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Abstract

Objective: The purpose of this research paper is to establish coupled common
fixed-point theorems in G, metric space. Methodology: By using integral type
contractive conditions and weakly compatible mappings. Findings: Unique
Common coupled fixed-point theorems are proved and two corollaries are
stated. Also discussed is an example that supports our main result. Novelty:
In this research paper we obtained common coupled fixed points by using
integral type contractive conditions for given mappings in G, metric space.
These results extend the results of E. L. Ghasaba, H. Majania, G. Soleimani Rad'.
Keywords: G, metric space; Lebesgue Integral; Compatible mappings; Coupled
fixed point; Coupled coincidence point

1 Introduction

Banach contraction principle plays an important role in the development of fixed-point
theory. Its significance lies in its vast applicability to a great number of branches of
mathematical sciences. The generalizations of this principle are made either by using
different contractive conditions or by imposing some additional conditions on the
ambient spaces. One of the contractions is Integral type contraction introduced by
Branciari in 2002. He used the idea of Lebesgue integral in metric fixed point theory and
proved the existence and uniqueness of fixed point for integral contraction whenever
the metric space is complete. On the other hand, a number of generalizations of metric
spaces have been done and one such generalization is a G, -metric space introduced
by Aghajani et al in 2014 by combining both the concepts of b-metric space and G
metric space. From the recent literature authors!~!) investigated the existence and
uniqueness of fixed points and coupled fixed points in various metric spaces by using
various versions of integral-type contractions. The purpose of this research paper is
to prove coupled common fixed-point theorems in G, metric space by utilizing w-
compatible mappings which are weaker conditions and integral-type contractions. We
also provided corollary and example to validate our results.
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2 Methodology

In this paper, we use a few definitions and examples which are helpful to prove our results.

Definition 2.1:(

Let H be any non-void set. If a function G:H?>— [0, c0) satisfies the following possessions such that

(G1) G (g. w, 3)=0 implies g=w =5%;
(G2) G(p,,w )=0forall p, wme Hwith p # w;

(G3) G (p.w) <G (0.w.3).Vo.w e Hwithw # 3;

(G G(e-3) =G(e.5. @)=Gwe.5=_____ (symmetry)

(G5) G (p.-3)=G (e.p.p) + G (p.w. §) forall g w3, pe H

Then the function G together with H, that is (H, G) is called a G-metric space.

Definition 2.2(®

LetU bea non—v/gid set, 7 > 1is areal number. N -
A function d: U2 — [0, 00) is said to be a b-metricon U V \, p, v €U if
the following properties hold.
Ld(Ap) =0+ A=pu
2d(\ ) = d(p, \)
3:d (O v) < 7 1(d () +d (4, )] -
The pair (U , d) is called a b-metric space, and the number 7 > 1 is called the coefficient of (U , d).

Definition 2.3

Consider S to'be a non-void set and 7 > 1be a real number. Assume
that Gy, : S3 — [0,00) fulfills.

(Gbl) Ge (”p,q',w) =0 implics p=g=w;
(Gr2) Gu (pp.q) >0 forallp, ge Swithp#q

(G3) Go (p.p.q) <G (p.o.w) forall pgwe Swithg#w

(Ged) Gu (p.g.w) = Ge (@.0.7p) = Go (W.p, @) = (symmetry)

(Gu3) G (p.g.w) =1 [Gs (p, 6. 0) + Go (0. @, @)] for all p.g.w € S

Then (S, G,) is called a G, metric space and G, is called a G, metric on S.

Definition 2.4 :(10)

Assume M be a nonvoid set. The mappings
77: M xM — M and x : M — Mare commutative if
Xi7(6,9,) = 0(x6,x9)¥6,9 € M.

Definition 2.5;(10

Let & be any non-void set,7\7 : €2 5 & x: ¢ — Care said to be w - compatible iff x7(6,9) = 7(x6, x)whenever
7(6,9) = x6&n(9,6) = xV9, V6,9 € &
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Definition 2.6:(1"
\ \% \% \% v
A component (o,7) € U x U is called a coupled fixed point of a mapping M : U xU — U if M (0,7) =cand M(1,0) =T

Definition 2.7 :(1"

A component (o,7) €€ x € is said to be a coupled coincidence point of a mapping M : €z & - Eandt: € — Eif M(o,7)=
to and M (7,0) = tr.

Definition 2.8

Let ¢, ¢: [0, 00) — [0, co) be two functions, we consider the following
(1) 2 is non-increasing on (0, 00);
(05) @ is Lebesgue integrable;
(93) for any € > O,foe @ (t)dt > 0;
(9,4) @ is continuous;
and
(1) 9 is non-decreasing;
(W2)y () < ¥, >0;
(13) 9 is additive function;
(14) ZZO 2itn—lgitlyitn <60 Vs > 0,n > 0.

3 Results and Discussion
Theorem 3.1:

Assume (U, G,) is a Complete G, - metric space. 5 : U2 — U, f: U= U aretwo mappings and ¢ > 0 such a way

Gu(i) 4 (& ) o, o) Gy(F.fa fm.)+ G, (fo.fn.f,)

b ‘ ¢(t)ydt < ¥ f (1) dt (1)

VY, 6,09, N, € R with s> 1and
\
a) §(U?) C f(U)

b) f(U) is complete
o (Y, f) ,
Then one can find unique coupled common fixed points of 4 and f on U.
Proof:
v . v .
Consider, {),,},{z, }and{3,,}, { 7}, } be sequences on U such that (¢, @,) = fI,,; = 3,and§(w,, V,,) = fw,,; =
v
Tp
also, from Equation (1)
j(’)Gb(3p73 p+ls 3p+1) @ (t) dt= j(‘)Gb“ﬂp’ wp>7 (19p+1 > wzwrl)v (19p+1 7wp+1)) (Z) (t) dt
< ,lpj(’]Gb(f:ﬁpvfﬁPJrl 7f19p+1>+Gb<f‘lwp7flwp+l 7pr+1> (Z) (t) dt
VooV v G ép* ,ép,ép +G (’ﬁp, 7ﬁp”i;]p)
j(\)Gb(Sp, 3415 3ps1) (Z)(t) dt < "/}ﬁ) b( ! ) b ! w(t) dt 2)
Similarly,
‘[(')Gb(’;,p7’i;]p+l s Tpi1) ) (t) dt — J(')Gb(’“y(wp,ﬁp)y;y<wp+l7’(9p+l>’;y<wp+l 0 p11)) 0 (t) dt

< w‘](;]Gb(pr’pr+l)pr+l>+Gb<f’l9p’f’l9p+l7f’l9p+1)@(t) dt

vV

S z/}j(‘)Gb<"“7p—1 7ﬁp’ ﬁp)+Gb(3p—1 ) 3[)7 3p) @ (t) dt
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& (e (3 40 )
<y R R0 (t)dt

We can write for non-decreasing function
a+b a b
Sy 0@ dt <[TO)dt+ [7O(t)dt

from Equation (2) we can write,
j(‘) b(3p7 p+173p+1>®<t)dt Swj(‘)Gb@p 15 p73)® dt+ ¢f Tp1572y n)@(t)dt

Vv vV
3 3 3 G| 3p-2,3p-1,3p1 | +Gp(Pp 2,72y 1,70 1)
Gy(3p-1,35,35) b( p=2>"p-1:p 1) b\Tep P P
t)dt <
h 0(t)dt <i Jy
Vv vV

LGb(hp*D' p)(z) dt <'(/}f Mp 9,Mp 1,7 )+Gb<3p7273P*1’3P*1>®(t) dt

0(t)dt

\% \% \%
G, pfz,sp,1,3,,,1)+c< oarfip 1,Tip1)

<9 f (3

From Equation (3)

0(t)dt

vV v
O e . 3p—113p—1>+Gb<np—2’np—l7np—1)

G, (3, .,
LGb(gp,3p+1’3P+1)®(t) dt 9/1[1/)[) ( ®<t) dt]

\% \% \%
Gy(3p-2:3p-1,3,- )+G ( p2:Tp 1,7 )

+P[Y o (
Gb(s
< Y29 fy

\ \ \%
3p7273p7173p71>+c (T2 Ty 1T 1)

0(t)dt]

\
p—213p—1 73p71)+Gb(np—2 1, 1)

0(t)dt]

G
<2¢2(}, o )
Gy (35 5,35 2:3p 2 | +Gp(Ppy 5,1y 2,70p 5)
bl 3p-313p-2:3p- )"'G (Pp_g, Ty 0,1y o)

G (3
<44

\% \% \%
3p7473p—3’3p73>+G (s s Ty 5,70y 3)

0(t)dt]
0(t)dt]

Gb<
<8yt [, 0(¢)dt]

O e Gyl 30,31, +G (g, 7y ,7y)
Gp(3p53pi15 3pi1) p—1,/,p (0 ! )
A 0(t)dt < 2P LyP [

Similarly,

Gy (80,31, 3, ) +Gy (i, vy i)
Gy Tipers ) 1 b([) 1 1) b0 ,
fo b pi1sTpi1 @(t)dtg?p qszf()

for m>n

v ooV v s[Gy :\§71.7371,+ ,én +G én 7§m’ém ]
j(‘]Gb(3n73ma3m)®(t)dt§j6 ( ! +1> b< o ) @(t)dt

v v v
G (371’ 3n+1 ’ 3n+1)

< I O(t)dt + f, (St m>(2)(t)dt
0

$G, (3 B, n)

< J 0 (t)dt+
[0}
v \ v \ v v 4 \ \ v
s?G, ( 3ni1s 3n42s 3n+2)+33Gb <3w,+27 3435 3n+3> +s°Gy ( 30435 3n4ds 3n+4)i7¥synincb ( 3m-1>3m:3m
0

<
<
<

v v v v

G(3n73n+1,3n+1) 52Gy( 3,015 3mnsas 30 3Gy [ Bhi2s Bnass 3n
S f @(t)dt + j(') b( +1 +2 +2>®<t>dt + j(') b( +2 +3 +3

monG,(3 Z 3,
s b m—-1r92m1»m
Jy 0(t)dt

3)

(4)

(5)

>@(t)dt + - - =+
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Gb((§n5§n+17én+1 \/ é é
S S f @(t) dt+ 2]‘ n+17 n+2» n+2)@(t) dt+
0
Vv vV v
Gb 3n+27 n 37 n+3 3n 373n+473n 4
$3h ( o dt+s4f (3 ' )w(t)dt+——

\% \% (
mnf m17m73 @()

From Equatlon (4)

G (3()’317 )+G ({7 7{7 f;\/] ) G (307317 )+G (
SSanlwn/ 0o ‘1 ‘1 @(t)dt+322n’¢n+l/

0 6]

Gb<30731: )+G(7\:7y7r77{7)
83.271-&-1,(/)71-&-2‘/(“] o ‘1 ‘1 @(t)dt-i———

G<30,31, )+G({7,{z,{7)
+Smfn2mfl¢m/ o ‘1 ‘1 @(t)dt
0

G (é L\;) é ) G <§07§17é1>+ab(7\f] 3
fo b(Ons9m»sOm @(t) dt S ZZ o 21+n 1 z+1,¢1+n‘f 0o ‘1 ‘1 @(t)dt
Gb<3o,317§1>+Gb("0¢"17"1)

< ZZO 2i+nflsi+1,¢]i+nﬁ)

Lasm,n — oo,jé)Gb(g"’ Bms3m) (t)dt =0
v oV

a, <3n, 3, 3m) ~0

v
{3,, }isa cauchy sequence in U

Similarly, {#,, } is a cauchy sequence in U.

But f(U) is a complete subspace of (U, GG}, ) then there exist the sequences

V . \% .
{8}, {1, tarein f(U) such that they converges to 3, e f(U)

in complete G b metric space ( f U),Gy).
\

ie, lim 3= 3and llmn
n—oo n—oo

.oV .
Since f:UﬁUa"dB ie f(U), there exists , ¢ U such that f =3 and f =7
vy .
Therefore lim 3,, =3 = fyand lim Tv] =h= fi
n—oo n—oo M

~3<
~3<

0(t)dt < oo

v
Now we claim that 'y( ) = 3and 7( )

focb(’"Y(v)):?’nﬂr nt1) dt f n+1’wn+1):;7(19n+1:wn+1>@(t) dt
<4 f o( £, fﬁn+1,f79n+1)+G (f¢ fwml,fwm)@(t) dt

< Gul#na) e (f’ﬁ"’ﬁ")@(t)dt

umcb( f,;,;b,én)é Gb( fgg) S0
Similarly, Jgngon (f, T, s n) =Gy (f,n n) —0
Co(¥():Bns1:8n01) _ [Gu(3(,).3.3) _
fo V)(t)dt—fo O(t)dt =0asn — oo

\

Therefore 5(,) = 3 = fand5(,) = 7v7: f
()= fand#(,) = f

https://www.indjst.org/
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(,) is coupled coincidence point of 4 and f.
Since (¥, f) is w—compatible, then we have

Vo v .oy V .y
Y (3, 7\7) = f3andY (7\],3) = f7\7
LV Vv .\/ vV .
Now we have to prove f3 =3 and fn=mn3and fir =n
\ \

Xy v Go(3( 357 ) A (D i1y @)y H (P sy i)
Since j(‘JGb<f3’3n+1a3n+1)®(t) dt:J;) ( ) * * * @(t)dt

fé,fan+pfﬁwﬂ)+c4fﬁ,fwnﬂ,fwnﬂ>

A
<vk
Gb(fiv%,iv%n,iv’)ﬂ)«er(fh,/hn,/hﬂ)
<vh 0@)

VOV oV
This inequality holds if as n—00,G,, <f3, 3,3

0(t)dt

L

t
V WV
)—>O:>3:f3
andGb(chLh>—>0:>fh::h
v’ A v .
=@ |3, 'n | = f3=3and ¥(i,a) = fir=n
\

v .
~(3, 1) is common coupled fixed point of ¥ and f.

\%
If possible, let assume that (3!,72!) is another coupled fixed point of  and 7.
Now,

vl oy v v . .

G, (3 »3nt1s 3n+1) Gy ((3 >’Fl1) P Y(ﬂnJrl 7Wn+1)7 Y('&nAl 777Jn+1>>
/ ¢@mp_/
0

0

& () dt

.Vl . . A/ . o
Gb (fS ﬂfﬁn—lvfﬁnJrl)"'Gb (f/'?lﬂfwnJrl?fwnJrl)

<y 0(t)dt

‘vl v v poo 1l .
Gy| 3 ,3,,3, |+Gy(fit,an,i,)

<y 0(t)dt
1
This inequality holds if G, <7v7 ,7\§, 7%) — 0asn — oo,
\ AU

and G, (!, i,7) = 0asn — oo,

v v
=3 =3andil=#

Corollary 1.1:
Let (U,G}) be a complete Gy, — metric space. ¥ : U? — U and (\2 : U — U are two mappings such that

/Gb(Y(,),i)(ﬁ,P%i)(o,‘r))

0(t)dt < 0(t)dt

/maw{Gb(Q,Qﬁ,Qa) ,Gb(sgq,gzp,gzr)}

0 0

and
a) Y (U?) C K\Z(U) and K\)(U) is complete
b) The pair (Y, S\)) is w—compatible then one can exist a unique common coupled fixed point of 4 and (\2
Corollary 1.2:

Let (U, G}) be a complete G, —metric space
i : U2 — U be a mapping such that

Gb(ﬁ(a)’h<0’p)’h<‘7!7—>> Gb(’ﬁ’0)+<’P77)
/ @mag¢/ 0(t)dt

0 0
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then 7 has a unique coupled fixed point in U.

Example:

Let U=1[0,1] and G}, : U2 — [0,00) be a mapping
definedas Gy (k, A, 1) = |[k—=A| + | A—p| + | —&|, &V, A\, pelU
then (U, G,) is complete G, — metric space.

Now a mapping Y : U? — U definedas Y (x,), ) = s3 and

Y(t) = 55V te[0.00]

We can write |[kp— Ag| < |[k—A| + | p—q| holds V&, A\, p,q e U

4

In

and S\) : U — U be a mapping defined as S\) (k) =2kforall ke U

Now

Gy (Y (,a),Y(9,p), Y(o,7))
/ 0(t)dt

0

/Gb((?(, Q=Y )| H(Y(9,0)~Y (o, 7)+(Y (e, 7)Y (,q)])

0(t)dt

0

Yq_ 9p Yp_orT or _Yq
‘* || o 1o

0(t)dt
f\q—ﬁpH\ﬂp—UTH\o—T—Q\ 0(t)dt

f\*ﬁlﬂ19*U|+\aflﬂq*p\HP*TIHT*q\ 0(t)dt

0
2—2Y9|+|29—20|+|20—-2|+|2q9—2p|+|2p—27|+|27—2

< J(*)\ |+] o|+l20-2]+|2¢ pl‘pTHqu[Z)(t)dt
G, s\zfs\wMs\wfs\zah’s\zafs\z’ﬂs}qfs\zph s\zpfs\zrh S\?T*(\Zq‘

IN

0(t)dt
<y Orl@aoge)iouren),

From the main theorem, we can conclude that 4 and (\2 have coupled common fixed points (0,0) in U.

This example also supports corollary 1.2 if ¢ (t) = 5 ¥Vt € (0,00).

Conclusion

this research paper, we proved common coupled fixed-point theorems by using integral type contraction in the context of

G, metric space and also discussed an example that supports our results.
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