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Abstract

Objective: In this work, the fuzzy Elzaki transform and fuzzy Elzaki decompo-
sition method are used to solve fuzzy delay differential equations. The fuzzy
Elzaki decomposition method is a combination of the fuzzy Elzaki transform
and Adomian decomposition method in a fuzzy environment. The use of trans-
forms in solving differential equations makes the solution process simpler.
Methodology: The fuzzy Elzaki transform is applied in the fuzzy delay differ-
ential equation. The nonlinear terms are decomposed using Adomian poly-
nomials in a nonlinear fuzzy delay differential equation. In the transformed
domain, the resulting algebraic equation is solved. The solution in the original
time domain is obtained by applying the inverse Elzaki transform. Findings:
The fuzzy Elzaki transform and fuzzy Elzaki decomposition method are use-
ful for handling the complexities associated with fuzzy functions and delays in
differential equations. The technique used to solve the fuzzy delay differential
equation gives results with better accuracy compared to the exact solution. The
applicability of the method is illustrated with numerical examples. Novelty: The
Elzaki transform is a helpful tool for solving delay differential equations with
discontinuities. For the resilient solution of complicated differential equations,
especially those including nonlinearity and fuzzy logic, the fuzzy Elzaki decom-
position approach is useful. It gives an organized way to find the solution to
fuzzy delay differential equation by utilizing the advantages of both the Elzaki
transform and the Adomian decomposition method in a fuzzy situation.
Keywords: Triangular Fuzzy Number; Fuzzy Elzaki Transform; Adomian
decomposition method; Fuzzy Elzaki decomposition method; Fuzzy Delay
Differential Equations (FDDE)

1 Introduction

The fuzzy delay differential equation (FDDE) is a differential equation where some of
the parameters or variables are characterized by fuzzy sets instead of precise numerical
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values. Hamza et.al” and Jameel A.F et. al® have developed numerical methods to solve linear fuzzy delay differential
equations. Yookesh et.al  utilized the variational iteration method to solve time delay differential equations under uncertainity
conditions. Pantograph type equation is a kind of delay differential equation in which the delay term is of the form y(at)
where 0 < o < 1. Jafari H Mahmoudi et.al®” proposed a new numerical method to solve pantograph delay differential
equations with convergence analysis. Transforms are powerful tools used to solve differential equations by converting them
into algebraic equations. The combination of the Sumudu transform and the Adomian Decomposition method creates the
Sumudu Decomposition Method, which is used to solve fuzzy delay differential equations. Abdul Rahman ®) proposed fuzzy
Sumudu decomposition method for fuzzy delay differential equations with strongly generalised differentiability. The Elzaki
transform has similarities to the other transforms but provides different benefits depending on the specific problem being
addressed. Rehab Ali Khudair et.al® used fuzzy Elzaki transform to solve the vibrating string equation. Archana et.al”
utilized Elzaki decomposition method for the Mathematical modelling of the atmospheric internal waves phenomenon and
its solution. Emad et.al® obtained an approximate solution to Non-Linear Schrodinger Equation with Harmonic Oscillator
by the Elzaki Decomposition method. Savla SL and Sharmila RG*'?) proposed the Shehu Adomian Decomposition method
to solve linear and nonlinear fuzzy fractional Volterra -Fredholm integro differential equations and to solve fuzzy fractional
biological population model. Ali, L., Zou, G., Li, N. et al. an proposed Analytical treatments of time-fractional seventh-order
nonlinear equations via Elzaki transform.

In this study, the fuzzy Elzaki transform is employed to solve linear fuzzy delay differential equations, and the Fuzzy Elzaki
decomposition method is proposed for solving nonlinear fuzzy delay differential equations. The numerical algorithm for these
methods is developed, and numerical examples are provided to verify their accuracy in solving FDDEs.

The structure of the paper is as follows: Section 2 is methodology which consists of definitions and basic concepts required
for the solution process and the numerical algorithm to solve linear and nonlinear fuzzy delay differential equations. Section 3
illustrates the numerical examples to show the results and accuracy of the method. Section 4 gives the conclusion.

2 Methodology
2.1. Fuzzy Number

A fuzzy number u in parametric form is a pair u(«), u(«) of functions u (a), u(a), 0 < o < 1, that meets the requirements

as follows:
1. u(«) is a bounded non-decreasing left continuous function in (0,1] while right continuous at 0.

2. u() is a bounded non-increasing left continuous function in (0,1] and right continuous at 0.
3. u(a) < u(a), 0 <a<1

2.2 Triangular Fuzzy Number

A fuzzy set is A the triangular fuzzy number with peak a, left width o > 0 and right 5 > 0 if the membership function has
the form as follows:
l—aezz  4f a—a<z<a,
{ 1— 20, if a<z<a+p,
0, otherwise

p(z) =

2.3 Fuzzy Elzaki Transform

The Elzaki Transform is denoted by the operator E(.) defined by the integral equations
Blf@) =T =v [ f)e /" doa >0k <vshy
0

Some properties of Elzaki Transform
a. E[1]=r?
b. E[z"] = nlrnt2

c. E7 2] =z
n:
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Table 1. Standard Elzaki Transform for some special functions

Special functions Elzaki Transform Equivalent
f(x) E[f(x)]=T(r)
wa—l a+1
@, a>0 r 1
gn—legaz _ ,r,n+
W,n—l,Zﬁ... W
y oar
sinax Trazm
r
cosax Traz?
sinhax —ar .
-« o
Cos hax =25
— T
eaw 7(17&7")
T

The fuzzy Elzaki Transformation is denoted by

B(s @)= (e[r@]. e o))

where,

e(f(z)] v/ooof(:v)65 dz

2.3.1. Linearity Property

Let w,v : R — E(R) be two continuous fuzzy functions, Assume that b; and b, are random constants then
Elbyu(x)+byu ()] = by E(u(z))+ byE(u(x))

2.3.2. Change of Scale Property
Consider f : R — E(R) be a continuous fuzzy function and b is a random constant then E [f (bz)] = y(bz)

2.4 The derivatives to fuzzy Elzaki Transform

B @) =E|f @7 @] =i @hell @)= GT 0 -rf0 =10, ZT0) =T © =7 0)

BT @] =B |7 @ 7" @] = @l @helf" @) = (58 - Spy ot v ),

r n— -n mi(m>
e I i A (1)

2.5 Numerical Algorithm for solving nonlinear Fuzzy Delay Differential Equations

In this section, the required procedure is discussed to solve FDDE using non-linear Fuzzy Elzaki Decomposition method. This
method is a combination of the Fuzzy Elzaki Transform and the Adomian Decomposition method. Consider

YR+ N @) =il) e
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with initial condition

FO) =1f .7, )

where f = f (z), Rislinear Fuzzy operator, § () a continuous function, N is a nonlinear fuzzy operator and % the first order
fuzzy derivative. Taking Fuzzy Elzaki Transform on both sides,

~

df

T

E [R(H)] +E[N@—r)] = Ely(@) 3)

The parametric representation of the above equation is

Ep@uﬂ—ﬁf

— 0+E[{2(f)}+E{]y(x—r)]:E[y(a:);oz] "
= [f(x;o;)] —o B[R] + B[N @—r)] = Bl
and we obtain
{f(ac)] —r3f 4rE []_%(f)} \rE {]Y(ac—r)] —rE [y(x)} -
E[f(z)]=r2f,+rE[R(f)]+rE[N(z—r)] =rE[y(z)]
Then we define
f@)="f ()
@) =5 Fo) ©
The fuzzy non-linear operator can be further decomposed as follows
ﬁ(x—T)ZZf:Oén(x) -
N(p—1) =Y A, ()
Where [A , 4, ] is the fuzzy Adomain polynomial of f;, fy, fa..... [,
4 =i |V .
A, = %% Ng)wfn
At instance,
{10 =y(fo)
AAO:y%/((JJ:g )> )
A, =7 ()

Substituting Equations (6), (7), (8) and (9) in Equation (5)

E [if (x;a)] =7r2f —rE Rif (x;a)] —rE
n=0 -0

-n " n=0-n

ZA (z;00)
n=0 "

n

+rE [y(z;a)} ;
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gL

A, <x;a)] +rE[g(z;a)],

Eif (x;a)] —rE l

n=0-n

E li)fn (:c;a)] = 7’2?0 —rE

Comparing coeflicients of ?, we obtain

n=0

E [f <x;a>] =12 (x;0) +7E [w;a)}

-0 0 —

E [F, (@:0)] = 12T, (;0) + rE[7 (;0)

E ly (m;a)} =—rE [Rf,kl (x;a)} —rE [A (x;a)]
- —n—1
E[g, (w:0)] =—rE[Rf, ; (v;0)] —rE[A, 4 (z;0)]
Applying inverse Fuzzy Elzaki Transform

[ (z0)=E1

f +E1 [rEg_/ (x;a)}

r2f (z;0)

0

fows0)=E M r?f (v;0)|+ B [rEy (z;0)]

f =—ErE {{%fnq (x;a)] +rE [A

-n “n—1

(50

?n =—EYrE [Efnfl (55;04)] +rE [anl ($§04)]

Hence for n > 0 the series of solutions will be obtained.

3 Results and Discussion

Numerical Example

In this section, numerical examples are solved using the Fuzzy Elzaki transform method for linear and non-linear fuzzy delay
differential equations.

Example 1: Consider the linear delay differential equation

’

X
7 (@)= eﬁ(%)%’f(x) (1)

N | =

Subject to initial conditions y (0) = («,2 — @)
On using a triangular fuzzy number, the Exact solution of Equation (11)

f(z,a) = ae”

https://www.indjst.org/ 4317
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F(@,0) = (2—a)e”

Applying the Elzaki transform on both sides of Equation (11)

BIf (@) = r2f (0) 4 5rBle05f (5) 4 ()]

- - - (12)
Blf () =r%a+ %TE[@O'S”J{ (3) + @)
r=asgm pe[ees (5) s @
_ 1 o (T _
E(j”(x)] :r2f<?)+§rE [e0 1 7(5)+7@] ”
E[f (x) = 12+ 57 B[ F (5 ) +F (@)
T(x):a—k%E’l [rE {60'5“3?(%) +?(m)” (15)
By the Elzaki transform method,
f@)=a fy(z)=02-a)
-0
fo(@=sE"|rE [@”wf (5)+/ (x)H n>0
“n+1 n 2 n (16)
7= e el [(3) o
forn=0,
f @)= 5B ar [0 +ar (17)
-1
7, (@)= 5B B [(2- )% + (2-a)] -
= %E‘l [[(2—a)rE[e?5%]+ (2—a)] 7]
But,
Ee%-5%] = 1 _;.57# =72 4+0.5r°% +0.25r% +0.1250° + ...
Hence

1
f = 5E*l [ [r® +0.5r* +0.25r° 4+ 0.12576 + -+ r2]]

1
fi(x) = 5E—1 [(2—a) [r®+0.5r* +0.25r% +0.125r + - 4 72]]

https://www.indjst.org/ 4318
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By definition, we have
2?2 oz xt
f (SC)—|: ( +§+478+@+ >:|
2 3 4

fi@) =12-a)(@+ 5+ g+ 35+

_ 32,13 5, 13 4 >]
f(x)f{a(S +192 +1024 +...

13

f3(x):{a(654 3+% 4—&—...)}
Folw) = [(z—a)(ﬁ%x +% u...)}

Thus the approximate becomes

2 3 4
{ <1+x+x+z,+x+ ﬂ—aem (19)

2 3 4
:[(2—(1) <1+x+x+“§,+x+ >}=(2—a)ew (20)

Hence for n > 0 the solution converges rapidly to the exact solution on using triangular fuzzy number. The Figure 1 gives the
graphical representation of the solution obtained by the fuzzy. Elzaki transform to solve linear fuzzy delay differential equation.
The Equations (19) and (20) shows that the solution converges to the exact solution.

Example 2: consider a nonlinear fuzzy delay differential equation

F@y=1-2f2(3) &)

Subject to initial conditions FO)=(a—1,1—a)
Applying fuzzy Elzaki Transform on both sides,

Bf (a)) = E [1-2f2(3)] (22)

https://www.indjst.org/ 4319
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Fig 1. Solution of Linear FDDE

~

Bl @] =pm -2 (3)]

Rearranging the terms

E[f(a:)] =r?(a—1)+rE(1)-2rE {f2 (2)}

B @) =r2-a)+rB) 227 (3)]

Taking inverse transform on both sides,

f(@)=(a=1)+a—2E [fQ (;”)]

F@)=(1-a)+z—2rE [}2 (g)]

(23)

https://www.indjst.org/
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In general,

where,

) mrs (2 ()

where,

) (24)

Forn =0,

A, (g) = (1—)?+ - +2(1—a) (g) (25)

Forn =1,

A, (f) :—[(1—a)32x—(1—a)23f—(1—a) (Zj)—iz] (26)

zt  2®

f @)= 17+l % 410+ g

- zt  2®

fa (@) =2(1=0)%® +(1—0)*s® +7(1— ) o+ 15

Forn =2,

T 5 95 2 5
A (2)==20a-D%+2 (=120 + - (a—1) 2t + = (a1
-, \2 (a1t g la=D 7+ g (e D7+ g (= 7 11530
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86
11520

TN o2 4 21— a3 P a2t 1 )P
A2<2)— 2(1 a)x+4(1 a)x+384(1 a)x+3840(1 a)” +

3 4 5 6 7
_ 4 3T 95 5T 77 T T
{”3@)——[4(“—1) g Pl pla— g qgla-Dgr+ o7

3 4 5 6 7
_ 4T 3T 95 5T 7 °

The Fuzzy series solution is as follows

o0

F@)=>_f @=f @)+f @+f (@)+f (2)+..

- n=0-n -0 -1 -2 3

f@)=(a—1)+xz—2 {(a—l)Qm—l—(a—l)

Fig 2. Nonlinear FDDE

(27)

(28)

(29)

Equations (28) and (29) show the series of solutions obtained by the fuzzy Elzaki decomposition method to solve the

nonlinear fuzzy delay differential equation.

The solution for nonlinear fuzzy delay differential equation obtained by the fuzzy Elzaki decomposition method is verified

with the solution obtained using the fuzzy Sumudu decomposition method proposed by Abdul Rahman .
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4 Conclusion

In this study, the fuzzy Elzaki transform and the fuzzy Elzaki decomposition method are proposed to find the solution of
linear and nonlinear fuzzy delay differential equations respectively. The fuzzy Elzaki transform is a novel approach to handle
discontinuities in a delay differential equation with fuzzy initial conditions. Figures 1 and 2 illustrate the graphical representation
of the solutions derived from the proposed method for linear and nonlinear FDDE respectively. The solution obtained by the
proposed method rapidly converges to the exact solution. In future, the proposed methods can be used to solve different kinds
of delay differential equations with fuzzy initial conditions and it can also be used to solve the problems on applications of
FDDE.
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