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Abstract

Objectives: To find efficient numerical method to solve a system of n- partially
singularly perturbed delay differential equations of convection-diffusion type
with large spatial delay. Methods: The integration of a classical finite difference
scheme with a piecewise uniform Shishkin mesh enhances the resolution of
sharp gradients and boundary layers, providing improved accuracy. Findings:
The approach is shown to achieve first-order convergence in the maximum
norm, with uniform convergence independent of the perturbation parameters,
ensuring robustness across various perturbation values. Novelty: The method
addresses both boundary and interior layers effectively, which are complex due
to the presence of singular perturbation parameters and large spatial delay.
The theoretical results are supported by numerical example, validating the
practical effectiveness of the proposed method.

Keywords: Singularly perturbed delay differential equation; Boundary layers;
Interior layers; Finite difference scheme; Maximum norm; Shishkin mesh;
Parameter uniform convergence

1 Introduction

A class of differential equations, which contains a small positive parameter £ (0<
e <« 1) in leading term with shifting parameter is known as a system of singularly
perturbed delay differential equations. Numerical analysis for this type of system
involves developing and applying specialized techniques to address the challenges
raised by singular perturbations and delays. Delays impact various fields like dengue
virus transmission ("), neuronal variability model® and some more. Several research
works are dealing with singularly perturbed delay type equations to adopt suitable
computational methods. Specifically, Joy D® proposed Gauss Elimination method
employed with non-polynomial spline and with uniform mesh in solving problems
involving large delay. Hassen® used fitted operator method on uniform mesh to
solve parabolic convection—diffusion problem. Woldaregay and Mesfin Mekuria®,
Tesfaye © solved singularly perturbed time delay problems using Crank-Nicolson
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method for temporal discretization with uniform mesh. Hailu E A, Duressa'”) proposed weighted average method with
piecewise uniform mesh in treating large spatial delay. Woldaregay M M® discussed convection-diffusion type problem in
which delay occurs at both convection and reaction terms, with finite difference scheme on uniform and piecewise uniform
Shishkin meshes. Saravana Sankar R presented a parameter uniform numerical scheme utilizing fitted mesh method to solve
singularly perturbed convection-diffusion type problems.

In the previous works, many authors have used uniform meshes for spatial discretization in finding approximate solution of
singularly perturbed delay problems. Hence using adaptive mesh methods, finite difference schemes, and by carefully handling
delays and stability issues, accurate and efficient solutions can be achieved. With these literature and motivated by the work in®,
in this research work we consider a system of partially singularly perturbed delay differential equations of convection —diffusion
type on the interval [0, 2]. Here some of the equations are combined with distinct singular perturbation parameters, some of
them are combined with the same singular perturbation parameter and remaining equations are non-singularly perturbed. To
develop a parameter uniform numerical scheme for this system, we use piecewise uniform Shishkin mesh, which finer the layer
regions, so it enables a numerical method employed with this type of mesh will give numerical approximations which inherit
the stability properties of the exact solution by preserving the monotonicity of the original problem. Thus we suggest a classical
finite difference scheme with a piecewise uniform Shishkin mesh to solve this type of system and this approach ensures that the
complex interactions between convection, diffusion and delays are effectively captured and analyzed. The method is proved to
be first order convergent in the maximum norm in the perturbation parameters. A numerical illustrations is given to establish
the validity of the proposed method and further we use double mesh algorithm from !9 to obtain the order of convergence and
error constant for different values of the perturbation parameter and mesh points.

The problem under consideration is

Lj(s)=<cj (5)+A(5)F ()—B(s)5(s)—D(s)G(s—1) = f(s)on (0,2) o))
withy=gdoniand 3§(2) =p (2)

For all se[0, 2], 4= (yl,yz,....,yn)T, f: (fl,fz,....,fn)T.s, A, Band D are n X n matrices,
e=diag(€), €= (g1,€q,....€, ) A=diag(d), d = (ay,aq,...,a,,),

bll b12 “ee bln
B(s) = b21 b2 LT and D (s) = diag (J) . d = (dy,ds,...,d,,). The functiong is sufficiently
b1 e o by,

differentiable on [—1,0], £1,¢5,...,&, are small positive parameters with ¢, < ¢;, for 1 <i < j <k and ¢; = ¢, for

i=k+1,k+2,..,lande; =1fori=1+1, 142,.., n. Further it is assumed that, the functions a;, b;,, d; and f;
for all 4, j are sufficiently smooth on [0, 2] and also they satisfy
a;(8) > a>0,b;;(s)+ b;;(s) >8>0 (3)
b;;(s),d;(s) <0, for 1 <i#j<nandb;;(s)> Eiij |b;; (s)+d; (s)] 4)
. n .
and 0 <y < 32%(2)7,12} (Zj:1 b;j(s)+ d; (s)) fori=1,2 ..,n. (5)
From these assumptions that the problem Equations (1) and (2) has a unique solution 7 and j € C?,
where C' = C°[0,2]NC1(0,2)NC?%((0,1)U(1,2)).
The problem Equations (1) and (2) can be written in equivalent form as
Lyij(s)=ey (s)+A()7 (s)—B(s)3i(s)=f(s)+D(s)d(s—1)=g(s) on (0,1) (6)
Lojj(s) =<y (s)+A()§ (5)=B(s)3i(s) = D(s)G(s—1) = f(s) on (1,2) ™
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7(0)=23(0),5(2) =5, §(1-) =§(14+). § (1-) =7 (14). (8)

And when perturbation parameters are equal to zero, the corresponding reduced problem is given by

coijo (8) + A(3)Fo (5) — B(s)dio (s) = §(s)on (0,1)

£ () + A(8)To () — B(5)To (5) — D ()G (s—1) = f(s)on(L,2)

o (2) = pyo; (0) = y,;(0), fori = I+ 1, I +2,..., 7%y = (Yo1,Y02> ‘.,yOH)T and e, = diag(Ey)with &, =
(0,0,..,0,614 1,56, ). Ify; (0) # yo; (0)for any ¢ such that 1 < ¢ < [, then a boundary layer of width O(g;) is expected
nears = 0 in each of the solution componenty;,, 1 <k <4, also at s = 1 each of the solution component y;,, 1 < k <, exhibits
an interior layer of width O(¢e;) for any ¢ such that 1 <7 <.

2 Methodology

The article contains two parts namely Analytical results and Numerical results. In Analytical results Maximum Principle,
Stability result, Shishkin decomposition of the solution of Equation (1) and estimates of the derivatives of the components
of the solution are discussed. Under Numerical results, the method that comprises of the appropriate Shishkin mesh and the
Classical finite difference scheme, discrete Maximum Principle, discrete Stability result, the parameter uniform convergence of
the method are presented.

Analytical Results
Maximum Principle: Let the conditions Equations (3), (4) and (5) hold. Let 5= (61,05, ... ,5n)T be any function in the
domain of L such that 6(0) > 0, 6(2) >0, ;6 < G on (0,1), Lyd < G on (1,2), [S] = (and [5’] (1) <0 then 6 > 0 on
[0,2].
Proof . Leti*, s* besuchthatd,.(s*)= min 0,(s).
7,:1:62[072] ,n

If §,.(s*)> 0, then there is nothing to prove. Suppose §,.(s*) < 0 then s*éé{O7 2} and 6;-/* (s*)>0,
5;. (s*)=0.If s*¢(0,1), then
(L18),.(57) = £301-(57) + g (58, (55) = S0 [y (578, (5°)]
= Ei*‘s;/*(S*) + ai*(S*)di*(S*) —bjese (57) 65 (57) —Z;»L:l’#i* [ (s7) 65 (s%)]
> €070 (5) 0 (50, (5) = by (57) 8 (5) =300 [y (576, (57)
> Ei*(s;l*(s*)* Z;;l [bi; (5%) 85 (s*)] >0, this is a contradiction.
If s*e(1,2), then

( 325) (8= Ei*é;(s*) + ai*(s*)(s;*(s*) — Z;;l [bj(57)0;(5%)] —d; (5%) 0, (5" — 1)
= B + 3 (5700, (57) by (5°) By (55) = S by (578 (7]
—d; (57)0;-(s" — 1)

*(s*)éi*(s*)asé (s )§5 (s )and5 ( ) 5 (s —1)
>4 :(s*),(z 5 (8")+dy (s7))d,. (s7) >0, this is a contradiction.
If s* =1, in this case we discuss about the differentiability of J,. at s = 1. If 5;* (1)does not exist then [J ](1)

(5;* (14) — 6; (1—) > 0, which is a contradiction to [5;](1) < 0. If é;.is differentiable at s = 1, then a;.(1)d, (1) —
Z;Z b;; (1)6;(1) > 0 and all the entries of A(s), B(s) and ¢, (s) are in C([0,2]), there exist an interval [1 — h 1) on

=1 "vJ

which ai*(s)é;*(s) - Z?Zl by (s)0;(s) > 0.If 5;/*(57) > 0 at any point Z € [1 — h,1) then ( L15)i* (Z) > 0, which is a

contradiction. Thus we can assume that 5; (s) < 0on (1—h,1) which implies that 5;/*(5) is strictly decreasing on [1 — h,1)
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and since (5;*(1) =0, (5;* € C((0,2)), thus 6;* (s) >0 on [1—h,1], consequently the continuous function ¢;. (s) cannot have
minimum at s = 1, which contradicts the assumption that s* = 1. Hence d,. (s) on [0,2].
Stability result: Let the conditions Equations (3), (4) and (5) hold. Let § be any function in C2, such that [5] (1) = 0 and

[5’] (1) = 0, then for each i = 1,2, ...,n and s € (0,2],

l04(5)]
< max{u@(o>u,||§<2>||,

Proof: Let M = maX{HQ 0)[12(2)[, £1£,8) | 3| €28 }
Define two functions 6+ (s) = Me:l:5( ), e=(1,1,.
s
0= (

Forse(0,1), L 9i( )= B( YMé+Ly6(s) < 6

For se (1, 2), s)=—B(s) Mé—D(s) Mé+Lyé(s) <0.

Also, [0+] (1) = + [5] (1)=0and [9i'] (1)==+ [5’ (1)=0.

From maximum principle it follows that §* (s) > 0 on [0, 2] and proves the result.

Estimates of the solution of Equations (1) and (2) and its derivatives: Let the conditions Equations (3), (4) and (5) hold.
Let g be the solution of Equations (1) and (2) . Then for all s € [0, 2] and i = 1,2,...,n,

ly; ()] < Cmaz(kY (0)k,kY (2)k, kf k),

W% (s)] < Cer® (kij(0)k + kj(2)k + e i kfk) fork= 1, 2,

s (s)] < Ce %7 (ky (0)k + kj(2)k+e; kFk) + e kfl k

Proof. The results are proved by using the procedure adopted in*)

Shishkin decomposition of the solution

The solution % of the problem Equations (1) and (2) can be decomposed into §j = v+ ),

where ¥ = (vy, vg,..., vn)T, the smooth component is the solution of
Lyi=gon(0, 1), 5(0) =% ,v(1—) =gjo (1-), )
where X = (X1, X2, X1» Y41 (0), .., yn(O))T, X1s Xas--+X; are to be chosen.
Lyt = fon(1,2),5(14) =4, (14), 5(2) =5 (10)
and &= (wy, Wo,..., wn)T, the singular component is the solution of
L,d=00n(0,1), Ly@=00n(1,?2) (11)

with & (0) = (0) —(0),&(2) = 0, (@] (1) = — (@)(1), (@] (1) = — ('] (D).

Estimates of the smooth component and its derivatives

For a proper choice of , the solution of the problem Equations (9) and (10) satisfies

‘v(ik) (s)‘ <C(1+ 5?’k) ,if 1<i<l, and

‘v(ik) (s)‘ <C,ifl+1<i<n, for0<k<3andfors e |0, 2]

Proof. First, the estimates of the bounds on the smooth component and their derivatives are proved for interval [0,1].
Using these bounds, the estimates of the bounds on ) are proved. According to the layer pattern of the solution, first the
decomposition is done for all the components of ¥ with €. Next the decomposition is done with ¢,,_, for the first (k—1)
components of ¥, then the decomposition is done with ,,_,, for the first (k —2) components of ¥ and so on. We proceed the
decomposition as follows.

First, the smooth component @ is decomposed into ¥ = p,, +&,,q,, +€%2,, »

where p,, = (D1, Prgses Pym) - is the solution of
coBr (8)+A(8) P, (5) = B()By, (s) = G (s)on (0,1) (12)
EoBy (8)+ A(8) Py, () = B(8)Py, (5)— D ()P, (s—1) = f(s)on(1,2), (13)
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Pri(0)=y;(0),fori=1+1,142,..., n,p, (2) = p, whereey = diag (0, 0, ..., €, 1,-.., €,,)

and ¢, = (qnl, Qo s qnn)T is the solution of
€0l (5)+A(5)dy (5) = B(5)y (5) = —e3 oBp () on (0, 1) (14)
€00n (8) T A(8)dy (8) = B(8)dy (5) =D (5) G (s—1) = €3 eqbn (s) on (1, 2), (15)
Gn; =0, fori=14+1,1+2,..., n,q, (2) = 0 ands/O =diag (g1, €9,..., €, 0,...,0)
2, = (2,15 Znas s Znn) " is the solution of
L%, (s) = —e3tegd, (s)on(0,1) (16)
Loz, (s) = —5;15/0@; (s)on(1,2), Z,, (2) = 0 and Z,, (0) remains to be chosen. (17)

Since 5;156 is a matrix with bounded entries and hence from the equations Equations (12) and (14) we have for —Then
proceeding in a similar way as in*), by the proper choice of x;,X;_1, .-, X1 the required bounds for 1 <i <n, 0 <k < 3are
proved.

Estimates of the bounds on the singular component and its derivatives.

Letf3] (s),5(s), 1 <14 < nbe the layer functions defined on [0, 1] and [1, 2]respectively as 3 (s) = exp (— <
B (s)=exp (—@) on [1,2].

Let & be the solution of Equation (11) , then the following estimates hold.

On the interval [0, 1], for 1 <7 <k,

25) on [0,1]and

(i ()] < C[BF () +ep 22 (1— BE ()], |ws ()] < C [e72B1 (5) + 5285 (5)].

P < et [ e B () + 0821 ()]
fork <i<lI,

|wi( )|<C{ﬁll€( )+€k+€i(1 6{6(5))]7 ip)( )‘<C5kp51( ),for p=1, 2,
Wi (s)] < Cext [SF ) ety (5) + 5285 ()]
andfor[+1 <7 <n,

w; ()| < Cleg +ef (1—57 (5))], |w
Wi ()| <CEF_ 7187 (s).
On the interval [1, 2], forlgz <k,

Wi ()] <O XF_ 287 (s), |w

W2 ()] < C e +BE (5)],

()]<Csk,

wawscmﬁ@+%+ﬁa—%@m,wxMSOkf@@wfﬁ%@m

P < et [ e By () + 08 e85 ()]
fork <i<l

o, (5)] < O35 (5) 25 +3 (L= B ()] |l? (5)] < O 5785 () Forp=1,2,

[ ()] < Cei [So0T) & B3 (5) + €765 (5)]

andforl+1<i<n,

jw; () < Cley +e7 (1= 55 ()],

3 ko

Wi ()] < O &5 (5)

Proof. First the bounds of & and its derivatives are estimated in [0,1]. Next these results are used to get the estimates in
[1,2].Let se[0,1]. Now consider the barrier functions

3% (5) = (1. (5),52 () s6, (8)) " £ (), where g, (5) = Oy Y (5) + Coey, (1 —5) + Cae (1 - ﬁl( )>1
Coep(1—35)+Cse2 (1— 7 (s)), 1+ 1 < i < n. For proper choice of the constants C; , Cy andC5, 3+ (0) > 0,

<ﬂ<czr14@<>

W ()| < C e +B5 (s)],

w; (s)| < Cey,
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L,3* <0on (0, 1). Then the results on the interval [0, 1] are proved by the methods adapted in®. Then using these results,
proceeding in a similar way, it is not hard to derive the estimates for the interval [1, 2].

Numerical Method

Fitted mesh method - using Shishkin mesh. We discretize the solution space by using a piecewise uni-
form Shishkin mesh with N mesh intervals and to tackle the delay term, one nodal point is considered at delay

point, in particular at mid-point of the mesh. Let QY = QN U QY, where QF = {s }771 QY = {s } N
=y

and sy = 1. Then, Ql = {sj}jio,QQ = {Sj}j:ﬂ791 U§22 = Q = {Sj}j:(J and TN = (0,2} and N
the number of mesh elements is taken as a multiple of4k.Since in the considered problem the layers occur at

-N
the right side of the boundary point O and interior point 1, so € is divided into 2k + 2 subintervals as

[07 P1 ] ) [pla /)2] gty [pk,1’ pkz] ) [pka 1] ) [17 1 +p1} ) [1+p15 1 +p2] """’[1+pk71) 1 +pk;]a [1+pk;7 2] ) 1nwh1chthe
intervals [pg, 1], [1+ py, 2] are outer layer regions( each contains &Y mesh points)and the remaining subintervals are called
inner layer regions ( each contains - mesh points). The transition parameters p,,,, form =1, 2, ..., k are defined by p,

= min { QSK InN }
P = mm{%r“, 267’" InN}, form=k—1,...,2,1.
The discrete problem
The discrete problem for upwind classical finite difference scheme is defined as

—

LNY (s;) =82 () + A(s;) DY (5;) = B(5;) Y (s;) = D(s;) Y (s;—1) = f(s;) on QN (18)

V(s;—1)=05(s;—1)fors; € QN andY =jonTN.
The problem Equation (18) can have an equivalent form as,

E{V?(sj):562?(5]-)+A<sj)D+?<sj)—B(sj)?(sj) = ﬁ(s]) on QN (19)
LYY (s5) = €0%Y (s;) + A(s;) DY (s5) = B(5;) Y (5;) = D(5;)Y (5;-1) = f(s;) on QF (20)
Y =jonTN, DY (sy)=D"Y (sy), where Y (s;) = (Y1 (s;). Y, (5;), o, ¥, (s;))" and 0<j< N1,
D (sy) = Lesg 1) oy (o) - e Yo oy o) <D+Y< )=DY (5],
where h; =s;—5; 4, h, = = % This is used to compute numerlcal approximation to the solution of Equations (1)

and (2) . The discrete maximum principle and the discrete stability results are analogous to those for continuous case with the
given hypothesis. Hence, we just state the results without proof.

Discrete Maximum P rinciple

Let the conditions Equations (3), (4) and (5) hold. Then, for any mesh function ¢ = (11,95, ... .,wn)T, the inequalities
. I o . _ . . -N
¢>00nTN, TNy <0 on QN IV <0 on QY and Dﬂb(s%) —Dw(sg) < 0 imply that ¢/ > 0 on Q2

Discrete Stability Result

Let the conditions Equations (3), (4) and (5) hold. Then, for any mesh function ¢ = (¢, s, ..., wn)T, satisfying

D (sy)=D¥(sy),

15 (5)] < maz { k(o) k, kb(s w )k, LKL TN ke, $ kL7 N b kgy },,fori=1,2,...,nand 0 <j < N.
__Shishkin decomposition in discrete case As in the continuous case the discrete solution Y can be decomposed into V' and
W, which are difined to be the solutions of the following discrete problems.

LNV (s;) = §(s;), s, €N, V(0)=5(0), V(sy_) =8(1-)

ZéVV(SJ) = f(sj), s; € QN,V(S%+1> =3(14), V(2) = 8(2),

and LYW (s,) = 0, s, € QN, W (0) =&(0), LYW (s;) = 0, 5, € QY, W (2) =& (2).

DV (sy)+ D W(sy)= D+V(sN)+D+W(sN)

The error at each point s; € Q is denoted by €(s ) = ?(sj) — ?(Sj), then the local truncation error has the
decomposition LVE (s;) _LN <V ﬁ)( ;) +ILN (W w) (s;), forj# 4.
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The local truncation error for V and W (for j + &) are found as in ) and hence we state the following theorem
Theoreml. Let the conditions Equations (3), (4) and (5) hold. If ¥, & are the smooth and singular components of the solution

of Equations (6) and (7) and if \7, W are the smooth and singular components of the solution of Equations (19) and (20) then,
fori=1,2,...n, j# &,

(I (V=7) (s;)| <N, (LY (W=3) (s;)| < CN~'inN, Ogjgg_1
and
(L5 (V=7) (s,)| < ON, (L3 (W—2) (s,)| <OV mN, N1,

The essentially first order parameter-uniform error estimate is proved here, using discrete maximum principle by constructing
a suitable barrier functions and the mesh functior]{; The method is as follows:

Define a set of discrete barrier functionson Q2 , fori =1, 2,..,n by

ey [ 1+ th
2¢; N
if0<j< —
N b 2
721(:1 1+ Y k
(5,) Ve e
w; (8,) = 21
! N1 <1+yhk+1>
2¢; N
ifESjSN
aN-1 N 14 k£1 hk+1
k=— 2¢;

2
From the definition of the barrier functions and by the assumption that €; <e;,,

- N

0 <w; (SJ) <Wiiq (sj) <land0 <w; (sj) <wWj;iq (sj) <lonQ (22)
_N
Fori=1, 2,..,nands; €y
Yw;(s5) Y w;(s;) v2w;(s;)
Dtw, (s;) = —=2~, D w;(s;) = £ g , 02w, (s) < — =2~ 23
’L(J> QE,L I<J> \/E(l‘FWhJ/\/E) ’L(j)— £, ( )
_N
Also,fori=1, 2, ..., nands; €, wehave
Yw;(s;) 7 wi(s;) v2wi(s;)
Dtw,(s;) = “w(s;) = ——=—=2~ §2w.(s;) < ——21~ 24
Z( j) \/7 1+’Yh +1/\/f ( ) 251' z( ])— £; ( )
From Equations (23) and (24)
_N
£, 0%w; (s5) < V2w, (s;) fors; e . (25)

Therefore, using the result Equation (25) in Equations (19) and (20)

(f{vw) (s5) =€:6%w; (s5) +a; (s5) D, ( ibw (s;)

* r=1

n

< 42w, (5;) +a; (s;) 1wilsy) D bi(s5) @, (s5)

\% ZE’L r=1
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< 12 (1) 401 (1) 52 = 3 b 55) 0 (5) 29
(fg@)i(sj)zsiﬁwi (sj)—i—a (s;) ) Dt w, ( Zlbw 5)—d; (sj)wi (sj—l)
< o2 () a5 () e 22BNy (5) —d () (55 —1)
D) e, VR )t

s (55)
<~2w.(s.)+a.: (s, b, —d; (s:)w,;(s:—1). 27
< () (o) o T S b (o (1) = 1) (1) @)
Furtherat j= &, fori=1,2,3,..,n

(D" =D )e, (s5)= (D = D) (Y, —y,) (5 ) = — (D" = D) () (s ).

Leth* = max{h’%, h’;,T}

Then

< Ch* ",
ne@.10(1,2) 17 (77)’

Using the estimates of smooth and singular components of the solution,

(Dt —D7)e,; (SN)
2

Also, in particular at j = N /2, from Equations (23) and (24)

*

<o (28)

€4

(29)

(D*—D*)wi(sj): [ Yw; ( ) ] C

—2

\/7 1+~h*/ \/f \/57
Theorem 2. Let 3(s;) be the solution of the problem Equations (1) and (2) and Yi(s ;) be the solution of the problem
Equation (18) . ThenkY (s;)—y 7 (s;)k<CN " InN, 0<j<N

Proof. Consider the mesh function j given by

*

J; (sj) C’lNllnN+C’25/};wi (sj)iei (sj),i: 1,2,...,n,0<j<N.
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where C'; and C,, are constants such that C5is suitably chosen and k =  min ¢,

i=1,2,..,k *
Then, J,;(0) = J,;(2) =C; N1
From Equation (26) and Theorem 1

(E29).(57) = =3 bin (35) CoN 1N + €, T (I, )£ (

r=1 i ¢

-2
)
~—~—
—~
Va)
<
~

<=3 bip(s;) CYNTHN + Oy £ ((72+a:'/<%)j) (55) =71 bir (s5) (Sj)]
+CN~tinN

<=2 bir (35) CLNTHAN + CoQy + Gl (12w, (55) = K7 bir (55) 0r (35)]
+CN~ 1lnN

where Q, is a constant. Let ju; (s;) = [72w (55) =27 b (55)wr (s )],i:l, 2, ..,
Then choosing C; > C,, (k7 k+ Q)+ C, we have (LNj (s )< ,on QN fori=1,2,...,n

And from Equation (27) , Theorem 1
(L) (s;)==2" by (s;)C1N"UnN +d, (s;) O, N TN + Oyl (LNj (s;) £ (E5e) (s5)

<- Cl(Zr 1bw‘( ])+dz <8j>)N
CN~tInN
<—Cy (X0 biy(55) +d; (5;)) N"HnN +Cy

n.

Kk h* _ ai(sj) _ n
‘/E% ((’Y \/Tﬂ(l*‘whjj/\/fi))i(%) ZT:

"f/gi (v?w; (s;)]
+C b ( S i (s5)wp(s5) —d; (s5) wi (55— 1)] +CN1inN,
where (), is a constant. Let 1), ( ]) ~? w,L ( j) — Z:Ll b (sj) W, (sj —d, (sj)wi (sj — 1) .

Then choosing — we have (fé\F’) ' (sj) <0,onQY, fori=1, 2,...,n

Also, D*J; (1)-D™J; (1) = Cy 5 (D — D™ )w; (1) £ (D =D )e; (sx)

< — ’T/Ei C, \/%C:I: C’% < 0. (using Equations (28) and (29) )

Hence, by applying discrete maximum principle to , it follows that ; (s j> >0,fori=1, 2,...., n

0 <j < N. Also from Equation (22) , w; (s j) < 1, therefore for sufficiently large N,

k?(sj )—4(s;)k <CN~! InN, which completes the proof.

3 Result and Discussion

Numerical illustration
The proposed numerical scheme is validated by the following example.

”

e (5)+A(s)F (s)—B(s)G(s)=g(s) on (0,1)

7 (s)+A(s)F (5)—B(s)§(s)—D(s)G(s—1) = f(s) on (1,2)
with §(s)=(s,2, )7, f(s)=(2, 2, 2)7 e =diag(e,, e5,1), A(s)=diag(1, 1, 1),

NS

1.2 —-0.1 —-0.1
B(s)= ( —01 1.1 —0.1 ) and D(s) = diag(—0.2, —0.2, —0.2),5(0) = (1, 1, 1), 5(2) = 0,6, = gb,e5 =
—0.1 —-0.1 1.3
andn=141
With the help of two mesh techniques(19), the maximum pointwise errors for various values of the singular perturbation

parameters £, €5 and mesh points N are calculated, the corresponding order of convergence and error constant are presented
in Table 1.
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Table 1. Values of TV, p™V, Hé\r and p*, Hé\{

n Number of mesh points N

64 128 256 512
0.2500E+00 0.4039E-01 0.3159E-01 0.2358E-01 0.1750E-01
0.6250E-01 0.3348E-01 0.2483E-01 0.1716E-01 0.1124E-01

0.15625E-01 0.3138E-01  0.2278E-01 0.1536E-01  0.9455E-02
0.390625E-02 0.3081E-01  0.2222E-01 0.1487E-01  0.8992E-02
0.9765625E-03  0.3066E-01  0.2208E-01 0.1474E-01  0.8870E-02

N 0.4039E-01  0.3159E-01 0.2358E-01  0.1749E-01
pN 0.3545E+00  0.4218E+00  0.4307E+00
Hé\] 0.8097E+00  0.8097 E+00  0.7728E+00  0.7331 E+00

The order of € - uniform convergence p* =0.35451
Computed € - uniform error constant H lj)\f =0.80975

Note: In Two-mesh algorithm,
g-uniform maximum pointwise two-mesh differences TN = max, HYN -Y?2 NH N
Q

- . . N
€-uniform order of convergence p* = rr”al\zrnlog2 %

~2N
— . N * X7 . . . . . . ey
g-uniform error constant /. =max L-I"_ where Y is the piecewise linear interpolants of the solution YN,
N

1-2-r

15

1.0

05

0.0

0.0 05 1.0 15 20

Fig 1. The solution components

Figure 1 shows that, for N =1024, &, = 35, €5 = {k the solution components u; ' u,have boundary layers at the point 0
and interior layers at the point 1, also it shows that the solution component u5 behaves smooth.

4 Conclusion

Numerical methods for solving singularly perturbed delay differential equations of convection-diffusion type are essential in
capturing the complex behaviour induced by the small perturbation parameter, convection, diffusion and delays. Techniques
like finite difference methods with piecewise uniform Shishkin meshes play a critical role in obtaining accurate and efficient
solutions for these challenging problems.
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