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Abstract

Objectives: The purpose of this study is to propose a new kind of Nano Ideal
topological space called © «-Nano topological space, explores several novel
forms of open and closed sets in the context of © «-Nano topological space,
and generate N, DU and NgsD ¢NU-spaces in D ¢-Nano topological
space. Methods: The © o-lower, © «-upper and © o-boundary regions have
been established for any subset of the specified universal set and any binary
relation defined on it. The associated ® --Nano topological space can be
determined by these regions in addition with universal set and the empty set.
Findings: The relationship between © «-Nano open sets and other setsin © q-
Nano topological spaces are found. Additionally, we figure out the forms of
N, DML and NgsD ¢ NU-spaces. Novelty: Nano-open sets were used
in the formation of normal spaces in Nano topological spaces, whereas in the
currentresearch work M ¢ and 9N s ¢ -open sets have been used to generate
N, DN and NggD ¢ NI -spaces.
Keywords: © .-Nano topological space; © .-lower, D s-upper; © «-boundary
region, 9”% D ML -space, QT@@gm@-space

1 Introduction

Nano Ideal topological structure has emerged as an essential feature of Nano topological
spaces. The Various types of generalized closed sets and open sets in Nano Ideal
topological spaces were analyzed !~). The characterizations of different normal spaces
in Nano Ideal topological spaces have been studied ®-®). The key contribution of the
current work is that we provide a novel method to generate Nano Ideal topological space
referred to as ® o - Nano topological space. In section 2, we present a new method
to construct ® ¢ - Nano topological space. In section 3, we introduce new types of
opensets N, D ¢, N Do, N, D ¢, N, D ¢ and NgD - -open sets, and investigate their
properties. Further, we describe and characterize new classes of normal spaces namely
NDMland N DML -spaces.
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2 Methodology
2.1 9. Nano topology

Definition: 2.1. Let & be an ideal in the universal set U and M C U. Then the Nano left dynamic lower, upper and boundary
regions are defined as,

Da(M)={neU: R (n)NM° € KRandR{(n) C M},,

Do(M)={ne€U:R{(n)NM ¢ Rand R{(n) N M # 0} where R;"(n) ={B € U:R,(n) CR,(f)} and B (M) =
Da(M) —Dg (M)Ri, (n) = (BeU: Ry (n) CR;(B)} . Then, the Nano left dynamic topology (called® . - Nano
topology) on U with respect M C U is defined as, MD o (M) = {[U, @,@7}3(%)7&(]1/[), By, (]V[)} The collection
By, (M) = {[U,DQ(]V[),‘BQS (]V[)} forms a basis for N » (M) and the D o - Nano topological space is denoted by
(U,ND o (M), R).The elements of ND o (M) are called ND - open sets and its complements are called MD - closed sets.

Example 2.2 . Let = (n,v,0,w, 7} M = {n,v} K = {0,(n},(&},(n,w}} and the relation be Y =

{m,m),(n,7),(n,0),(7,7),(0,n),(v,w),(w,T),(7,7)}.Then, the corresponding © o« - Nano topology is ND (M) =
{U,0,(n.~}, (n,y, 0}, (v}

Definition 2.3. Let (UMD o (F), &) bea®D o - Nano topological space. An operator = : p(U) — o(U) is known as the
dynamic function of & on U and defined as

GPe={nel:9NH ¢ Kforall G€NDa(n)}. The corresponding closure operator of h® < is defined as D o *(§)) =
HUHPe.

Theorem 2.4. Let K, and K 5 be the two ideals on the universal set U and T, , T3, H,D C U .Then,

1. @DL frd @

2.IfT, CTythenT, Pt C TpPr,

3. For any two ideals K, 2 Kz on U, HP1 (K ) D HP1 (K ).

4. HPr Cc D, *(H).

5. (HP:)"" c HDL,

6. HPL UDPr = (HUuD)P=.

7.(HND)Pr= HPL N DPr,

8.If H C HPr then HPr = D, * (H).

Proof. (1)Proof is trivial.(2) Let T,, C Tgand n € TaDL .Suppose néTﬁDL.Here GNT, CGNTzand GNTs € K forall
G e NDy (n),wehave GNT,, € K .Therefore néTaDL which is a contradiction. Hence, T, P C TﬁDL.(3)Let Kz C K, and
nGHDL(Ka).TllenSﬂHé K, forall S € ND; (n).Since SnHE Kg,ne HPr(K z).Hence, HPL (K ) D HPL(Kp).

(4)Let n € HPr Then for all Z € NDy (n), Z N HEK which results Z N H = (). Hence, n€ D" (H) and HPz C
D, *(H).(5)Proof is trivial from the definition of H Pz,

(6) Here,H C HUD and D C HUD.Then HP» UDP+ C (HUD)"*.

Letn € (HUD)Pt Thenforall S € ND; (1), SN (HUF)éKwhich implies (SN H) U(SUD)éK.Hence, SNHorSnN
DEK results that n€ HProrne DPr,

Therefore,n € HPr UDPr,

(7) Here, HND C Q and HN D C D. Then, (HND)?*C HPt 0 DPr Conversely, let n € QP+ N FPw Then for all
ZeNDyg (n),5SNnQ, SN DEK results that SN (HﬂD)éK.Therefore, ne(HnD)Pr.

(8) Forall & C U,§ C D*(5). Also, § C &2 = results that © o *() €D o* (6P ). Hence, H7= =D o *(9).

Theorem 2.5. Let (U, ND;, (F),K)bea D, - Nano topological space with H, D C U .Then,

1.HC D" (H).

2. D7 (0)=0,D,"(U)=U.

3.1f H C Dthen D, *(H) C D,*(D).

4. D;*(H)UD.*(D)=D,"(HUD,).

5. D (D, (H)) =Dy (H).

6. D, (HND)C D *(H)ND ;" (D).

7.1fSis ND-openthen SND *(H)C D" (SNH).

Proof. (1) Here H C HUQPr =D *(H).2) D" (0) =0UPPr and D, *(U)=UUUP .

n)
n)
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(3)If H C F then HPt C FPr Also HUHP: C DUDP* Hence,D; *(H) C D, *(D).

(4) Here,D;"(HUD) = (HUD)U (HUD)”* = (HUHP)U(DUDPr) = D" (H) U D,*(D).(5) Consider
D,*(D,"(H)) =D (HUHP*) =D, *(H)(6) Lety € D" (HND)Since HND C Hand HND C D, (HNF)P* C
DPrand (HND)P* C DD,

Also, D" (HND) = (HND)U(HND)”* C HUHPL = D, * (H).

Similarly, D, * (HND) C D" (D).Sincee D;*(HND),ne D" (H)

and n € D" (D).Thereforen € D *(H)N D *(D).(7) Let S be a ND -open.Then SU(HUHP 1) = (SNH)U (SN
HPLYU(SNH)Pt Hence, SND,*(H)C D, (SNH).

Remark 2.6. Let = (1,7, 0,w,7} ,H = {n,7}the relation D = {(n,n), (n,7),(n,0),(7:7),(e,n),(e,w), (w,7),(7,7)}
and K, = {0,(n}, (o}, (W}, (n,w},(n, 0}, (n,0,w}, (0w}, Kg={0,(n},(w},(n,w}}.Then, the following facts have been
observed.

DIfT,, = {7} and T = (1,7, 0,7} then TBDL o>1.,Pr

ii) (0} 7* (K 5) 2 (0} 7" (K.

i) {n} C{n, 7} but D" (0,7} 2 Dy,” (n}.

) D ()N D" (n} 2 D™ (073 0 (0})-

VIES = (n,v,0} and H = (n,y} then D" (SNH) D SND*(H).

3 Results and Discussion

Definition 3.1. A subset Q of (U, ND; (G),K) is

a) N,.Dp-openif@Q=intnp (clyp, (Q))

b) N, D -openif @ Cintnp, (CZND (int 5 (Q)))

&) N,D, -openifQ Ceclyp, (intyp, (Q))

d N, D -openif @ C thDL(clND (@)).

e) V. DL -openif Q Celyp, (intyp, (Q))Vintyp, (clyp, (Q)).

f) NBDL -openif @ C clND (intNp, (clNDL (@))).

Theorem 3.2.

a) Every ND - open set is N,D, -open.

b) Every N, D - open set is NpDL -open.

c) Every NpDL- open set is N,YDL-open.

d) Every NBDL’ open set is NWDL—open.

e) Every N,D | - open set is N,YDL—open.

Proof. (a)Let Zbea N D - openset. Then, Z =intyp, (Z) and

ClNDL (Z) == ClNDL (ZntNDL (Z)).AISO, Z g ClNDL (Z) == ClNDL(intNDL (Z)) and

intyp, (Z) Cintnp, (clNDL(intNDL (Z))).Hence, Zis N, D, -open. (b) Let ' be N, D, - open set. Then F' C
intNp, (CZNDL (intnNp, <F>))

Since int yp, (F) C F,clyp, (intnp, (F)) Celyp, (F).

Also, int N, (clNDL (intNp, (F))) intyp, (clnp, (F)).

This implies that F' C (thDL(cZNDL (F)).Hence, Fis NpDL—open. (c) Let L be a NpDL— open set. So, L C
(ZntNDL (CZNDL (F)).AISO, L g (ZntNDL (CZNDL (F)) UClNDL (ZntNDL (F)).

Hence, L is N,YDL-open. (d) Let O be NBDL' open set.

Then,O Cclyp (intNp, (clNDL (Q))). Also, O C (int 5, (clNDL (@)).

Therefore, O C intnp, (clNDL(intNDL (F))) Hence, O is NWDL—open. (e) Let M be a N D, - open set. Then

Also, M Cclyp, (intyp, (M))Uintyp, (CZNDL (M)).Hence, M is N,YDL -open.

Remark 3.3 . From the example 2.2, we have the following facts.

i) {n}is N, D, -openbutnot ND - open.

ii) {~, 0} is NpDL— open but not N, D - open.
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iii) (n,y,w} is NWDL -open but not NpDL— open.

iv) {n,0,7}is N,YDL -open but not NBDL - open.

v) (v, 0,w} is N,YDL-open but not N, D, - open.

Definition 3.4 . Let ) be a subset of (U, ND, (G), K).Then,

1.Qis Dy *-closedif D" ( Q) = Q whenever @ C S, Sis ND - open.

2.Qis NéD - closed if D, *( Q) C S whenever Q C S, S is ND - open. The collection of all NéD -closed sets are
L L

denoted by D *C(Q).
3.Q is N D ~closed if D, *( Q) C S whenever Q C S, S'is N D, - open.The collection of all NéD -closed sets are
L

denoted byN D C(G)

Definition 3. 5 LetA:(U,,N* K,)— (U,,N® K,) be amap. Then,
1.Ais N:gD -continuous function if A~1(Q) is NéD - open subset of (U,, N?, K, ) whenever Q is N D -open subset
L L
of (Uy, N, K,).
2.Ais N D - irresolute if A=1(Q) is N D - open whenever () is N D —open

Example 36 . Let U = (n,7,0,w, T}S = {nv}, K = {(Z) (77} (w},(n,w}} and the relation be Y =

{tn,m), (), (n,0),(v,7),(0,m) 5 (0,€),(§,7), (7, v)}ThenNDL G)={U,0,(n,7},(n,7,0},(0}}.
DL*C(S):{Ua(ba(77},(W},(WJJ}a(§’T}a(anﬂ'}»(07%7}’(77,%%7'}’{7779’60,7} and,
NéDLC(S>:{U,@,(77},(7},(w},(n,w}7(7777}7(%01},(%T},(wﬁ}7(n7w,7},(9,5,7},(m%wﬁ}(mvwﬁ}{%@,w,T}}.Also,

the mapping A, : U — U as defined by A, (n) = (0,7},
A, ()= (m,7,0},A,, (0) = (0}, A, (w) = (w},A, (7) = (7}, is both NéD -continuous and
L
N D - irresolute.
3. 1 N D Nl-spaces

Deﬁmtlon 3.7.Let (U,ND, (G), K) be a dynamic Nano topological space. Then,

1. U is ND,-Normal space ( known as N D Ni-space )if for any pair of non-empty disjoint N.D - closed sets W, and
W, of (U,NDy, (G), K), there exist ND  -open sets Y, and Y, of (U,ND, (G),K) with W, CY, and W, C Y.

2.Uis N D -Normal space( known as N D NI- space ) if for any pair of non-empty dlS]Olnt N D 1,- closed sets W and

L
W, of (U, NDL (G), K), there exist N D open sets Y, and Yy, of (U,ND, (G),K) with W, CY, and W,, CY,.
Theorem 3 .8.Every N D Nli-space is N D Nl-space.

Proof . Let (U,ND (G),K) be a NDL Nl space and W, and W, be two disjoint non-empty N D - closed sets. Then
there exists a disjoint non-empty pair of VD -opensets Y, and Y, of (U NDy, (G),K)withW, CY, and W,, CY,,. Also,
every ND - open sets are NéD -open sets. Then, Y, and Y, are NéD -open sets. So, (U,NDL (G) ,K) is NéD NI-

L L L

space.
Remark 3.9 . From the example 2.2,{p,v,7} is NéD -open but not VD, -open. Therefore every NéD Nl-space need
L L

notbea ND; Nl-space.
Theorem 3.10. If (U, ND;, (G),K) is N D Nl-space then for every pair of ND; -open sets

W and Ww with W N Ww U, there ex1st N D -closed sets Y and Yw

L
withY, CW, andY,, CW,andY, NY,, = U.
Proof. Let W, and W, be ND -open sets in (U,ND, (G),K)with W, "W, = U.Then W, °
and W, © are disjoint N D, - closed sets. Since (U, NDy, (G),K)is N-D Nl-space,
P s
there exists a pair of NéD -open sets L, and L, such that W, © C L, and W,,° C L,
L
This implies thatY, = W, © andY,, = W, are N D -closed sets such that Y, C W,
andY,, C W, withY, NY,, =U.
Theorem 3.11. Let A : (U,,N* K ,) — (U,,N® K,)bea ND - continuous bijective function
and NéD -open function. If U, isa ND Nli-space, then U, is a NéD N1 -space.
L

L
Proof. Let W, and W, be two disjoint N.D - closed sets in (U,, N°, K;).
Since A is N D, -continuous bijective, A~ (Wn) and A=W w) are disjoint N D - closed sets
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in (U,,N%, K,). Also since U, is N D, Nl-space, there exists a disjoint N D, -open sets Y, and
Y, with A’l(Wn) CY, and A’I(Ww) CY, Then, W, C A(Yn) and W,, C A(Yw).

Also, A(Yn) and A(Yw) are ND -open sets in (U, N° K}).

Since A is bijective, A(Yn) ﬂA(Yw) = (). Hence, (U,, N® K,) is N—D Nl—space.

Theorem 3.12.Let A: (U,,N* K ) — (U,,N?, K}) beN D —contmuous and ND -closed
bijection and Uybe a ND; Nl-space. Then U is a N D Nl space

Proof:

Let W, and W, be two disjoint N D, - closed sets in (U, N® K,).Then AW, )and A(W,,)
are disjoint closed sets in (U, N?, K ).Since Uy, is N D ; Nl-space,there exist disjoint

N Dy -open sets Y, and Yy,with A(W, ) CY, and A(Ww) C Yy, Therefore W, C A~(Y,)
and W,, C A~ (Yw) Since fis N D —contmuous ATY(Y, ) and A1 (Y,

are NéDL-open setsin (U,,N* K ) Also, A1 (Y, )NA~1 (V) = 0.

Hence (U,,N*,K_) is NéDLNl-space.

Theorem 3.13.If A: (U,,N* K,) — (Uy,,N° K,) is NéDL -irresolute, N D -closed bijection
and U, isN:gDL Nl-space, then U is a N:gDL Nl-space.

Proof.Let W, and W, be two disjoint N.D - closed sets in (U, NY K,).

Here A is N D - closed bijection, A(W, ) and A(W,,) are disjoint N.D - closed sets

in (U, N®, K,).Since (U,,N? K,) is N D Nl-space, there exist disjoint N D —open sets
I

in Y, and Y, such that A(W, ) C Y, and A(Ww) CY,.Since A is N D —1rresolute,
ATY(Y, )and A71(Y,,) are NéDL-open setsin (U,,N®, K,). AlsoA = (Y,)NA~L(Y,)=0.
Hence, (U,,N*, K ) is NéD Nl-space.
L
3.2.N - D Nl-spaces
QS
Definition 3.14. A subset Q. of (U,ND, (G),K)isa N;TDL—open set if it is the finite
union of N,.D -opensets.
Definition 3.15. A D; -nano topological space (U, ND, (G),K) is NQ—SD Nl-space if for any
L
pair of disjoint V. 7—TDL -closed sub sets W, , W, of U, there exist disjoint N éD -open sets
L

Y,,Y,such thatW, CY, and W,, CY,,.
Theorem 3.16.If (U, ND, (G),K) is a D -nano topological space,then the following are

equivalent.
a) UlsN D Nl-space.

b) For any palr of N_D | “opensets W, and W ,of U with W, UW,, = U there are N D -closed subsets Y, , Y,,of U such

that Y C W and Yw - Www1th
Y, U Y,=U.
c) For every N%DL -closed set W, and every N T—FDL—open set Y, with W, C Y, there is C, with W, C C, C
NgDLC(Cn) cy,.
d) For any pair of disjoint N%DL -closed subsets W, and W, of U, there exist N [;D -open subsets ', and C', of U with
L
Proof . Assume (a).

Let W, and W, be N_D -opensubsetsof N - D Nl-space U with W, UW,, = U.Then W, “ and W,,“arethe N_D -
T L Qs ™ L
closed subsets of U.Also,there exist disjoint [V éDL -open subsets L,), L, of U with W, © C L, and W,,© C L, LetY, =L, °

andY,, = LwC.Then Lnand L, are N:qDL—closed subsets of U with L,cC Wnand L., € W,, Hence (b) is proved.

https://www.indjst.org/ 4556


https://www.indjst.org/

Maheswari & Rekha / Indian Journal of Science and Technology 2024;17(43):4552-4557

Assume (b).Let W, be any N%DL -closed set and C, be any N;TDL—open subset of U with W, C Y, .Then W, © and C,,
are N%DL -open subsets of U with W, ©UY, = U.Then there exist NéD -closed subsets of U L,, L,,of U with L, C W, ©

L
and L,CY, anq .L,'7 UL, =U. Also, w, Q an , YnC - Lwc ancd an ﬂLw.C = Q.Let C"c: an a.nd Cy :C.Lwc.Then
C’nand C’w are disjoint NéDL—open sets with Wn C Ln and Y77 - C’w which gives Cw - Yn.Slnce C’w is NéDL_

closed, N:gDLC(Cn) CY,.

Hence (c) is proved.
Assume (c).Let W, and W, be any pair of disjoint IV %DL -closed sets of U.

Then W, CW,,“and W,,“is N_D _-open. After that, thereisa N_D -opensetsY, of U withW, CY, CN_D C(Y,)C
™ L S I S I
W, “AlsoW, CY,,and W,, C (NéDLC(Yn»C'
Let Yy, = (N_D C(Y,))".Then Y, is N_ D -open subset of U.
S L S L
Therefore, W, CY,and W,, CY,, with NéDLC (Yn) N NéDLC (Yw) =.
Hence (d) is proved. From the definition of NQ—SD Nl-space, (d)=>(a) can be easily verified.
L

Theorem 3.17.If A : (U,,N* K ,,) — (U,,N® K,) is ND -open and N D -continuous
bijective function and (U,,N®, K ) is NQ—SD Nl-space,then A(U,) is NQ—SD Nl-space.
L

L
Proof.Let L, and L, be two disjoint N%DL -closed subsets of A(U,,).Then,A~* (L, ) and
A1 (L) are disjoint NT—rDL -closed subsets of U, .Since U is a NQ—SD Nl-space,there exist
L

NéD -open subsets Y, and Y,,of U, with A"*(L, ) € Y,,A"*(L,,) CY,, and

L
A(L,)NA(Ly)=10.S0,A(L, ) and A(L,,) are disjoint NéDL—open sub sets of A(U,).Hence, A(U,) is NQ—SD Ni-

L
space.

4 Conclusion

The present work explores the concept of D -Nano topological space and analyses two distinct normal spaces ND NI
and N Q—SD Nl-spaces in the D -Nano topological space. Our research results contribute to the stream of investigations

concerning several kinds of descriptions of D ; -Nano topological spaces. Future studies can characterize the structure of regular
spaces and investigate the real - life applications of D ; -Nano topological spaces.
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