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Abstract

Objectives: This research aims to introduce a pair of fractional powers of the
generalized Hankel-Clifford transforms and their associated differential oper-
ators. The study also seeks to explore these differential operators' charac-
teristics in Zemanian type spaces. Methods: This study used a mathemati-
cal approach to establish and examine the fractional power of generalized
Hankel-Clifford transformations. Apart from this we also study the behavior
and properties of differential operators on Zemanian type spaces. Findings:
The study reveals some properties and behaviors of the differential operators
with respect to the fractional power of generalized Hankel-Clifford transforms.
These results provide an understanding of how these operators work within
Zemanian-type spaces. Novelty: The novelty of this research lies in introducing
the fractional power of generalized Hankel-Clifford transforms and the detailed
studies of their differential operators. This work extends the existing knowl-
edge by investigating these operators on Zemanian-type spaces, which has not
been extensively studied before.

Keywords: Fractional Hankel-Clifford Transforms; Generalized Fractional
Hankel-Clifford Transforms; Differential Operators; Zemanian Type Spaces;
Isomorphism

1 Introduction

The study of integral transformations and their associated differential operators has
been for decades an essential component of mathematical analysis. It covers hands-on
methods for solving problems in differential equations, signal processing, and science
and engineering. Hankel-Clifford transform is one of them, and it got attention due to
its utility in solving various boundary value problems and their connections to higher-
dimensional spaces. Later, this transformation was generalized and studied by many
researchers !~*) and our study is motivated by the same.

The primary goal of our study is twofold: first, we introduced and characterized a
pair of fractional power generalized Hankel-Clifford transforms, explaining their
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mathematical properties and relationships to existing Hankel-Clifford transform; second, we investigate the associated
differential operators that naturally arise from these transforms, with a specific focus on their behavior and properties when
applied to Zemanian type spaces which are defined in this paper.

Let us begin with the traditional definition of a pair of Hankel-Clifford transforms of order ;z > 0 was initially introduced
by Betancor ¥and Pérez et.al. ®)which is defined as

(h1,,0)(y) =y [ C, (zy)p(a)dz, 1)

(ha, 9)(y) = [ 2k C,, (zy)p(x)da, )

where C, (zy) = (zy) M2 1.(24/7Y) is the Bessel-Clifford function of the first kind of order y. Later, Malgonde et.al. ©
introduced generalized Hankel-Clifford transformations of order (aw— /3) > —1/2 which has real parameters « and 3, and it is
further investigated by Pansare et.al.”) and is defined by

W) = (h1,a,80) W) =y P [ Co g (zy)e(a)da, (3)

{;(y) = <h2,o¢,6 \IJ)(y) = j(‘)oo ‘ra_B Ca,ﬁ (l‘y)\IJ(.’IJ)d.’I}, (4)
where C, s(wy) is first kind generalized Bessel-Clifford function of the of order o — 3 defined by

—a+f
Cot)= )72 J,_svm.

(5)

Here, we use these generalized Hankel-Clifford transformations to introduce the fractional power of generalized Hankel-
Clifford transformations of order a — b which depends on «a, 3

(10,806 9) W) =FF 0 50 W) = [ KY (2,9)p(x)dz, (6)
where,
)
f(x2+y2)cot9>
0 Va,b,eyo‘_’gca,,e,a,b(xycsc9)6(2 0 #nm
Kl ('Tay> = a—f _ ™ (7)
Y Ca,ﬁ,a,b('ry) 0= 5
o(x—y) 0=nm
And C,, g, p(t) = ()= tBI2 T (2V/1); Ya,b,0 = expli(a—b+1)(7/2—0)]. Similarly,
(W8 0 5,00 W) =08 o 50y W) = [ KS (2,9)¥(2)dz, (8)
where,
)
f(x2+y2)cot0>
0 Va,b,eya_ﬂca,ﬁ,a,b(xycsc9)6(2 0 #nm
K2('Tay) = a—f _ T (9)
T Coz,ﬁ,a,b(xy) 0= 5
d(z—y) 0=nr
Note that
(hg,a’g,a,zﬂ/}) (y) = yaiﬁ (h?,a,,@,a,bQD) (y).
The inverse is defined as,
P= <(h§),a,6,a,b) wﬁ),a,ﬁ,a,b) (@)= 7 K1 (4,2) 8] o 6,0,6 (¥) dy- (10)
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-1 ~ co —0 ~
w: ((hg,a,,@,a,b> wg,a,ﬁ,a,b) (l’):j(‘) K2 (‘rvy)wg,a,ﬁ,a,b(y)dy' (11)
where, ff and Fg are conjugates of K¢ and K respectively. Observe that,

W)= (1 o san?) W) =T o g.ap?) W)= (B3 5002) W),

VW)= (13.0.p.a0?) W)= (" 0 g.ast) @)= (B3" 5.0.5%) W)

If o =a,B =0band 0 = 7/2, then it reduces to Equation (3) and Equation (4). The fractional power of generalized Hankel-
Clifford transforms are periodic of period 27 with respect to 6.

(hﬁfsyﬂ-ﬁ,a,bgo) (y) = (h?,a,ﬁ,a,b<p> (y>a

(hgfo%jfﬁ,a,bﬁp) () = (hg,a,ﬁ,a,b@> ().

The relation between the generalized Hankel-Clifford transforms and the fractional generalized Hankel-Clifford transform is
as

(h(f,a,,a,a,b@) (y) :7a,b,eya7ﬁfc)oo Ca,B,a,b(I90509)6<%(x2+y2)cow)90($>di
= 7a7b’96(%y2c0t0)(Sz‘ng)afﬁhl7a76 (e(%m200t6)<p(x)) (yesch).

Put, e(#7°¢0t0) (1) = 4(z), then we have,

(h(f,a,ﬁ,a,b [6(7%1:200759)90]) (y) = 7a,b,96<%y2ww)(sma)aﬁg (hl,aﬁ?/’) (yesct) .

Similarly,

(.0 g0 [T 0] ) (1) =, . 0e 3970 (5in0) B (hy , 51)) (yesch).

o Parseval’s Identity

) . o R
/ v B (2) P (z) da = / v (0 5.,00) ) (R 1,000 () do
0 0

is Parseval’s identity for Equation (3) and for Equation (5) we have,

/ xa_sw(x>@($)d:ﬂ:/ yOt—B (hg,a,ﬁ,a,bsp) (y> (EQ,Q,B,a,b(p> (y)dw
0 0

We can also express mixed Parseval’s identity by Fubuni’s theorem, as

%) dr = he © he %) dz.
/0 (.13)’(/)(.27) €z /0 ( 1,a,8,a,b )(y)( 2,a,B,a,b )(y) €
Also,

D; Ca,B (.I) :(_1)TCO<,B+7‘ (.1?), (12)

D[z PTC,, 4. (z)] = 2P C, gy, () Vr €N (13)
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2 Methodology
2.1 Material and Methods

Let us introduce some differential operators correspond to fractional power of generalized Hankel-Clifford transforms followed

by Torre ®as

i o a—fB—a+b+1 —a+B—a+b ( i o >
= |z cot@) S — ——xz?cotf
R1o8.a.b.0 6(2 x 2 D,z 2 e\ 2 (4
i o a—B—a+b —a+pB—a+b+1 ( i, >
= —T cot@) ——x“cotl
S1,a,8,a,b,0 6(2 . D) D.a 2 o2 (15)
Also, the Kepinski-type differential operator is defined as
Al,a,,@,a,b,@:Sl,a,B,a,b,GRl,a,B,a,b,G
; A4 —a+f—a+b oo
= (Loteors) o=fath et foodh (- Jateod) o)
e\2 x 2 D, x* %t D_x
=zD? +[(1—a+B)—2iz2cotd) D, —[(2— a+ B)ixcotd + x3cot?0
a2—|—b2—a2—,@2+2(o¢ﬁ—ab)] (17)
_|_
4z
Similarly,
i o —a+pB—a+b a—pB+a—b+1 ( i, >
- —x cot0> - _— —5x=cotl
RQ’aﬁ’Q,b’g —6<2 T 2 Dm.’L‘ 2 e 2 (18)
T 5 —a+f—a+b a—f+a—b+1 ( (A )
=— |z= cot9> - - - - - - - ——x“cotd
52,0.8,a.5.0 6(2 x 2 D,x 2 e\ 2 19
AQ,a,B,a,b,Q:RQ,a,B,a,b,GSQ,a,B,a,b,G
, B B a—pF—a-+b i
= (Lrteors) Zorfzath arfath (- laeott) (0)
e x 2 D,z %t Dz €
=aD?2 +[(1+a—B)—2iz2cotd) D, —[(2+ a— B)izcotd + x3cot?6
a2+b2a252+2(a5ab)] (21)
_|_
4z
Note thatifa = =0,a=0=0,0 =7/2in Ay , 5 ,p.930d Ay , 5 , 1 o then, in both cases we get
A10,0,0,0,7/2 =xDZ+D,,
A3 0.0,0,0,x/2=2D3+D,.
https://www.indjst.org/ 5068


https://www.indjst.org/

Waphare & Shaikh / Indian Journal of Science and Technology 2024;17(48):5065-5075

’T.hus, Al == AQ.
And for « = 8,a = b,0 = /2 we have,

— 2
l,a,x,a,a,7/2 *xDm +Dma

=aD?2+D,.

2,0,,a,a,7/2
Thus, A; = A,.
Further, one can verify that y = (zcscf) 2% J,_, (2v/zcsch)e(37°¢0t8) is solution of the differential equation

2?2D2y+x[(14a—B)—2iz2cotd] D,y — [zcscd — (2 — a+ B)iz?cotd — xcot?0
+ a2+b2fasz2+2(a67ab):| y=0,

and y = (zcsch) o2 o (2Vzesch)el57°€0t8) s a solution of the differential equation

22D2y+x[(1—a+B)—2iz2cotd] D,y + [wcscd — (2 — a+ B) iz cotd — xtcot?0
_ a2+b27a2762+2(a,87ab)1| y=0.
dx

+ The Spaces /(¢ o.g.ap @ and%g,a,ﬁ,a,b )

In this section, we introduce the spaces analogues to the Zemanian type of spaces® viz. Hf’a’ﬁ’a’b(l) and Hg,a’ﬁ’a’b(l)
with their duals.

f; L 8.a,p(1) is space consisting of all the complexed valued smooth function ¢ defined on I such that, for Vg, k € Ny, it
satisfies

at+a—pF—b
L. Boab e i G cotf
a.k6 (p) =suplziDjx 2 e p(z)
T xel
_ 4 (22)
7% (lg; cote)
= sup |z9Dkx 2 e\2 p(x)] < oo.

xel

Also, the family of seminors {pl o,8,a, b} N generate topology over HY .a o).
keN, o, B,a,

HY 5.a,b (1) is space consisting of all the complexed valued smooth function ¢ defined on I'such that, for Vg, k € Ny, it
satisfies

i
a—B—a+b <77x200t9>
576 2 ©(x)

Pame " (p) =sup \e9Dgx 2
i (23)
2
a—B—a+b (595 cot0>
w5 € p(z)
= sup |z1D%x 2 < 0.

xel

2,0,8,a,b
Also, the family of seminors {pq Y 5 a, }q,keNO generate topology over Hf,a Boap)

Now, consider a locally integrable function ¢ of a slow growth as  — oo and x%e(%“%owhﬂx) is absolutely

’

integrable on I. Then ) generates regular generalized function in dual of Hf7a75’a7bviz, (NS <H197a75’a7b) (I) by

<> =/ b (@) g (@) dn, g HY 4 o (1)
(0]

https://www.indjst.org/ 5069
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1 oo
:/ x%e(%w%oww(az)m*%e(’%m%oww(w)dfr—s—/ PR P
0 1

Xe(%wzcote)w (z) xm—ﬂ;ﬂe(—%mzcote)w<x) d.

As 1(x) is of slow growth, let us choose m enough large so that D e(32°cot0)y,(4) is absolutely convergent on I.
Then,

1
<> <A™ ) [ ot ei oy )] do
0

[ee)
+p,quo’%a’b(¢)/ [ aeteotly (o) da
1

Hence, HY a.pabd)C (H 9 .B.a, b) (I). Following a similar way by considering a locally integrable function v of a slow

growthasz — coand = et el32%cot0)y( 1) is absolutely integrable on I. Then 1) generates regular generalized function ¥

’

in (Hg,a,,@,a,b> (I) bY

<w@:/ww@M@M,w€H&MMwU
0

Hence, we conclude that H197a75’a7b(1) C (Hgaﬂ’a’b) (I). Also, observe that (Hf,a’ﬁ,a’o (I) and (Hg,aﬁ’a’b) (I)
are complete.

3 Results and Discussion

o Properties of Spaces Hf o, Boa.b (I) and Hg o, Boa.b )]

Here we state some properties of spaces H? o.B.a u(I) and it’s dual that can be observed easily. All the properties below are
simultaneously true for H ‘o, B.a,p(]) and its dual.
1. Consider an isomorphism ¢ — % ¢ from Hf7a7/67a7b(1) and Hle,a+1,,8,a,b(1)

Then we define an operator 1) — x/2¢) where 1) € (Hleﬂﬂ’ﬁ,a’b) (I)and

@' 29,0) = (V,a'20), 0 € (HY 4 5as) (D)

which implies <H19,Q+1,3,a,b) (I) and (Hf’a’ﬁ’a’b) (I) is isomorphic. Similarly,

/

2. <H19,a,6,a,b) (I) is isomorphic to (Hle’a,ﬁfl’a’ﬁ (I)>(H19,a,ﬁ,a+1,b> (I) anfl (Hf,a,ﬁ,a,bfl) (I).

3. For an even positive integer , (ng,a’ﬁ’a,b) (I) is a subspace of (H19,a+r,5,a,b) (I).

6

Proof: For even a positive integer of r, H (I) is a subspace of Hfa,ﬁ’a,b(f) and topology generates on

1,a+r,8,a,b
Hl‘g’a+r,6’a’b(l) is stronger than the induced topology ofo’a’B’a’b(I).
Clearly,

1,0,8,a,b _ 1, 2,B8,a,b
pq,g,GBa (w)_quljro,eﬁa (¢), Va.

_ ata—B+b+2

Also, for Vg, k,let f(z) =z ﬁiemp(—%x%ot@) ©.

https://www.indjst.org/ 5070
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_ata—f-b (_i o re)
DEx— z e 2 “p(x) = DExf(x)
D7 [xDof (x) + f(x)]
DETf(x) + Df *xD.f (x)
DEMf(x) + DE2[xD3f (x) + Duf (x)]
= 2DF7*f(x) + DExDZf (x)

= kDI (x) + xDEf (x).

Hence,
1,a,8,a,b 1,042,8,a,b 1,a+2,8,a,b
P (@) Skl (@) pn ST ().

As this holds for = 2, by induction on 7 we can follow the general case. Observing the above property, we would like to state
similar properties of the space.

’ ’ ’

4. For an even positive integer 7, (Hf7a767a7b) (I) is a subspace of <Hf’a”37na7b> (I), <H19,a,,87a+r,b> (I), and

(Hle,a,,B,a,bfT> (I)

5. For an even positive integer r, (Hfa”&a’b) (I) is a subspace of (Hle7a+r’3_ﬂa+r7b> (I), (Hle,a+r,5—r,a,b—r) (I),

(Hle,a+r,/3,a+r,b—r) (I)’and (Hle,oe,B—r,a-H*,b—r) (I)

’ ’

’ ’ ’

6. For an arbitrary positive integer , <H197a”87a7b) (I) is a subspace of (Hf,aﬂﬂ’ﬂ_r’a’b) (I).

Proof: For an arbitrary positive integer r, HY . 5 . . (I) isa subspace of HY , 5 . ,(I) and topology generates on
HY .. 5—r.a,b(1) is stronger than the induced topology of HY 5.a.b0)

Therefore, by using the technique in the above proof observe that

1,«,B,a,b 1, 1,8-1,a,b
pod o (0) = ph ST (), v

Andfork=1,2,3,...,

l,a,B8,a,b 1,a+1,8-1,a,b 1,a+1,8-1,a,b
P Ot () <hpy it b () g s B ().

’ ’

Hence, (ng,a’ﬁ’a’b) (I) is a subspace of (Hf’aw’ﬁir’a’b) (I). Similarly,

’ ’

7. For an arbitrary positive integer 7, (Hf,a,s,a,b) (I) is a subspace of (Hle,a+r,ﬁ,a+r,b) (I), (H9 ) (I),

l,a+r,B,a,b—1r
(Hle,a,Bfr,a+r,b) (I>’(H]?,oz,67r,a,b77“) (I)’and (Hle,oz,ﬁ,aJr'r’,bf'r) (I)

8. For an arbitrary positive integer r, (ng,a,ﬁ,a,b) (I) is a subspace of (H]?,aJrr,Bf'r',aJrr,bfr) (I).
Theorem 1. Let € ng’aﬁ’a’b,then
(At a,pab,0) Pla)=3"  ael dotcotOySsERai proiy= 582 o(gatcot O (p),

where Ay , 3 4, ¢ isacomplex conjugate of Ay , 3, ; ¢ and a; are constant depends on a, b.
Proof. From Equation (16), consider

A —ig? a=p-a+b _ —a+B-a+b (i .2
Diapape= e ETCpTRERD, pamt D o= e b0t )
_ig? a—B—atb B CaiBoath (4.2
= 6( ST cotg)zf [(a_b+1)za bDwxfe(gm cote)@(x)

+$a_b+1D§xﬂ2ﬂ6(%w260te)¢($)

. 1 —ig2coth),  a=Brab ;g4 —atfoath (ip200t0
— Zizoaie( % ) p = Dltip="3 eld )90(56).

https://www.indjst.org/ 5071
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Next, Consider

(Zl,a,ﬁ,a,b,6)2 (p(l') = Z1,o¢,ﬁ,a,b,0 (Zl,a,ﬁ,a,bﬁ(p) (LL')

_ (a—b—|— 1)e<7%$2cot0)xa—ﬂ;a—b Dmx—u—ﬁzﬂx—b 6(%$260t9>
% [(a—b+ 1)6(—%m200t9)$“’ -12+a—b Dwx—a—nga—b €<%m2COt9)(p($)
_;'_e(fngcot@)xO"B;a’b+1Dmx’("’%Jr“*b e(%w2cot9)(p( )] _;'_e(féwzcote)

Q*B;a7b+1Dgx7a7%+a7b 6(%$260t0) [(a b+1) ( Lm cote) a— ﬁ;ra—b

Xx
XD m—L 32“" be(im260t9><p($)+€(7%m cot@)x—L i2‘“ +1Dw$—{;‘1 3‘;“’ b

Lx2%coth) ( ]
6( %: cotd) .2 :*“*:+2D4 ’a’:”’: e(%m:COte)cp(z)Jrﬂa—bJrl)
xel—iwicots)  abe +1D3 —afrach (4o cot@)vﬁp(w)_f_(a_b_’_l)
X((;L b_|_2) 7‘1 Cote) a— B+a bDi.’L’ &*52+“*be(%m200t9><p(z>
= Y2 ajel-ateott)y St v p2rig et o(ga%eotd) o ()

Continuing this way, we get,

r

- ™ _ _im2 to a+a—B—b+- +1i _ ata—B-b 32 t0
(Bt agiabe) ¢(@) =) aelThmieotfly =it praiy =5 elymteottly (¢).
1=0

Hence proved.
Similarly, we can state that for ¢ € HY 5.a.p> then

s
A T _ —igx2coth),, amabiB i g aca Bib (ig206t0
(AQ,OC’B7a,b79) @(x)—g aie( 2 )= Drtig=—2 el )tp(a:),
i=0

where Agva B.a,b,0 isa complex conjugate of A, , 5 , ;g and a; are constant depends on a, b.
Theorem 2. For all ¢ and %) contain in Hfaﬁ’a,b (I) then

<(A1,o¢,,8,a,b,9)r90(x)v 1/)(1’)) = <90(x)7 (Zl,a,ﬁ,a,b,e)rw(z>>7

where Agvaﬁ’a,b’g is a complex conjugate of A, , 5, 5 6
Proof. It is enough to show that

<(A1,a,5,a,b,9)90(50)a ¢($))> = <<90(35), (ZQ,Q,B,a,b,9)¢($)>a

Consider,

(81,090, 002) = [ T A paep@)b(@)d
0]

j(; z)Y(z)dz + f (1—a+P8) (Dyp(x)(z)ds — fooo 2iz2cotd D, o(x)(z)dz

foo[(2 a+5)zmcot9 +z cot2 0 + (a? —|—b2 a? — 3% + 2(aB—ab)) (42) " Yp(z)Y(z)dw

= [ (D2 +2D 1) (x) o (x) dx + j(; a—ﬁ—l) + 2iz2cot 0) (D (z)p(z)dx
fooo[( 2—a+fB)izcot§ + x3cot? 0 + (a? +b% —a? — 2 + 2(aB—ab)) (4z) p(z)(z)d

= [ (D2 +2D 1) (x) o (z) dx +foo (a—pB—1) + 2iz2cot §) (D (z)p(x)dz

o 1—( 2—|—a Bizcot + a3 cot20+ (a®+b%—a?— B2 + 2(aB—ab)) (4z) p(x)(x)dx

f Rarer 0,00 ()

By generalization, one can obtain the result.
Similarly, for all ¢ and v contain in Hg’ . p,a,(]) then

<(A2,a,,8,a,b,9)r<p(x)v ’l/)(l‘))) = <(QO<JC), (Zl,a,ﬁ,a,b,9>rw(x)>

https://www.indjst.org/ 5072
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where Ay , 5, ¢ is complex conjugate of Ay , 5,4 o. Here one can observe that operator A; , 5,5 ¢ and
As . B.a,b,0 also satisfies,

3

(Al,a,B,a,b,0>
A2,o¢,,8,a,b,t9

[KS(z,y)] = (—yesch)"KS (z,y),
[Kf(z,y)} = (—ycsc@)’"Kf (z,y).

3

Proposition. i. The operator A; , 5, p ¢ is a continuous and linear map from HY .a,bl)and (Hg «.f.a b) (I) into
themselves.

’

ii. The operator A, , 5 , 3. ¢ is a continuous and linear map from Hg,a,B,a,b (I) and (Hle’a’ﬁ’a’b) (I) into themselves.
This can be verified by reading the next theorems.

Theorem 3. There exists an isomorphism R, , 3 , ; o between HY 5.a.b([)and H? 1 5.a,b(1). Furthermore,

7
a—B+a—Db —a+fB—a+b—1 (5s3coth
1 (zz2coth) bt oo +5 e 2 )go(s)ds (24)
(Bila pra.0,09) (@) = €2 x 2 Js 2
Proof. Letp € HY 5 , (I), then consider
17 17 ) 7b _ ata—B-b+1 _im2
Paie " (Bia,p o 00) = sup|atDia” "5 e ATOtOR, g 4 g0 (a)]
T
= sup ‘qulchﬁleia‘“Zﬁ be(f%aﬁcote)@(z)‘
xel
1,00,8,a,b
=pg w6 () Yk (25)
Next forp € H? |, 5,a,b(1), consider,
1,o,8,a,b — . _ata—B-b (_ 4.2 B
pq’g’eﬁa <R1,1a,ﬁ,a,b,990)*sge‘qu)gx = (—d cotG)R1’1a7ﬁ’a’b,9(p(x)‘
xT
= sup |x‘1D’§*1x*“+a%‘H“ e(*%w%ot@)@(@‘
xel
l,a,B8,a,b
:Pq,;;?,g (90)7VQ7 k=1,2,.. (26)

Next, we proceed with the case £ =0,

1,a,B,a,b _ q—otaBb (_ip2c0t0) p—1
2468 """ (Bila,8,0,0,09) = sup [tz e 'Ry 8,0,0,09(@)
xE
(o) —a+B—a+b-1 i a2

= sup |xqj(; s el g Cow)np(s)ds|

xel

oo —a+B—a+b—1 (715260159)
sup U s9s— =2 el™2 ga(s)ds‘
xel 0 .
—a+B-—a+b—1 P o2

< foo sup‘sqs4a+/32a+ *e(f%s COte)QO(S)‘ ds

0 xel 5 .

2 —a+B-a+b-1 _iSZCOtg o0 1
< suzl)‘sq(l—&—s) sTT el )w(s)‘fo iaeds
xEe

—a+B—a+tb-1 (_ 4 42 —a+pB—a+b-1

< sup |sqs Rl £ Cow)go(s)‘-i—?sup R
xel xel
Xe(7%s2cot9)90(s) +sup Sq+287’“+ﬂéa+b’l €<7%8260te>¢(8) ,
xel
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l,a,B,a,b — 1,a+1,B8,a,b 1,a+1,B8,a,b 1,a+1,B8,a,b
pq,gﬁﬁ * (Rl,la,ﬁ,a,bﬂ(p) < pq,gj? P (¢)+2pq+o£,+0,96 * (Qp)+pq+o2é,+0,9ﬁ * (). 27)
Therefore result also holds for k = 0, Hence from Equations (25), (26) and (27), we conclude the proof of result.

Similarly, we can conclude that There exists an isomorphism S , 5 ,. 5,0 between HY 5.a.b([)and HY 1 8.a.b0)
Furthermore,

1
; — —b —B— b—1 (=s2coth
La2cott —a+fta=b  a—f—atb-1 (5s7cotd)

B oo o(s)ds. (28)
S21a,ﬁ,a,b,6’@(m) =€ z 2 fO s 2

Proof can be easily verified using the above technique.
Corollary 1. i. There exists an isomorphism Ry . g .59 between Hfa’B’a’b(I) and Hg,a,,ﬁfl,a,b(‘[) or
0 0
H2,a,ﬁ,a+1,b(l) orHZ,a,B,a,bfl(I)‘
ii. There exists an isomorphism Sy . 5,5 o between HY o (I) and HY 5 1 , () or HY _ 5 4 (1) or
0
H2,oz,,8,a,b—1(1)'
Theorem 4. The differential operator S is a continuous and linear map from H? I) into
p 1,«,8,a,b,60 p 1l,a+1,8,a,b
0
Hl,a,,@,a,b<1)'
Proof. Let p € Hf,aﬂ,,@,a,b(l)’ then consider,
z1DEx= 7b€<_%mzcow)51,av,ﬁ,a,b,eﬂx)
_ qugxbiaszfu‘Fa‘EB*b‘Fl e(*%w200te)@(x)
_ qu’;xb’“Dw:z:“’b“x’%we<’%m2c"t‘9><p(x)
— l‘qDl;J}b_a(a—b—f— 1)xa—bx—%gwe(—%x2cot9)(p(x>+quI;xb—al.a—b+1
x Dz~ (@ eotl) ()
_ (afb+1)squ]£:L'7ma £ b»le(,%gﬂcote)so(l,)+qu§xDmx7ma £ b‘16<7%$260t6><p(x>
— (a_b+1>qu];x7a+a—2B—b+l 6(7%m2cot9)g0(x)+xq‘D];x,a+a—2§—b+l 6(7%IZCOte)gp(1‘)
FadDE e D2 T (5w eotl) o ()
_ (a—b+2) qu];x7 a+a—2ﬁ—b+1 6<7%$200t0)@(x) +:L’qD];71:L'D§$7 a+a—§—b+1 6(7%$260t6>80<1') )

Continuing in this way, we get,

k., —ata_B-b (_ip2c0t0
quz:x 2 6( 2 )Sl,a,,@,a,b,ecp(ir)

= (a—b+k+1)zIDkg = (427 cotd) o (g) 4 ga+l Dhtly—esespmd o(—ga?eotd) o (1)
from which we can have,
1,a,B,a,b 1,a+1,B8,a,b 1,a+1,8,a,b
pome P (S1,0,8,0,b,00) < (a—b+k+1) pr ot PP (0) + prS 60 (0), Ya k. (29)

Therefore, from Equation (29), we conclude the theorem.
Similarly we can conclude that, The differential operator R, , 5,56 is a continuous and linear map from
0 : 0
H2,a+1,6,a,b(1> into H27a’ﬁ7a’b(1).
Proof can be easily verified using the above technique.
Corollary 2. i. The differential operator S ,, 5,5 ¢ is a continuous and linear map from H f,a, 8-1.a.bl) or

6 6 : 6
Hl,a,ﬁ,a+1,b(1) OrHl,oc,,B,a,bfl(I) into Hl,a,,@,a,b(l)'
ii. The differential operator Ry , 5 4.5, ¢ is @ continuous and linear map from H L 5-1.abl)or H 9

Hle,a,,@,a,bfl(‘[) into Hg,a,ﬁ,a,b<‘[)'
Next, we define the adjoint of the differential operator defined in section 2.2.

,a,ﬁ,a+1,b(I) or
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’

Definition. 1. Let R} , 5 , 4 o beanadjointof Ry g , 5, ¢ defined on (ng,a+1,,8,a,b> (I)as

<R5,a,6,a,b,ef"p> = (/' Riapramo¥) f € H o pap) D)9 €H ) oin g apl)

2.Let Ry ,, 3,41 ¢bean adjoint of R defined on (HY,av, 3,a,b)\(I) as

o, 3,a,b,0

<Rl,o¢,,8,a,b,9 faLP> = <f7 R§7a7ﬁ’a7b79(p>? f € (H92,a+l,ﬁ,a,b)\(l)a pe H92,a+1,,3,a,b<l)

3. Let S% p,beanadjointof Sy o 5 4 1 ¢ defined on (H?) o.5.a5)I)as

. B,a,b,
<S§,a,6,a,b,ef"p> = (121 08,0609 f € (H1 o 5.0,6) (D 9 € HOY i1 5.a,5(T)

4.Let Sy o ,a,b,0beanadjointof Sy ., 5, 4 o defined on (H927a+176’a7b)\(f) as
<Sl,a75,a7b,9 f"P> = <fa S;,a,ﬁ,a,b,9<p>’ fe (HGQ,a+1,ﬁ,a,b)\<I)a pe H02,a+1,5,a,b(—r>

4 Conclusion

This study presents and characterizes a pair of fractional powers of generalized Hankel-Clifford transformations and their
associated differential operators. We investigated their mathematical features and proved their suitability for Zemanian type
spaces. Our discoveries build on the current foundation of Hankel-Clifford transformations, giving new insights and approaches
for covering complex problems in mathematical analysis and associated domains. Future research might investigate the possible
uses of these transformations across other fields of science and technology.

Remark. The study is motivated by Prasad, A. and Kumar, S. ") and we strongly believe that the result obtained in our study
is stronger than it and can be reduced to” by putting the value =1+ 4, =1 — L anda=1+3 b=1—2.
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