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Abstract

Objectives: The objective of this study is to explore new types of sequences
in fuzzy graphs namely distance degree sequence and distance neighborhood
degree sequence of fuzzy graphs which may have various applications in
the real world. Methods: In this paper, two unique sequences for each vertex of
fuzzy graphs are given by means of its degree and neighborhood degree which
are called as the distance degree sequence and distance neighborhood degree
sequence of vertices of fuzzy graphs respectively. The n-tuple of the distance
degree sequence of vertices of a fuzzy graph arranged in lexicographic order
is called the distance degree sequence of the fuzzy graph and the n-tuple of
distance neighborhood degree sequence of vertices of a fuzzy graph arranged
in lexicographic order is called the distance neighborhood degree sequence
of the fuzzy graph. Findings: The distance degree sequence and distance
neighborhood degree sequence of fuzzy graphs are introduced. The properties
of these sequences and the general forms of these sequences of various fuzzy
graphs are given. The relationship between the distance degree sequence and
distance neighborhood degree sequences is discussed. Novelty: The distance
degree sequence of graphs has already been introduced. In fuzzy graph theory,
the distance degree sequence and distance neighborhood degree sequence
are introduced in this paper.
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1 Introduction

Introducing sequences within the realm of fuzzy graphs opens a captivating avenue for understanding the nuanced relationships
between vertices. Unlike traditional graphs, fuzzy graphs embrace the inherent uncertainty and gradual transitions between
connectivity states, offering a rich tapestry for exploring sequences. Within this framework, sequences provide a structured
lens to unravel the intricacies of connectivity patterns, allowing us to discern subtle gradations and variations in relationships
among vertices. Embarking on this exploration promises not only to deepen our comprehension of fuzzy graphs but also to
unveil novel insights into the dynamic interplay of uncertainty and connectivity in complex networks.

The study of distance degree sequences helps to build the theoretical foundations of fuzzy graph theory. It improves our
understanding of fuzzy graphs and their features, laying the framework for future advances in both theoretical and applied
graph theory. In social networks, biological networks, and communication networks, analyzing distance degrees can reveal
insights about connectivity, clustering, and community structures. Understanding distance degree sequences can lead to the
development of efficient algorithms for problems such as network routing, clustering, and optimization. So based on the distance
degree in graphs, distance degree and distance neighbourhood degree in fuzzy graphs are introduced and their properties are
developed.

The distance degree sequence in graph theory is introduced by Medha Itagi Huilgol") and some of their properties and
applications are discussed by S. Meenakshi and K. Deepika ?). Algorithms designed for crisp graphs frequently require adaption
for fuzzy graphs due to the nature of fuzzy sets and operations. Analyzing distance degree sequences in fuzzy graphs can lead
to the creation of new algorithms designed specifically for fuzzy networks, hence advancing computational approaches such as
optimization, clustering, and pattern recognition. The edge degree sequence of intuitionistic fuzzy graphs is studied by K.Radha
and P.Pandian ®). Some of the recent trends and properties in fuzzy graphs is discussed by Elumalai ) and Nagadurga Sathavalli
and Subashish Biswas ). The distance degree sequence of fuzzy graph G is denoted by DDS(G) and the distance neighborhood
degree sequence of fuzzy graph G is denoted by DnDS(G)

2 Methods

Let G:(o, 1) be a fuzzy graph, where ¢ is a fuzzy subset of a non empty set V and p is a symmetric fuzzy relation on o, that is
o:V— (0,1] and p: VXV — (0, 1] are such that p(uv) < o (u) Ao (v)Vu,v € V . The underlying crisp graph of G:(o, ) is
denoted by G*:(V, E) where E C VxV. Two vertices of G:(o, p) are adjacent if 1(uv) > 0.

The degree of a vertex u is given by d(u) = Zu#v w(uv). The neighborhood degree of a vertex w is given by nd  (u) or nd(u)

_ . . . . . itho. s
= Zve Nw) o(v) where N(u) is the set of all vertices adjacent to in G (or in G*). The j"" neighbourhood of u, denoted by N ;(u),

is the set of all vertices at distance j from u in G*. A fuzzy graph G is complete if p(uv) = o(u) A o(v) for all u,v € V where uv
denotes the edge between v and v. Given a fuzzy graph G:(o, 1) with the underlying vertex set V, the order of G is defined and
denoted as O(G) = _ | o(v) and the size of G is defined and denoted as S (G) = >_  _p(uv).

A path P, is a graph whose vertices can be listed in the order v,v,,...,v,, such that the edges are v;v;, ; wherei =1,
2,--,n-1.AcycdeC, isaclosed path v vy ---v,,_17,, .

A star graph K ,, with n+1 vertices, n> 3, is a graph in which the apex vertex v is connected to all the vertices
{Ul,v2, -+, U,, fwhere v; is not connected to v, fori,j =1, 2, ..., n.

A bistar graph is the graph obtained by joining the apex vertices of two copies of K; , by an edge and it
is denoted by B,, ,,. The vertex set of B, , is V(B,, ,) = {v1, Vg, = ,U,,0,UUy,Usy, U, }, Where u,v are
apex vertices and wv;, vg,vs...v,,,U1,Uy...ut,, are pendent vertices. The edge set of B, , is E (B, ,) =
{vvy, vug,vV5...00,,, VU, VU, UL, ... ut,, }. The wheel graph W, (n > 3) is a (n + 1)-vertices graph obtained by con-
necting all the vertices v;,v5,v5 ...,v,, of cycle C,, to the centre vertex v. Here, he centre vertex v is called as apex vertex and
other vertices v, ,v5,v5 ...,v,, in the cycle are called as rim vertices.

The distance degree sequence (dds) of a vertex v in a graph G* is a list of the number of vertices at distances 1,2,3,....e(v)
in that order, where e(v) denotes the eccentricity of v, the length of the farthest vertex from v in G*. Thus the sequence
(dyy,di s dyysennnndy o) s the distance degree sequence of a vertex v, in G* where d;, denotes the number of vertices at
distance j from v,. The n-tuple of distance degree sequences of the vertices of G with entries arranged in lexicographic order is
the distance degree sequence (DDS) of G.

The Preliminaries in fuzzy graph theory are referred from ®-%, and the preliminaries in graph theory are referred from ©-12).
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Definition 2.1

Consider a fuzzy graph G:(o, 1) where G*(V, E) is the underlying crisp graph and V = {vy, v, ---,v,, }. The DDS of a vertex v,
in G is given by the sequence (d; ,d; ,d;, .., d; ... d; ) whered, isgiven by o(v;), d; is given by ZueNl(vi) p(uv,),
d;, is given by ZueN(v \H (wu) where wu is the edge adjacent to u in the v; — u path of length j in G*. The DDS(G) with

n vertices is given by the n-tuple of DDS of the n vertices of G where the entries are sequenced numerically and is denoted by
DDS (vq,v9,05,,0,,).
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Fig 1. DDS of Fuzzy graph G

The DDS of the fuzzy graph G in Figure 1 is DDS(v;,v4,v3,v4,v5) = ((0.5,0.3,0.7), (0.4,1), (0.6,0.2,0.8), (0.7,0.1,0.9),
(0.9,0.4,0.6).

Remark 2.1

When o(u) = 1 for each vertex u and u(e) = 1 for each edge e, then the DDS of a vertex v in fuzzy graphs gives the number
of edges on paths of length j incident at vertices which are j distance from v. When the underlying graph G* is a tree, o(u) = 1
for all the vertices u and ji(e) = 1 for all the vertices e, then the DDS in fuzzy graphs coincides with the DDS in crisp graphs.

Definition 2.2

Let G denote a fuzzy graph with membership and similarity functions (o, 1) where G* is the underlying crisp graph with vertex
set V={vy,vg,,v,,}. The DnDS of vertex v, in G is given by the sequence (nd; ,nd; ,nd; , -, ndij ~o,nd; ) wherend;

is given by o (v, ), nd, is given by zuEN»( o(u), wherei=1,2,3,n,j=2,3,-e(,;) and N;(v;) is the j*" neighborhood

v;)
of v, in G* that is the distance between v and v; is j. The DnDS(G) with n vertices is given by n-tuple of DnDS of the n vertices

of G and is denoted by DnDS(v4, vg, vg,+,0,,)-

13(0.6)
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Fig 2. DnDS of Fuzzy graph G
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The DnDS of the fuzzy graph G in Figure 2 is DnDS(v4,v5,v5,v4,v5) = ((0.5,0.4, 2.2), (0.4, 2.7), (0.6, 1.1, 1.4), (0.7, 1, 1.4),
(0.9,0.4, 1.8)).

Remark 2.2

When o(u) = 1 for all the vertices u and pi(e) = 1 for all the vertices e, then the DnDS in fuzzy graphs coincide with the DDS
in crisp graphs.

3 Results and Discussions

3.1 DDS of fuzzy graphs

The DDS of a fuzzy graph provides a systematic way to analyze the distribution of distances between vertices while considering
their degrees. This sequence records the frequencies of vertices having certain degrees at certain distances from a given vertex
or set of vertices.

We have developed several theorems to explore properties and relationships within the distance degree sequence of fuzzy
graphs.

Theorem 3.1.1
Let G:(o, 1) be a fuzzy graph where V = {v,, vy, -+, v, }. Let (d; , d; , d; .-, d; , -+,d; ) Dbethe DDS of the vertex v; in
G. Then each dio < 1land dij <n-lforj>1,i=1,2,3, -, n, where n is the total number of vertices.

Proof

iq) i) (v

S uen oy B0 X 1 =dg (v;) Sn—1
wuev; —upath

any vertex at distance j, j>2, must pass through a vertex in Ny (v;), vertices that are j distance away is less than or equal to

Z“GNJ (vy) M(wu) s EueNj (v;) 1 <dg. (’Uz) <n—1
wuev; —upath

d;, =o(v;) <1. d; is given by . Since the path connecting

d - (v;) <n-1. Therefore, wherej =23, e(v;)

Theorem 3.1.2
Suppose G:(o, ut) represents a fuzzy graph on a tree G*: (V, E), then the sum of all elements in the DDS of any vertex v in G is
equal to S(G) + o(u).

Proof

Let V = {vq,v5,", v,,}. Consider any vertex v,. Let v;v;, be any edge in G. If either i = j or i = k, then the edge is v;v},

adjacent to v;. Therefore u(v;v,, ) appears in d; . Assume that i 4 jandi £ k. Due to the fact that G* forms a tree, there exists
only one path P from v, to v; and a unique path Q between v, and vy,. For the sake of convenience, let's assume that the length
of the v;-v; path P in G* is less than the length of the v;-v}, path Q in G*. Suppose the edge v;v;, is not in Q. Then there will
be a cycle in P U Q U {v;v,} which is a contradiction. Therefore, the edge v;v,, is in Q. Since v;-v; path in G* is unique, Q
=P U {v;v;}. If the length of Q in G* is 1, then the edge v;v}, is in the v,-v,, path of length r and incident on v}, € N,.(v;).

Therefore every edge is incident on a vertex in N (v, ) for some j=1,2, - e (v, ) . Therefore for any vertex v;, Z;T(:g) d;, = o(v;)

+—=0()+ ) gilwu) =0(v;) +S(G).
Remark 3.1.2
Theorem 3.1.2 need not be true if G* is not a tree. For example, in the fuzzy graph of Figure 2, Z;Sg’) dy, (vg) =04+ (0.3

+0240.1+04)=0(vy) +1 £ o(vy) + S(G) since S(G) = 1.5.
But if we consider the fuzzy graph on a tree in Figure 1, Zj(:%> d; (v;)=0(v;)+S(G) for all the vertices v,.

J

Theorem 3.1.3
Assume G to be a fuzzy graph. In the degree sequence of vertices v; on G, the first two termsi.e, d; andd, are givenbyo(v;)
and d (v;) where dz (v;) is the degree of v; in G.

Proof

By the definition of DDS, d; =o(v;) and d; = ZueNl(vi) p(vu) =dg (v;).
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3.2 DnDS of fuzzy graphs

The DnDS of fuzzy graphs extends the concept of the distance degree sequence by incorporating neighborhood information. In
fuzzy graphs, the neighborhood of a vertex encompasses not only its adjacent vertices but also those within a certain distance.
The distance neighborhood degree sequence captures the distribution of degrees among vertices within specified neighborhoods
at different distances.

Theorem 3.2.1
Suppose G:(o, 1) represents a fuzzy graph where V = {v;,v5,-:-,v,,}. Let (ndio, nd, , nd; ,-, nd

iy iy i )

nd,; " ) be the
DnDS of vertex v; in G. Then, each nd; <1and ndij <n-lforj>1,i=1,2,3, -, n, where n is the total number of vertices.
Proof
nd; =o(v;) <1. nd; is given by ZueNl(vi>a(u) < ZUGNI(Ui) 1=dg(v;) < n-1. Since the path connecting any
vertex at distance j, j>2, must pass through a vertex in N; (v;), the count of vertices at a distance of j is less than or equal to
dg-(v;) <n-1.Therefore nd; = ZueNj(vi) o(u) < ZueNj(vi> 1 <dg.(v;) <n-1wherej=23,-, e(v,).

Theorem 3.2.2
Suppose G:(o, i) represents a connected fuzzy graph. Then the aggregate of all elements in the DnDS of any vertex in G is the
order of G.

Proof

LetV = {vl,vQ, -+, v, }. Since G is connected, each vertex u # v; is in some N,(v;), j=1,2, -+,e(v;) . Therefore, for any

vertex vy, X210 ndy, = 0(v,) + S5 S oy (o) 0@ =)+ X L 0(0) =300 o) = 0(G).
Remark 3 2 3
If G is not connected with components G;,G5,-, G,, and if a vertex v, is in some G, then Zj:;)’) nd; =0 (Gp).
Theorem 3.2.4
Suppose G:(o, 1) represents a fuzzy graph. In the DnDS of vertices v; in G, the first two terms i.e, nd; and nd; are given by
o(v;) and nd(v,;) where nd (v;) is the neighborhood degree of v, .

Proof
By the definition 4.1, 0 (v;) =nd; andnd; =3 . ( >a(u) =ndqg (v;).
u 1 (v

3.3 DnDS of some fuzzy graphs

In this division, the DnDS of vertices in the fuzzy graph on a complete graph, a star graph, wheel graph, bistar graph, and path
graph is derived

Theorem 3.3.1
If vertex v is adjacent to all other vertices in the fuzzy graph, then DnDS(v) = (o (v), O(G)—0o(v)).

Proof

Consider a vertex v in G, since every other vertices in G is at a distance one from v, DnDS(v) (nd , nd e (v))
(nd; , nd; ). By the definition, nd; = o(v;). Since all the other vertices are adjacent to v, nd; =3>_ L, o(u) =

ZuEV o(u)—o(v) = O(G)—o(v). Therefore, the DnDS of any vertex v; in G is given by (o (v), O(G)—U(v)).

Theorem 3.3.2
Let G represent a complete fuzzy graph. Then the DnDS of any vertex v, in G is given by (o (v;), O(G)—a(v;)).

Proof

Consider a vertex v, in G. Since G is a complete fuzzy graph, every other vertex in G is at a distance 1 from v, in G*. By the
above theorem 5.1, the DnDS of any vertex v, in G is given by (o (v, ), O(G)—0o(v;)).

Corollary 3.3.3
Let G be a complete fuzzy graph such that o has constant value c. Then the DnDS of any vertex v; in G is given by (c, (n-1)c).
Proof

https://www.indjst.org/ 4353
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From the above theorem 5.2, d; = o(v;) =cand d;, :ZueNj(v,-) o(u) = ¢ d(v;) = c(n-1). Therefore, the DnDS of any

vertex v, in G is (¢, (n-1)c).

Remark 3.3.4
If the fuzzy graph G has all the o values and all the p values to be 1, then the DnDS and DDS of any vertex in G is the same as
the DDS of G*.

Theorem 3.3.5
Let G represent a fuzzy graph where the underlying graph G* is a star on n+1 vertices v,v;,v5,*+, v,, With v as the apex
vertex. Then the DnDS of the apex vertex v is given by (o (v), O(G)—o(v)) and for every other vertices, DnDS(v;) =
(c(v;),0(v), O(G)—0c(v;)—0c(v)),i=1to n.

Proof

According to the definition of the DnDS of any vertex of a fuzzy graph: nd; =o(v;), nd, =D e N (00) o(u).

All the rim vertices v, are at the distance one in G*from the apex vertex. Therefore, the DnDS of the apex vertex is DnDS(v)
—(o(v), 0(G)—0(v)).

For all the rim vertices v, the apex vertex is at distance one and every other vertex v, j # 4, is at distance two. Therefore
nd; =o(v;),nd; =o0(v).Alsofromtheorem4.5,nd; +nd; +nd; =O(G)whichgivesd; =O(G)—0o(v;)—o (v). Hence,
the DnDS ofeach v, is given by DnDS(v;) = (o (v;), o (v), O(G)—o0c(v;)—0o (v)).

Corollary 3.3.6
Let G represent a fuzzy star graph with n + 1 vertices denoted by v, v, v5,:+, v,, where v is the apex vertex. Let o be a constant
function of constant value c. Then, the DnDS of v in G is given by (¢, (n—1)c) and for v, it is given by (¢, ¢, (n—1)c).

Theorem 3.3.7
Let G be a fuzzy graph with underlying crisp graph G* where G* is a wheel graph. Let v be the apex vertex in G* and the rim
vertices be denoted by v;, i = 1 to n. The DnDS of v is expressed as (o (v),O (G) — o (v)) and the DnDS of v, is expressed as
(0(v,), nd (v,), O(G) — o(v;)—nd s (v,).

Proof

According to the definition of wheel graph, the apex vertex is at distance 1 from all the other vertices. Therefore, the distance
neighborhood degree of apex vertex v is expressed as (o (v), ndz(v)) = (0 (v),0(G) — o (v)).

If we consider the rim vertices, the vertex v, has three vertices including the apex vertex at distance one and the remaining
vertices at distance two. Therefore, the DnDS of v, is expressed as (0 (v; ), nd s (v;), O(G) — o(v;)—nd 5 (v;)).

Theorem 3.3.8
Let G be a fuzzy graph and G* be a bistar with 2n+2 vertices u,uq, Uy, U,,; U,Vq, Vs, -, v,, Where u and v are the apex
vertices. The DnDS of apex vertex u of G is expressed as (0 (u), nd o (1), nd o (v) — o(u)). The DnDS of vertices u; is expressed

as (o (u;), o(u), ndg (v) —o (u;), ndg (v) — o(u)). The result is similar for v, vy, vy,-, v,,.
Proof
Let us consider only the star with apex vertex u. Since the graph is symmetric the result is also true for v,v;, vy, -, v,,.

For the vertex wu, the maximum distance from u is 2. ndy(u) = o(u), nd;(v) =ndg(u), ndy(u) :Z;’:l o(v;) =
Z?:l o(v;)+ o(u) —o(u) = ndg(v)—o(u). Therefore, the DnDS of the apex vertex u of G is expressed as (o (u), nd s (u),
ndg (v)— o(u)).

For the vertices u;, the maximum distance from wu; is 3. u is at distance 1, nd; = o(u;), nd; = o(u),
nd;, :Z;L:l)j# o(v;)+o(v)=ndg (u)—o(u;)andnd; = 37"  o(v;) =ndg(v)—o(u). Therefore the DnDS of vertices

u, is given by (o (u;), o(u), ndg (u) —o (u;), ndg (v) — o(u)). The result is the same for v,vq, vg, -, v,,.

Theorem 3.3.9

Let P, : (0, 1) be a fuzzy graph on a path with n vertices vy, v5,v5, ..., v,, where n is even. Then the DnDS of the vertices are
as follows:

1. DnDs(v4) = (0 (vy), nd (v;), 0 (vg), 0 (V4), ..., 0 (v,,))

2.DnDs(vy) = (0 (vy), nd (vy), 0 (vy), 0 (Vg) ..., 0 (v,,))

3.Forr=34,... %,

https://www.indjst.org/ 4354
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DADS(0,)= (0 (1), 1 (0,), 0 (0,12 + 7 (0,_3) e 7 (024 0 (V9,1 ) 7 (03 s 7 (0,)

4. For r= 5+ 1,...,n-2,

DADS (0, )= (0 (0, ), 1 (0,), 7 (V,.20)+ 7 (0, 3) wve 2 7 (0,14 0 (V3,0 (Vg1 Jees 7 (01)

5.DnDs(v,, 1)= (0 (v, 1) (vy, 1), 0 (vy, 3), 0 (v 3) oo 0 (V1))

6. DnDs(v,,)= (0 (v,,), nd (v,,), 0 (V,,_2), 0 (V,,_3) -.. > 0 (V1))

Proof

1. For r = 1, the vertices vy, v5, ..., v,, are at distance 1,2,3... n-1 respectively. So, the maximum distance from vertex v, is
n-1. From the theorem 3.3, nd,;  =nd(v,). Therefore, the DnDS of v, is given by DnDS(v, )= (0 (vy), nd (v;), 0 (v3), 0 (v4),
v 0 (v,)).

2. Forr =2, the maximum distance of a vertex from v, is n-2. Only the vertices v; and v are at distance 1 from v,. Therefore,
dy, =0 (vy)+0(vg) The vertices vy, vg, ..., v,, are at distance 2, 3, ..., n-2 respectively. In general, for j =2, 3, ..., n-2, v, 5
is the only vertex at distance j from v, and dy_ zo(vj+2). Therefore, the DnDS of v, is given by DnDS(v, )= (0 (v5 ), nd (vy),
0 (vy), 0 (Vg), ..., 0(v,)).

3.Forr=3,4,... 2, the maximum distance of a vertex from v,. is n-r.

, 3For j=1 2,3,,7—1, v, ; and v,_; are the only vertices at distance j from v,.. Therefore, drjz o (vrfj)+ o (vrﬂ-), j=
,35. 01
Forj=rr+l,...,n-1, v, ; is the only vertex at distance j from v,.. Therefore, d. =0 (v
Hence the DnDS forr=3,4, ..., Z is given by,

DnDS(Ur>: (U (vr)’ nd (U’I‘)’ a (U'r‘+2>+ a (Ur72) yeees O (U”r‘f(rfl))-" 9 (U'rﬂr(rfl))’ o (v2'r‘)>"" O'(Un)) = (U (Ur)’ nd (UT)’

rﬂ-) forj=rr+l,...,n-r.

0(Vyyg)to(Vy g),...,0 <v1))+ o (112,,71)>, 0 (Vg )seenr 0 (V)

4. Forr= 2% +1, ..., n-2, the maximum distance of a vertex from v,. is r-1.

Forj=2,3,-+,n—ruv,; and v,_; are the only vertices at distance j from v,.. Therefore d,. = o' (v,_;) + 7 (v, ;),j=2.3,
N T

Forj=n-r+1,..,r-1,0,,, is the only vertex at distance j from v,.. Therefore d. =0 (v,_j) forj=n-r+1, ... r-1.

So DnDS(v,.) = (0 (v,.), nd (v,.), 0 (V,._g)+0 (Vyy0) .. h O (vr_m_r)) +o (vr+<n_r)>, 0 (WVgpp1)see0 0 (V1)) = (0 (v,.),
nd (vr)’ O—<Ur72)+o— (vr+2) st U(vn) + 0(1}27"771)’ U(”Qrfnfl)”"’ 0(vl>)'

5. The maximum distance of a vertex from v,,_; is n-2. For j=2,3..n-2, v,,_;_; is the only vertex at distance j from v
Therefore, nd,, ; =0 (p_1-4)»j=23,...,n-2. Hence, DnDs(v,, 1) = (0 (v,,_1),nd (v,,_1),0(v,,_3),0 (0, _3) ..., 0 (v1)).
6. The maximum distance of a vertex from v,, is n-1. For j=2,3..n-2, v,,_ is the only vertex at distance j from v,, . Therefore,
n,=0 (vp_4)»j = 2,3,..., n-2. Hence, DnDs(v,, )= (0 (v,,), nd (v,,), 0 (v, ), 0 (v, 3) ... s 0 (v1)).

n—1-

nd

Theorem 3.3.10
Let P, : (0, 1) be a fuzzy graph on a path with n vertices v4, v5, Vs, ..., v,, where n is odd. Then the DnDS of the vertices are
as follows:

1. DnDs(vq )= (0 (vq), nd (v;), 0 (v3), 0 (v4), ..., 0 (v,,))

2.DnDs(v5)= (0 (vg), nd (vs), 0 (vy), o (vg) ..., 0 (v,,))

3.Forr=3,4,... nz1

DHDS(UT)Z (0 (UT'>’ nd (,Ur)’ g ((Ur72>+0— (’UT‘+2) SR (’UT.7<T71)>+O' (vaL(rfl))’ o (UQ’I”)""’ o (Unfl))'

4. For r= 241, DnDS(v,.)= (0 (v,.), nd (v,.), 0 (v, )40 (v, 5) ..., 0 (V1) + 0 (Vo 1))

5.Forr= 243, ..., n-2,

DHDS(’UT)= (U (U'r)’ nd (UT)’ a (’U’r‘72) to (U’r’+2) e O (/U27‘7n) +o (Un)’ g (1}27‘77171)”"’ a (Ul))

6.DnDs(v,, _1)= (0 (v, 1) (vy, 1), 0 (vy,_3), 0 (v 3) oo 0 (vy))

7.DnDs(v,,)= (0 (v,,), nd (v,,), 0 (V,,_2), 0 (V,,_3) .., 0 (V1))

Proof

The proofs of (1), (2), (6), and (7) are as in the proof of (1), (2), (5) and (6) of the theorem 5.10.

For r =3,4,... \frac{n-1}2

The maximum distance of a vertex from v,. is n-r. j=2,3,..., r-1, v
Therefore, d. =0 (v,,fj)+ o (vr+j),j =23,...,r-1.

r+; and v,._ ; are the only vertices at distance j from v,..

Forj=rr+l,...,n-1,v, ; is the only vertex at distance j from v,.. Therefore, d,. = o (v,,ﬂ-) forj=rr+l,..,nr.
J
The DnDS for r = 3,4, ..., 231, is given by,
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D].’IDS(’U,P)Z (J(/Ur)’ nd(vr)’ U(vr72)+ J(v’r‘+2)7 tee U(”rf(rfl))-'_ U(err(rfl))’ U(UZT)""’ U(Unfl)) = (U(vr)’
nd (vr)’ g (/Ur72)+0- (U’I”+2)’ e O (U1)>+J (1)21“71))’ g (UQ’I")""’ g (vnfl))

4. For r= 5L, since r*" vertex is the middle vertex of the path graph, the maximum distance of a vertex from v, isr - 1.
v,.4; and v,._; are the only vertices at distance j from v,.. Therefore, d,. = o (vrfj) to (vrﬂ),j =2,3,..,r-1

So Dl’lDS( r) - (J( )’ nd (vr)’ U(Ur72) + O’(’UT+2), e 0 ('UT,(T,]_)) t+o (UT+(T71))).
= (0 (v,.), nd (v ) 0 (Vp_2)40 (Vpig) s 0 (Va_q) +0 (V7).

5.Forr= 233, n-2, the maximum distance of a vertex from v,. is r-1.
Forj=23,..,n-rv,,;andv,_; are the only vertices at dlstance jfromuv,.
Therefore drj: o (vrﬂ) +o (vT+j),j =23,.,n-r.

Forj=n-r+l1,.,r-1, (U
Therefore d. =0 (vrﬂ») forj=n-r+l,.,r-L

So DHDS( ) = (J( )’ nd (vr)’ o (vr72)+0 (vr+2) s 0 (vrf(nfr)>+ g </U7‘+(n7r))’ g <U27‘7n71)""’ J(Ul))

is the only vertex at distance j from v,..

:(J( ) TLd( ) (vr 2)+U(vr+2)""’0-<(U2r7n))+U(vn)>’0<v2r7nfl)""’U<Ul))'
6.For r = n - 1, the maximum distance of a vertex from v,,_; isn-2.Forj=2,3,..,n-2,v,_ ;_j; is the only vertex at
distance j from v,, ;. Therefore, DnDs(v,,_1) = (0 (v,,_1), nd (v,,_1), 0 (V,,_3), 0 (Vy,_5) <., 0 (V7)).

7. For r = n, the maximum distance of a vertex from v,, isn- 1. Forj=2,3,..,n- 2, v, is the only vertex at distance j
from v,,. Therefore, DnDs(v,,) = (0 (v,,), nd (v,,), o (v,,_ 2) 0(Wp_g) .0 (V7))
3.4 Relationship between DDS and DnDS of fuzzy graphs

The relationship between the DDSand the DnDS in fuzzy graphs provides valuable insights into both local and global
connectivity patterns within the graph structure.

Theorem 3.4.1
Let G be a fuzzy graph with vertex set {v;,v5,v3 ..., v, }. Let the DDS of vertex v; in G be given by (d; ,d; .d;, ... ) and
the distance neighborhood degree of v; in G be given by (nd; ,nd; ,nd;, ..., nd; ...,nd; ) For each vertex of the fuzzy

graph, d; and nd,;  are the same and are equal to o'(v; ) and d < nd , Wherei=1ton and ] 1 to e(v;).
Proof
By the definition of DDS and DnDS, d; = o(v;) =nd; .

z 0
T SR )<Zu€Nl (o) A o))<,y ) o) =nd,,

d;, = EueNj(vi> p(uw) <>° wen,( o(u)= nd, ,i=1tonand j=1toe(v;).
Theorem 3.4.2
Let G: (o, p) be a fuzzy graph on a tree with vertex set {v;,v5,v5...,v,,}. Let the DDS of the vertex v, in G be given by
(d;,d; - d;, - ) and the distance neighborhood degree of v; in G be given by (nd; ,nd; ,nd;_ ....nd; ...,nd; ).
If o and p are constant functlons of the same constant value, then d =nd, where i=1ton and j=1 to e(v ). Hence DDS of
the vertex v, is the same as the DnDS of the vertex v, for all i= 1 to'n.

Proof

Let o and p be constant functions of the same constant value c.

By the definition of DDS and DnDS, d; = o(v;) =c=nd,;

d,L'1= ZuEN (v; )‘u(uv ) ZueN ('ui)C:ZUEN (v;) U( ) ndil

d;, = ZueN (v ),u(uw) ZueN (€= Y uen. () o(u)= nd, ,i=1tonand j=1toe(v;).
Hence DDS of the vertex v, is the same as the DnDS of the vertex v,, for all i=1 to n.

4 Conclusion

In this study, the DDS and the DnDS of fuzzy graphs are introduced and illustrated with examples. The DnDS of some fuzzy
graphs is obtained. The relationship between distance degree sequence and DnDS is discussed. Based on these results, distance
degree sequences and distance neighborhood degree sequences in fuzzy graphs on ladder graphs, fan graphs, butterfly graphs,
etc. can be obtained in the future.
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