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Abstract
Objectives: The subject of survival analysis mainly concentrated on the
behavior of the survival times of specific organisms or objects, which is the
time at which a specified event occurs from an initial epoch. The problem
of censoring adds complexity to survival analysis, and specific types of tools
have been developed to deal with censored observations, some of which
are nonparametric and semi-parametric approaches. When the proportion of
censored observations becomes higher, it is natural that the results obtained
from any type of survival analysis are less reliable. In this article, an attempt
has been made to meaningfully incorporate the censored observations in
survival data using fuzzy theory.Method: Taking Kaplan-Meier’s procedure as
a base, the fuzzy numbers are used for censored observations. Findings: In
the presence of censored observations, ascertaining the median survival time
is always obscure; hence, fuzzy methodology has been adopted in this article.
The corresponding survival curves are drawn, and the median survival time is
estimated with reference to an example. Novelty: Incorporating fuzzy theory
into Kaplan-Meier’s procedure, particularly regarding censoring, is a novel
methodology discussed here. So, the presence of impreciseness in statistical
data with particular reference to survival analysis has not been considered
much in the literature. The presentwork has addressed this issue and proposes
a new type of Kaplan-Meier estimator for addressing censoring.
Keywords: Censoring; Survival Curve; Product Limit Estimator; Fuzzy sets; and
Fuzzy Numbers

1 Introduction
Survival analysis has been developed to deal with the problems involved in clinical
setups, such as estimating the remission time of patients or getting a cure from disease
when using different treatment protocols, etc. Its application in the present scenario has
increased considerably among many disciplines. The data for survival analysis consists
of the time taken for a well-defined event of interest to occur with information about
some variables or attributes that influence the event’s occurrence. A significant problem
to be dealt with in the survival analysis is the presence of censored observations, which
may mainly arise because a subject is lost during follow-up or the event of interest does
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not occur to the subject even till the end of the study. Such incomplete information makes the survival analysis tedious. It
would be hard to say whether and when the censored subject has experienced the event or not. Omitting the information about
the censored subjects may dilute the reliability of the results obtained from the analysis, and incorporating the incomplete
information unhesitatingly may also create some lacunae with reference to the point of perfection.

Grzegorzewski and Hryniewicz (1) investigated a generalization of the exponential model that acknowledges ambiguity in
lifetimes. They use fuzzy numbers to model imperfect lives. It is assumed that the censorship is ambiguous. Grzegorzewski (2),
Grzegorzewski, and Hryniewicz (3) suggested that a fuzzy method for estimating a mean lifetime in the presence of ambiguous
data, particularly an uncertain number of failures, estimated the mean time to failure, which is also observable as a fuzzy
number, and determined the accompanying confidence interval using fuzzy numbers. Jaisankar R and Parvatha (4) proposed
an approach for a Fuzzy Kaplan-Meier estimator based on fuzzified survival times and compared it to the traditional method.

The prime familiar nonparametric procedures such as the Kaplan-Meier estimator for calculating the Survival
probabilities (5), Kian L Pokorny et al. (6) proposed a fuzzy product limit estimator that could be utilized even with extensive
censoring. They demonstrated that it is more trustworthy than the classical estimator. Semi-parametric procedures like Cox-
Regression (7) are developed to combat censored observations.

A failure must be clearly defined for the Conventional estimators, which might not always be met in an actual case.
Investigatorsmay report highly ambiguous descriptions thatmay arise due to various factors, including perceptions of subjective
and imprecise failures, imprecise records, etc. Hence, the survival times of censored subjects are mostly fuzzy, and it would be
objective to use the fuzzy theory in such circumstances. This article attempts to deal with censored observations using fuzzy
concepts.The proposedmethodology facilitates the use of fuzzy numbers in the conventional Kaplan-Meier survival procedure
to obtain more reliable results, which is the main contribution of the present work.

Fuzzy algebra and logic are now used in survival analysis to deal with uncertain failure times. Viertl (8–10) expanded the
statistical estimation of the reliability characteristics by considering the fact that the real-time data are more or less fuzzy. Viertl
and Shafiq (11–13) generalized the Kaplan Meier estimator for fuzzy survival time observations and for the parametric survival
models.

2 The Kaplan Meier Estimator (KM)

In 1958, Edward L. Kaplan and PaulMeier (5) worked together on a landmarkwork on how to handle incomplete observations in
lifetime data, and they observed the survival and hazard curves using conditional probabilities. Since then, it becomes familiar
conventional method of handling different survival periods with censored data. The Kaplan-Meier method also posits random
censoring, independent censoring times, and independent survival times with the same distribution and constant probability
of survival, in addition to the standard assumption of independence.The censored are assumed to have lived until after the time
at which their final known existence.The Kaplan-Meier estimator of the survivor function at times, for t(k) ≤ t < t(k+1) is given
by,

ˆ
S (t) = ∏k

j=1
(n j−d j)

n j

where, t1, t2, t3, . . .nd1,d2,d3, . . .n1,n2,n3,... are the corresponding number of patients remaining in the cohort.

3 Methodology

The estimator suggested by Kaplan-Meier (5) is based on conditional probability, which is determined based on the number of
fatalities and the number of persons at risk. As these are discrete quantities, it is not appropriate to consider them fuzzy. At
first, using Kaplan-Meier’s procedure the survival probabilities are calculated. One of the main drawbacks of the Kaplan-Meier
estimator is that the survival probability cannot be calculated for the censored subjects and hence it remains the same till the
next death occurs. As it is a case, in order to overcome this at least to some extent, the current methodology, which may be
called the fuzzy Kaplan-Meier estimator is developed by considering the censored survival times as fuzzy.

In many practical situations even though the final event of interest is clearly defined, there are certain stages which leads to
the final event may be identified in the course of the study. For example, in cardiology, the heart of a person may function even
with small defect in the valve whichmay not leads to complete heart failure. Such a functioning cannot be considered as a case of
perfect heart functioning but only a diminished functioning. Similarly, an HIV infected person may be identified for pre-AIDS
condition which may lead to a final event like full-blown AIDS or death. This may be described as a state of partial occurrence
of the event. If the final event is death or failure such conditions may be called as a partial or non-critical failure. Likewise, a
subject who is censored would not be identified for the status of either death or survival and hence his status is vague. However,
one may access the possibility for that the censored person to experience the event. Such kind of evaluation is possible through
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some notions of possibility theory like possibility of dominance or necessity of dominance which are helpful when someone
wants to measure the degree for some imprecisely defined qualities. The possibility of attaining the event can be linguistically
defined as slightly possible, highly possible, nearly sure etc., and for each of which one may assign weights si ∈ (0,1) arbitrarily.
The theory of fuzzy would be helpful in dealing with such conditions.

If the lifetimes are not crisp but vague, one must deal not only with failures but also with non-failures in particular with
the censored subject. So, in order to take into account such non-failures, let Ci be the time at which the i-th subject is being
censored. Let S denote the set of all subjects which are not yet experienced the event of interest. If si = 1 for a subject, which
indicates that it does not experience the event before theCi while in the case of si = 0 then it might have experienced the event
before or at the timeCi. If siε(0,1) then the subject unknown for its failure or survival. Hence, the set S is a fuzzy set with finite
support and core. As the status of the censored is not known after Ci, one may assign for the censored subject the degree of
belongingness si = µS(i) to S where siε[0,1], for i = 1,2, . . . ,n. One may also consider an alternative set T which may contain
the subjects who attained the event so that their corresponding degree of belongingness is ti = µT (i) = 1− si.

Now, one must determine a fuzzy counterpart of the observed failures, say, q. Grzegorzewski (2001) suggested several
methods of failure counting techniques. One may consider only just significant failures or to treat all types of failures (partial
failures) in the same way.Thismay yield twomethods whichmay be called optimistic (or liberal) and pessimistic (conservative)
with reference to the points of view, respectively. According to the optimistic viewpoint, the number of failures counted as,

Qopt =
n

∑
i=1

I (ti = 1) = n−
n

∑
i=1

I(si > 0)

where I is the indicator function and the number of failures obtained from a pessimistic viewpoint is

Qpes = n−
n

∑
i=1

I (si = 1) =
n

∑
i=1

I(ti > 0)

In general, if only failures with some degree of belongingness, say, φ is to be considered, then we have

Qφ = n−
n

∑
i=1

I (ti > φ) =
n

∑
i=1

I(si ≥ 1−φ)

where φ ∈ (0,1).
The failure counting methods described above are, in some ways, crisp and reductive. Actually, they discard the entire

information on specific degrees of belongingness and use only a portion of it. However, it is occasionally beneficial to consider
all available information. Then the following failure counting approach can be used.

Qc =
n

∑
i=1

ti = |T |= n−
n

∑
i=1

si = n−|S|

where |T | and |S| denotes the cardinalities of the fuzzy sets T and S.

4 Results and Discussions
The following self-coined example has been taken for the purpose of illustration of the proposed methodology. The survival
times (ti), the number of deaths (di) with 13 subjects are given in the following Table 1. Using the classical Kaplan Meier
procedure, the cumulative survival probabilities S(t) are calculated.The curves corresponding to each of these probabilities are
drawn and presented Figure 1.

Figure 2 shows the fuzzy optimistic and pessimistic approaches of survival curves for the Kaplan-Meier estimator.
It is to be noted that as the failure counting of optimistic procedure is same as that of the classical Kaplan-Meier procedures

their corresponding curves coincides but pessimistic curve differs it is seen that the median survival obtained by both the
classical and optimistic method is 7 which is lesser than that of pessimistic point of view. As comparing survival curves is one
of the prime objectives of survival analysis drawing this kind of curve may provide some additional understanding about the
pattern of survival times.
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Table 1. Classical Kaplan Meier Estimator
Time(ti) Status Number of Patients at Risk(di) Cumulative Survival Probabil-

ityS(t)
0 1 13 0.9231
2 1 12 0.8462
3 1 11 0.7693
4 1 10 0.6924
6 1 9 0.6155
7 1 8 0.5386
9 0
12 1 6 0.4489
16 1 5 0.3591
17 1 4 0.2693
23 0
27 1 2 0.1347
31 1 1 0

Fig 1. Classical Kaplan Meier Estimator

Fig 2. Fuzzy Kaplan Meier Estimator
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5 Conclusion
In situations where it is requires to compare the efficacy of two ormore treatments or drugs in terms of time required to get cure
from a disease, survival analysis helps to make a decision for selecting the right and appropriate treatment. However, if there is
a suspicion of impreciseness or inaccuracy or vagueness present in the data, the theory of fuzzy help us to tackle the problems
under consideration. In survival analysis especially in the presence of censored observations ascertaining the median survival
time is always in obscure and hence fuzzy methodology has been adopted in this article. The median obtained so is lesser than
that of the classical method. The behavior of the survival curve can be studied with more accuracy when incorporating the
fuzzy ideology which may aid to make better decisions on health protocols. It is possible to refine the methodology adopted to
the cases of truncation also.
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