¢,
|(p(x,C€k,l)—(p(x,%,,k)|g|(p(x7<€k71)—(p(x,‘flr,l)|+|(p(xf€hl)—(p(x,‘fl”l)\

<i+l<e

and ‘p (X,Ck,ﬁ,) —p (X,Cl,l)| < |P (xvclﬁ)“) —p (x,C],_77L>| + Ip (x7Cl’2’) —p (x,Clr,l)l
1,1

<;+5<Ee&

Therefore, for each € > 0, therefor w=w(¢g), k,l € P € F(I),

We get

|q)(x7(gk7)‘) - (P(x,%,l” > €
and |p (x7(€kvl) _p('xvﬁva’)‘ > €
This clearly demonstrates that sequence{Cy} is WI*Ca.

{ keN:|n(x,%,A)—n(x,%6,A)| <1—¢or }
€g
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Theorem 3.10. Let us consider (M, N, @,p,*,o,d) be separable NMS and I be an admissible ideal. Therefore (1, ¢,p) —
I’ — lim C, = C indicates that sequence {Cy} is WICa sequence regards to(n, @, p).

k—yoo
Proof. If we suppose (1,¢,p) — I —klika =C.
—o0
Therefore,
P={p=(pj):pj<pjs1,j € N} CNwith P € Z(J) so that ¢, = {%, }
klimn(x,Cpk,l) n(x,C,1) klzm(p(x CpsA) =0 (x C,)L)andklimp(x,Cpk,l) =p (x,C, 1), for any € > 0 and k,l > k.
—o0 —>0 —ro0

Let’s assume » € N and € > 0Oin a form thatr>%.

Ifk,I € P, then P\p; is described as finite set; thus, k (r) = k so that

1 (%, € 2) =1 (x.Cp, A) | < [N (2, Cp A) =N (6, C,A) |+ |1 (x,Cp,4) =1 (x,C, )|
>(1-H+(1-1)>1-¢,

|<P(xCpk77L) 9 (x:Cp )| < |9 (x.CpA) =@ (. CA)[ + |9 (x,Cpy ) =9 (x.C. )|

<= + <€

and‘p (x Cpk,ﬂ,) p(x,Cp“l)‘ < |p (x,Cpk,l) —p(x,C,l)| + |p (x,Cp,,l) —p(x,C,l)|
<= + < E.

Therefore lzm |n (x Cpk,l) (x,Cpl,QL){ =1,

Jin (9(5.Cp2) — 9 (5.Cy )| = Oand fim (p (G 1) —p (5:Cy 1) -

Hence, sequence {Cy} isWICa with respect toNMS (1,9, p).

In the whole subsection, we refer to I as admissible ideal in N, describe Wijsman /- cluster along with /- limit points of the
sequence of sets in NMS, and draw certain conclusions from these definitions.

Definition 3.11. Let (M, n,Q,*,0,®) be separable NMS. So C € M is called as WI-cluster point of {Cy } if and only if any
x € Mand for all € > 0,

keN: |n(x%,A)—nx%E,A)|<l—¢gor
\(p(x,%,l)—(p(x,%,l)|>8 ¢3
and |p (x, 6, A) —p(x,C,A)| > €

We define IJ19) (['(c,}) as the setof everyW1 -cluster points.

Definition 3.12. Let us consider (M, 1, @, p, *,0,®) be separable NMS. C € M is called as W1 -limit point of sequence{Cy }
of nonempty closed subsets of Mgiven that

P = (p =(pj):pj<pj+i,j € N} C N in form that P & I, as well as for every x € M along with A > 0, so we get

kll—ttlon (xa Ckaa‘) =1 (X,C,l) ’kll—ttlo(p (X, Ckal) =0 (x,C,?L)and ]{li)n;lop (x, Ck,l) =p (X,C,A«) . We denote I&:’L(P’p) (A(Ck}) as all

WI-limit points collection.
Theorem 3.13. Let us consider (M, 7, @,p, *,0,®) be separable NMS.So, for all,

(G} C lev(vn.q)’p) (F(Ck}) - IV(Vn‘D’P) (F<Ck}) .

Proof. Suppose C € 1(’1 0:p) (F(Ck}) . Then there existsP = (p; < p2 < ...} C N such that
P= (p— (Pj):pPj<Pj+1,] GN} ¢ I and forall A > 0 and x € M, we have
klimn (x,Cpk,l) =1 (x,C,l),klim(p (x7Cpk,),) = ¢ (x,C,A)and
o —oo

limp (x,Cpy, 1) = p (x,C,2) (4.3.1)

According to Equations (4.3.1), there exists kg € N so that for each € > 0 and for any x € M and > kg .
1N (x,Cps2) =N (x,C,A)| > 1—8,|@ (x,Cpp . A) — @ (x,C,A)| <€
and‘p (x,Cp ) — (x,C,l)’<8.
Hence, {k €N : |n (x,Cp,,8) =N (x,C,5)| > 1—¢€, |9 (x,Cp, A) — @ (x,C,A)| < &
|p (x,Cp, A) —p (x,C,A)| <€} D
keN:|n(x,p,,s) —n(x,C, s)] >1—¢,
{P\pl,pz,...pk0}~ |(P(.X Cgpk,l) (.X )|<8 ¢3
P (. Cp, A) —p(x,€,2)[ <€
Which means that C € van’(p’p) (F{Ck}) .
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Theorem 3.14. Let us consider (M,n,9,p,*,0,®) be a separable NMS.In that case, for any sequence {C;} C
(n,9.p)
M, 17 (Tey) € Ly
Proof. LetC € van’(p’p) (F(Ck}). Then for each € > 0 and for all A > 0 and for each x € M,

keN: |n (x7(€k7l)_n('x7(gal)| < 1_87
|(p(x,‘€k,l)f(p(x,‘5,l)|>£ ¢j
|p(x,$€k,l)—p(x7<€,l)| > €

Suppose,
1
|77 <x><€k>l) _Tl(x7(5»)~)| >1- E7
1
0= keN: [o(n%h,A)—9(r,4) < ¢

p (66 4) P €. 2)] < ¢
for k € N. (O }1._,contains subsets list of N in decreasing order.
Therefore, Q = {k = (k; < ki+1,i € N) €I so that

limg e 1 (x, ‘fki,l) =n(x,%,A),limg_ @ (x,‘fki,k) =o((x,%,A)
and klZCLOp (x,Cki,),) = p (x,C, A1), which means that C € L¢,).

4 Conclusion

This study has investigated a variant of ideal union, named Wijsman / and I*-convergent sequences of closed sets, in NMS. We
examined new combination ideas for Wijsman/ and I*-Cauchy sequences of closed sets in NMS. We analzed some results for
admissible ideals in NM S and acquired a few significant outcomes. Furthermore, Wijsman /,-limit focuses along with Wijsman
b -cluster points of closed set sequences progressions in NMS have been described. We can apply all the results of the current
study and introduce new theories in different spaces like neutrosophic normed linear space, locally solid Riesz space and so on.
Once proved the completeness of the space, obtaining a fixed-point theory in the respective space will become easier.
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