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Abstract

Objective: This study investigates the effective potential and homoclinic orbit
near the Kerr metric system of black holes. It also examines the graphical
relationship between effective potential and radial momentum with distance
from black holes. Methods: The motion of a test particle near the Kerr
metric has been analyzed using the Euler Lagrangian and action-angle variable
methods. The graphical analysis in this study was performed with Mathematica
software. Findings: An expression for effective potential and radial momentum
has been evaluated. It has been shown that homoclinic orbits exist near the
Kerr metric. This study presents a graphical analysis of the effective potential
of test particles in Kerr metric black holes with different polar angle and
spin. Homoclinic orbits are visually represented in this paper with the help of
graphical analysis. Novelty: A physical interpretation of the effective potential
and geodesic motion near Kerr metric black holes has been obtained. These
results provide a valuable tool for detecting chaos in the Kerr metric of black
holes. In this paper, we have shown the changes in the motion of a particle
when it comes near the horizon of Kerr black holes. Indicators of chaos can give
an insight into understanding the black hole phenomena. Graphical analysis
offers avisual understanding of the motion of test particles near the Kerr metric
geometry of Black holes.

Keywords: Black holes; Kerr Metric; Melnikov method; Chaos; Effective
Potential; Homoclinic Orbit

1 Introduction

Theoretically, Black holes are solutions to Einstein’s theory of relativity. A recent series of
papers by L. Polcar Wet.al. (2019) used the Melnikov method to detect the homoclinic
orbit of the Schwarzschild black hole simulated by the Nowak-Wagoner pseudo-
potential and encircled by the Bach-Weyl ring or the inverted first Morgan-Morgan disc,
and the extreme Reissner-Nordstrom black hole encircled by the extremely charged,
Majumdar-Papapetrou ring. Xiaobo Guo® et. al (2020) briefly described the chaotic
motion around a black hole under minimal length effects of the Schwarzschild metric as
a special case. Yu-Qi Lei ®et.al (2021) derived the chaotic behavior of particle motion
in black holes with quasi-topological electromagnetism. These papers give us an idea
of how we can describe homoclinic orbit near the Kerr metric of black holes.
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Chen-Yu Wang 4 et.al (2022) derived the null and time-like geodesic for Kerr-Newman black holes. Yi Ting Li® et. al. (2023)
described the homoclinic orbits of Kerr-Newman Black holes using radial potential with varying azimuthal momentum. In this
paper, they derived the solution for the non-equatorial orbit in Kerr-Newman black holes. A. S Alam (© et. al. (2024) investigated
the spherical orbits around the Kerr-Newman and Ghosh black holes. Xuan Zhou” et.al(2021) employed the equation of
motion for test particle coupling to the Chern-Simon invariant in Kerr metric black hole spacetime. Pankaj Sheoran® et.al
(2018) used the scalar-tensor-gravity theory to derive the geodesic motion of test particles around Kerr-MOG spacetime.
Prerna Rana®® et.al.(2019) described the trajectories around a Kerr black hole by using the transformation of radial distance
from black holes. In this paper authors derived the relation between energy and angular momentum of the particle and sketched
the spherical bound orbits, homoclinic orbits, and zoom-whirl orbits using the parameters eccentricity, inverse-latus rectum,
spin, and Carter’s constant. Bijay Kumar Sharma !?)(2024) used experimental data of super Massive black holes in NG1365 to
derive effective potential, stable, and unstable circular orbit of Kerr metric.

We found a noticeable gap in the literature. No paper has shown the geodesic motion of test particles near Kerr black holes
with changing polar angles. Most of the papers only evaluated the effective potential of test particles around Kerr metric black
holes but here we described the effective potential and radial momentum for test particles around black holes with different
polar angles. Graphical analysis of effective potential as a function of radial distance determines the stability criteria for orbits.
These concepts lead to drawing the homoclinic orbit for Kerr metric black holes. Further, our findings provide valuable insight
into the chaotic behavior of Kerr black holes.

This paper is organized as follows: in section 2 we have described the equations of motion for test particles moving around
Kerr metric black holes and we have evaluated the effective potential and radial momentum for Kerr metrics of black holes.
Section 3 is dedicated to results and discussions. Section 4 is dedicated to the conclusion and future application of our work.
Section 5 provides acknowledgments of this paper. The last section 6 references.

2 Tracing of homoclinic orbits using Kerr metric

Homoclinic orbit is a (closed) trajectory that has a hyperbolic (saddle) fixed point of the respective flow as both its past and
future asymptote. Along such an orbit, the tangent bundle of the configuration manifold splits into stable and unstable invariant
sub-bundles, spanning sub-manifolds in which the flow is contracting and expanding, respectively (thus saddle point). In
the unperturbed system, these sub-manifolds intersect “longitudinally” and thus coincide along the Homoclinic orbit. If the
perturbation deforms them in such a way that they start to intersect transversally along that orbit, it is a signature that the orbit
has “broken up” into a chaotic layer (so-called Smale-Birkhoff Homoclinic theorem). When a particle moves around the black
holes it creates the homoclinic orbit. Homoclinic orbit around the black holes gives first indicator of the chaotic behavior of
black holes. Moser and Smale-Birkhoft rely on the fact that the flow possesses a hyperbolic periodic point and the stable and
unstable manifolds of this point intersect transversely. If these conditions are met, then there exists an invariant Cantor set that
is topologically conjugate to a shift map implying that the flow is chaotic!?). In this paper, we have obtained the expression of
effective potential and drawn the homoclinic orbit for the Kerr metric black hole.

2.1 Methodology

While describing Hamiltonian trajectory around black holes we have considered a relativistic particle moving in a x space-time
described by the metric g, ;. The world-line of a particle will be denoted by x*(s) and its mass by x.. The canonical conjugate
momentum to £ is

P, = pga,a® 1)
and
. dz®
b (2)
. ds

The motion of the particle can be obtained from the action ') (12) (13)

Slax]= % / Gy 292V ds G)

This action is not a reparameterization invariant but is made simple for our purposes. s is the proper time along the world line.
The canonical conjugate momentum satisfy the mass shell constraint.

g0 P Py =~ )
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The Hamiltonian of the system is given by

H =

4aMrsin20
dt? — —————
x ) )
Where symbols stand for

Sun mass).

ds? = — (pﬂ) iz M

r

2
The Lagrangian for Kerr given system is

r

r
2MY . daM . - 72
2L ==— (1*7) jit? — =it T+ (r - a® o+
r r A
where,
P=d
= dr
S
= g0
W e have generalized momenta for a given system is

)
2
pr
P = —
T A
From Equation (9) and Equation (10), we get

2'“ ga b Pa Pb
We take the metric of different Kerr black holes to find the homoclinic path of black holes.
2M
ds? = — (1 — r

dtd( + Kdr2 +d60%+ (r* +a% +

(5)

2a2 Mrsin20

202 M

r

dtd)+ dr? + (r? +a® + =——)d0)?

a’M

r

)l

)sin20d()?

(6)
N=r? +a? —2Mr, ¥ =r2 +a?cos?, a=]/M, t=time coordinate, =Polar angle, =Azimuthal angle , r=Radial distance
from black hole (r is multiple of R}, ), @ = Spin parameter of the black hole, M=Mass of the black hole(M is multiple of
For 0 = /2, d§ =0, ¥ = r2? Kerr metric becomes

(7)

(8)

©)

(10)

(11)
1 2M 2aM E
0= [p(1-27)+ =] (12)
JI7AN r T
202 M 2aM L
t_[E(r2+a2+ e )— - ] (13)
JT7AN r r
Hamiltonian for a given system is
H=Pi+P)+P.i—L (14)
Using Equations (9), (10), (11), (12) and (13) and Equation (5) we get
. . ur2
2H=—Ft+ L0+ Kfa = Constant (15)
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Inserting the value of t, { and i in Equation (15) and using Equation (4) and Equation (5) we get the equation of motion for a
given system

u2(dr>2_(a2E2—L2) 2M (a2E?+ L% —2aEL)  a?u? 2Mp?
2

ar - S — B2y (16)
ds

r2 r3 r r

We know that the general equation can be written as

da\?
,LL2 (%) +Veffective ('T>:E2_,u2 (17)
For the existence of a Homoclinic orbit, the effective potential in the above equation V(x) has an unstable equilibrium point.
Potential V(x) has extremum at real values of x.
From Equation (16) and Equation (17) we get the effective potential for test particle trajectory for the Kerr geometry system
as

2MM2 <a2E2—L2—G/2,U/2)72M(aE7L)2 (18)

V. - 2

effective —

r r

Using Equation (16), Equation (11) becomes

2 2 2 22 72 2,2 _71)\2
p=Mi_4 g2 2y 2Me L (@?E?—L12—a??) 2M(aE—-L) (19)
A A r 72 73

P, = Radial momentum.
Similarly, we take 0 =7 /4, dd =0, X =12 + %2 Kerr metric becomes

2a2Mr 1 9
2r2 + a2 >§d® (20)

A4Mr daMr 2r2 + g2
d2=—(1— )dtQ— dtd dr? 2442
s 32+ a2 52 a2 0+ sA +(r* +a*+

2 2
v T

effective — m (21)

27
+ r r(2r2 +a?)

L? (,uQaQ E2a2> 2M 2 2M(aE—2L)21
7'2

2 2 2 2 2
p(2r+a®) . :t(27‘ +a )\J( 2r B2 %2

" 2A " 2A 2r? +a?)

2 2 2 2 2 2 _ 2
L= n E%a®  p*a N 2Mup®  2M(aE —2L) (22)
72 r r(2r2+a?)

Similarly, we take 0 =1/6, d0=0, ¥ =7r%+ STGQ Kerr metric becomes

8Mr 4aMr 4r2 4 302 r2 a2 a’Mr

d2:—(1—7)dt2—7dtd - dr? — 4 ——— | d0? 23

§ 4r2 4 3a? 412 4 3a? 0+ 77 N T 2(4r% +3a2) ! e

4r2 L2 (p2a®  E2a®\ 2Mp2? 2M(aE—4L)?
Veffective = 13 2 | %2 2 T T2 - - 2 2 (24)
4r2 + 3a r r r r (412 + 3a?)
2 2 2 2 2 2 2 2 2 2 2 _ 2
P :,u(4r +3a )7'“::|:<4T +3a?) 4r EQ—M2—4£+ E?a®  p2a +2Mu 2M(aFE —4L) (25)
r 4A 4A (47~2 +3a2) r2 r2 r2 r r(4r2 4+ 3a?)
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3 Results and Discussions

In this paper, we have studied the geodesic motion near Kerr metric black holes with standard metric. We have applied the
Euler-Lagrangian and Action angle variables methods to find the expressions for effective potential (V, ¢ f¢.¢;,) and radial
momentum (P,.) of a given system. A range of significant outcomes are highlighted below.

We have evaluated the expression for effective potential and radial momentum for test particle trajectory around Kerr metric
black holes. We have obtained a graph between effective potential and radial distance from the Kerr metric black holes for
different polar angle and mass of Kerr black holes.

Here, we have assumed some values for graphical analysis of effective potential. We know that existence of event horizon
conditions for Kerr black holes M2 > a? We take M=1, 0 =0.5,0.9, = 10"% and L = 3.78 x 10~ 6. Using these assumptions
and expressions obtained for effective potential correspond to § = I, T, & we obtained the energy per unit mass (E) for unstable
orbit near Kerr black holes. For M=1, a=0.5,0.9 and 0 = Z , the value of E =0.302217 x 1075, 0.278572 x 107°6. Similarly,
M=1,, a =0.5,0.9 and 6 = 7 , the value of £/ = 8.85376 x 107%,2.27231 x 10¢ and M=1, @ =0.5,0.9 and § = Z , the value
of E=11.0679 x 107, 3.18408 x 10~ °.

Using above findings and Equations (18) and (21) and Equation (24) we have depicted Figure 1 (a) to Figure 6
(a). These Figures present the stable and unstable point for effective potential of test particle trajectory around Kerr
metric black holes. The effective potential’s equilibrium configuration are presented in Figure 1(a) and Figure 2 (a)
» which exhibits an unstable equilibrium at r =3.64329R,;, (rismultiple of Schwarzschild radius R __, )for 6 =
Z,M = 1l,a = 0.5 and r=3.18176R; for 0 = Z,M = 1l,a = 0.9 , where as stable equilibrium arise at r =
10.0022R, ., (0 = Z,M =1,a=0.5) and r = 11.0029R,.;, (0 = Z,M = 1,a = 0.9). Similarly, the effective potential plot
in Figure 3 (a) and Figure 4 (a) demonstrates unstable equilibrium at r = —0.16505R,.;, for ¢ = Z,M = 1,a = 0.5, and
r=—0.259731R,;, for § = 7 ,M = 1,a = 0.9, where as stable equilibrium arise at r = 0.28R,.;, (0 = 7,M =1,a =0.5)
and r = 0.6767R,;, (0 = Z,M =1,a=0.9). In the same way Figure 5 (a) and Figure 6 (a) also exhibits an unstable
equilibrium at r =2.8R;, for 6 = Z,M = 1,a = 0.5 and r =187 R, for 0 = Z,M = 1,a = 0.9, whereas stable
equilibrium arise at r = 20R,, .;, (0 = Z,M =1,a =0.5) and r = 20R,, .}, ( = Z,M =1,a = 0.9). At these values of radial
distance (r) from Kerr black holes effective potentials are unstable and stable equilibrium. Unstable equilibrium leads to
homoclinic orbit of Kerr black holes.

Bijay Kumar Sharma (!9)(2024) derived similar figure of Schwarzschild and Kerr metric effective potential for specific super
Massive black holes in NG1365. In this paper he used experimental data to derive effective potential, stable and unstable circular
orbit of Kerr metric. Prerna®) et.al (2019) has derived the expression for effective potential using new analytic solutions of non-
equatorial eccentric bound trajectories. In this paper authors are using only general condition of polar angle but here we take
some special case of polar angle to derive the effective potential of test particle around Kerr metric black holes.

Radial momentum for moving test particle near black holes are given in Equations (19) and (22) and Equation (25). With
the help of these equations we have evaluated the radial momentum of Kerr metric for different value of §. We have also plotted
the graphs between radial momentum (PT) and radius(r) of black holes. Here, we take same assumptions and and value of E
for graphical analysis of homoclinic orbit in phase space correspond to M=1,a = 0.5,0.9 and = Z, T, Z.

Figure 1(b) to Figure 6 (b) present the homoclinic orbit of test particle near Kerr black holes. Saddle points for trajectories
are identified from these graphical analyses. Figure 1(b), Figure 3 (b) and Figure 5 (b) reveal saddle points at radial distances
r=11646R;, r=—0.5378R; and r = —0.873408R ., for the parameters M = 1,a =0.5 and 0 = Z,Z,Z. In the
same way Figure 2 (b), Figure 4 (b) and Figure 6 (b) also exhibits the saddle points at r = 1.356 R, .;,, 7 = —3.145R _ .;, and
r=—2.8281R,, for the parameters M =1,a=0.9and 0= %, %, Z.\

Soyeon Jeong 14 et.al. obtained homoclinic orbit around black hole with anistropic matter fields. In this paper authors
obtained trajectory of the particle near Schwarzschild and Resinner Nordstorm black holes that correspond to unstable local
maximum of the effective potential.Similarly our studies also show that the homoclinic orbit obtained with unstable effective
potential Here we also evaluated the radial distance for unstable and stable orbit correspond to different polar angles and mass
of Kerr black holes. P.A.Gonzalez (1% et.al. described the geodesic motion and orbits for Schwarzschild and Reissner black holes
in five dimesions. So we can say that the our findings are new in case of Kerr black holes.No paper described the geodesic
motion of test particle near Kerr black holes with different polar angles.In this study we obtained homoclinic orbit,stable and
unstable radial distance for effective potential of test particle around Kerr black holes with different polar angles.
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Fig 2. (a) Plot of Effective potential at /2 with energy E=0.278572 x 10°® (b) Plot of Homoclinic orbit in phase space for 7/2 with
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Fig 5. (a) Plot of Effective potential at 7/6 with energy E=11.069 x 10" (b) Plot of Homoclinic orbit in phase space for 7/6 with energy
E=11.069 x 10
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Fig 6. (a) Plot of Effective potential at 7 /6 with energy E=3.18408 x 10 (b) Plot of Homoclinic orbit in phase space for 7/6 with energy
E=3.18408 x 10

4 Conclusions

This study has evaluated effective potential and radial momentum for test particle near Kerr black holes at different polar angles.
Our solution, using the semi-classical method provides a simple relation between effective potential, radial momentum with
radial distance from Kerr black holes. Radial momentum plotting shows that intersection points of homoclinic orbit vary with
spin parameter and polar angle. The geodesic motion of a test particle around a Kerr black hole is examined in this research. In
this analysis we get the stable and unstable radial distance from black holes correspond to the effective potential of test particle
near Kerr black holes. These radial distances very useful to determine trajectory of motion of test particle near Kerr metric black
holes. The orbital nature of test particle near Kerr black hole has also been determined. Homoclinic orbit is useful to find the
nonlinear behavior of black holes physics. Our findings can be applied to determine the chaotic indicator for celestial objects.
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