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Abstract

Objectives: The objective of the study is to obtain the values of status Sombor
indices for the unitary Cayley graph. Methods: The unitary Cayley graph
X,, has vertex set Z,, = {0,1,2,...n—1}. Vertices a, and b are adjacent, if
gcd(a—b, n) = 1. The status o(u) of a vertex u in a graph, G is the sum
of distances of all other vertices from u in G. In this paper, we obtain the
values of the Status Sombor index, Modified Status Sombor index, and their
corresponding exponentials and compute exact formulae for unitary Cayley
graph X,,. Findings: Different values of status Sombor indices have been
obtained for unitary Cayley graphs of various orders. Novelty: The values of
status Sombor indices have been extensively studied by various researchers
recently and most of the research has been done for different types of graphs
in chemical graph theory. The present work reveals that the unitary Cayley
graph is one of the graphs that is extensively studied in both the areas of group
theory and graph theory. We derive the values of status Sombor indices that
are dependent on the status and degree of the vertices of the unitary Cayley
graph.
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1 Introduction

A graph G = (V,E) in which V (G) is the set of vertices of, and F(QG) is the set of
edges. An edge {u,v} is an unordered pair of distinct vertices; the vertices u and v are
the endpoints of the edge. The vertices of a graph can be pictured as dots, and the edges
as line segments whose endpoints are vertices. An edge e is said to be incident at a vertex
vif v is an endpoint of e. Two vertices are said to be adjacent if there is an edge between
them. Adjacent vertices are sometimes referred to as neighbors. The degree deg(u) of a
vertex v in a graph G is the number of vertices adjacent to u. A graph is simple if there is
at most one edge between any two vertices, and the endpoints of each edge are distinct.
Researchers have introduced many regular graphs using Cayley graphs with more
number of vertices for a given diameter and for a given number of edges per vertex
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were studied previously. This leads to the construction of larger networks, while meeting design criteria of a fixed number of
nearest neighbors and a fixed maximum communication time between arbitrary vertices. An immediate example of a Cayley
graph is a unitary Cayley graph. More information about Cayley graphs can be found in the books on algebraic graph theory
by Biggs ). and by Godsil and Royle®. Unitary Cayley graphs are highly symmetric. They have some remarkable properties
connecting graph theory and number theory.

All graphs discussed in this paper are simple graphs. The unitary Cayley graph X, has vertex set Z,, = {0,1,2,..n—1}
where the vertices a, and b are adjacent, if ged(a —b, n) = 1.

If we represent the elements of Z,, by the integers 0, 1, . .., n — 1, then it is well known that X, has vertex set
V(X,)=2, ={0,1,..n—1}and edge set

E(X,)={{ab}:a,be Z, ged(a—b,n)=1}.

A numerical parameter mathematically derived from the graph structure is called a topological index or graph index.
Topological indices uniquely characterize molecular topology and are extensively applied in chemical graph theory. Application
of ideas from one scientific field to another one often gives a new view on the problems. The real numbers are derived from
the structure of a graph, which is invariant under graph isomorphism. These invariants under some properties are called graph
indices. These indices reflect the chemical and physical properties of molecules. Many such invariants have been introduced.

Mostly we can find the applications of graph indices® in various fields of Science and Technology in ). One can find that
graph indices are extensively studied in ©~®. The status, denoted byc (u), of a vertex u in G is the sum of distances of all other
vertices from u in G.Degree-based and distance-based topological indices have been extensively studied in ¢,

In 2021, I. Gutman introduced a novel degree-based topological index in'?), called the Sombor index which has received
a lot of attention within mathematics and chemistry. For example, the chemical applicability of the Sombor index, especially
the predictive and discriminative potentials was investigated in '"'?), Thebounds for topological invariants of a weighted graph
using traces were studied in'®. The study of some new multiplicative indices of unitary Cayley graphs has been done in¥.
The multiplicative indices are based on the distances of vertices in a graph.

2 Methodology

The unitary Cayley graph X, has vertex set Z,, = {0,1,2,...n— 1} vertices a, and b are adjacent, if ged(a — b, n) = 1. The
status o (u)of a vertex u in a graph, G is the sum of distances of all other vertices from u in G. In this paper, we obtain the
values of the Status Sombor index, Modified Status Sombor index, and their corresponding exponentials and compute exact
formulae for unitary Cayley graph X, . Different values of status Sombor indices have been obtained for unitary Cayley graphs
for different numbers of vertices (odd and even number of vertices).

3 Results and Discussions

The values of status Sombor indices have been extensively studied by various researchers recently and most of the research has
been done for different types of graphs in chemical graph theory. The present work reveals that the unitary Cayley graph is
one of the graphs that is extensively studied in both the areas of group theory and graph theory. We derive the values of status
Sombor indices that are dependent on the status and degree of the vertices of the unitary Cayley graph.

Lemma 1 : The general multiplicative first status index of a unitary Cayley graph where n = p is a prime number is

S¢II(X,,)=2(n—1) “5 with % edges and the status of every vertex o (u) = n— 1.
Lemma 2¥) : The general multiplicative first status index of a unitary Cayley graph where n = 6 is SPIT (X,,) = (22)*"
with n edges and the status of every vertex is o (u) = 2”.

The status Sombor index and its related parameters are given by Kulli 1)

Status Sombor Indices of Unitary Cayley Graph:

Firstly, we study the case when X, is a unitary Cayley graph where n = p is a prime number, then X, = K, is a complete
graph on p vertices.
Lemma 3: The status Sombor index of a unitary Cayley graph X, where n = p is a prime number is

SSO(XH):LJ;)Z.
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Proof: Given X, is a unitary Cayley graph where n = p is a prime number, then X, = K, is a complete graph on p vertices.
In a complete graph, we have % edges and the status of every vertex o (u) = n— 1. From 1)

SSO(X,)= Y \/ *tov

uveE(G

n(n—1)

= -1 -1

n(n—1)>

V2

Observations:
3.1 From !, the status Sombor exponential of a unitary Cayley graph X, where n = p is a prime number is

SS0(X, )= 3 aVetwtee? 202D s

uveE(X,) 2

3.2 From ! the modified status Sombor index of a unitary Cayley graph X,, where n = p is a prime number is

Z 1 n \fn

Msso(x,) =
uwveE(X,) O'(u)2+0'(’0)2 2\[ 4

3.3 From"® the modified status Sombor exponential of a unitary Cayley graph X, where n = p is a prime number is

1
_ /0'20'7)2_77/(”_1) o=y
Mgso(x,,z) = 2: NS _Txﬁ( Y

uveE(X,)

3.4 From !®17) the forgotten topological index and F-status index of a unitary Cayley graph X, where n = p is a prime number
isn(n—1)>

We continue our study of Sombor indices of unitary Cayley graphs for n as any even number. Specifically when n =6 ,X,,
becomes a cycle.

Lemma 4: The status Sombor index of a unitary Cayley graph X, where n = 6 is it an even number is SSO(X,,) = @.

Proof: When n = 6,X, is a cycle, then it has n edges and the status of every vertex is o (u) = 2.

From (15

o= 5 Vet () (5) ) () -

uveE(G

Observations:
4.1 The status Sombor exponential !> of a unitary Cayley graph X, where n = 6 is it an even number is

SSO (me) _ Z xwo’(u)2+a(u)2 _ nm\/ﬁ%

uveE(X,,)

4.2 The modified status Sombor index ! of a unitary Cayley graph X, where n = 6 is it an even number is

Msso(x,) = —— | = | =
Wl BX,) \Jo (1) + 0 (v)? vzl n
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4.3 The modified status Sombor exponential '*) of a unitary Cayley graph X, where n = p is a prime number is

-— 23
_ ocu)iow)? — e
Msso(x,,,xz) = Z zVe! 7 =nx .

uveE(X,)

4.4 The forgotten topological index!®of a unitary Cayley graph X, where n = 6 is an even number in a cycle and we know
that the degree of each vertex in a cycle is 2. Then,

F(X,)= >  (dg@)?+dg@©)?)=n(22+22)=8n,
uveE(X,,)

4.5 The F-status index!”) of a unitary Cayley graph X, where n = 6 is an even number is

FS(X,)= Y (ow?+o(w)?)="

5
uveE(G) 8

Further, we study the Sombor indices of unitary Cayley graphs for n as any even number such that n = 2p where p is a prime
and p £2,3.

From ') this type of graph has 2n edges, every vertex has deg(u) = n — 1 and the status of every vertex v in X, is
o(u) = 3n.

Lemma 5: The status Sombor index of a unitary Cayley graph X, where n = 2p where p is a prime and p £ 2, 3 then
SSO(X,,) =3v2n2.

Proof: When n = 2p where p is a prime and p £ 2, 3 the status of every vertex u in X, iso(u) = 3 n.
Thus
5 5 3 \2 /3 \? 9 9
SSO(X,,) = Z o(u)*+o(w)"=2n (7 n) —|—(f n) =2n4/2-n2 =3V2n
2 2 4
uveE(Q)
Observations:

5.1 The status Sombor exponential of a unitary Cayley graph X, where n = 2p where p is a prime and p £2,3is

SSO (Xn,CE> _ Z T o’(u)2+a'(1))2 _ 2n$3\/2§n
uveE(X,)

5.2 The modified status Sombor index of a unitary Cayley graph X,, where n = 2p where p is a prime and p £2,3is

1 1 2V/2
Msso(x,) = Z e 2n (Sﬁn) ~ T3
wveB(X,) \/o(u)” +o(v) T2

5.3 The modified status Sombor exponential of a unitary Cayley graph X, where n = 2p where p is a prime and p £2,3is

1

V2 \2 3v2n
msso(x,,,«) = Z VT T = 2nx T
uveE(X,)

5.4 The forgotten topological index of a unitary Cayley graph X,, where n = 2p where p is a prime and p £2,3is

FS(X,)= > (dgw)’+dg®)?)=2n((n—1)"+n-1)%)=4n(n—1)"
uveE(X,,)

5.5 The F-status index of a unitary Cayley graph X, where n = 2p where p is a prime and p £2,3is

FS(X,)= Z (a(u)2 +a(v)2) =2n ((2 n)2 + (; n)2> =9n3

uveE(G)
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Lastly, we study the Sombor indices of unitary Cayley graphs for n as any even number such that n = pa where p is a prime, p
=2anda=3,4.

From ¥ this type of graph has 2n edges, every vertex has deg(u) = 2% and the status of every vertex u in X,, is
ou) = $n—2.

Lemma 6: The status Sombor index of a unitary Cayley graph X, where =pa where p is a prime, p = 2 and a= 3, 4 ... then
SSO(X,)=v2n(3n—4).

Proof: When = pawhere p is a prime, p= 2 and a= 3, 4 ... The status of every vertex u in X, iso(u) = 3 n — 2.

Thus

SSO(X,) = 3 \/T (\/( n—2>2+<32n—2)2>:2n 2<?;n—2)2

uwveE(G

=V2n(3n—4).

Observations:
6.1 The status Sombor exponential of a unitary Cayley graph X,, where =pa where p is a prime,

p=2anda = 3,4... isSSO(X,,,z)= Z o(w+o(v)’ _ op v2(354)

uveEBE(X )

6.2 The modified status Sombor index of a unitary Cayley graph X,, where =pa where p is a prime,
p=2anda = 3,4... is

T (Bn—4)

1 1 2v/2n
m = ——=2n
SS0(X,,) Z 2+0(U)2 (\/5(377,4)>

uveE(X,,) ()'(u) 2

6.3 The modified status Sombor exponential of a unitary Cayley graph X,, where =pa where p is a Prime, p = 2 and o =
3,4... 15

1

Msso(X,,x) = E VewP e w? = gpg T,
uveE(X,)

6.4 The forgotten topological index of a unitary Cayley graph X,, where =pa where pisa Prime,p = 2anda = 3, 4... is

FS(X,)= Z (dG (u)? +dg (v)2>:2n((g)2+(g)2) =n3.

uveE(X,,)

6.5 The F-status index of a unitary Cayley graph X, where n = 2p where p is a prime and p £2,3is

FS(X,)= Z (0(u)2+0(v)2):2n<(;n—2>2+(§n—2>2):n(Sn—4)2

uveE(G)

Comparison: A study of status Sombor indices of Unitary Cayley graph is made and the results are obtained for different values

of vertices by comparing the results obtained in !>, Moreover, the values of the status of vertices have been used from the results
. s (14)

given in"'¥.
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