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Abstract

Objectives: To find a fixed point of k-expansive mapping on G ;g-metric
space by establishing a theorem on it and to prove the uniqueness of such
a fixed point. Methods: A theorem for the k-expansive map on G ;g-metric
space is established by generalizing an existing contractive condition theorem.
Generalization is done by replacing the contractive condition with an expansive
type of condition. Findings: Certain conditions that have to be satisfied by a
k-expansive mapping for the existence and uniqueness of fixed pointsin G ; 5-
metric space were found in this article. An example is also given to illustrate the
existence of a fixed point. Novelty: G ;g-metric space is a new metric space
that has been established recently. Furthermore, the fixed point theorem of k-
expansive mapping on G ;g - metric space has not yet been proved by anyone,
and hence it is proved in this article.
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1 Introduction

In non-linear analysis, fixed point theory is showing immense progress in the research
field due to its enormous applications in various fields (see, for example " ?)). Many
generalizations of the Banach contraction principle ** were brought into the picture,
and the process is always evergreen.

It is a well-known fact that if the distance between the elements is greater than the
distance between their images of a map, then the mapping is known as contraction
mapping. Further, generalizations of the contraction mapping theorem were brought
into the limelight by many researchers (for example, see in ).

Moreover, replacing the contractive condition with an expansive type of condition
and studying its fixed points is an interesting topic of research. There are several fixed
point theorems for expansive mappings on various metric spaces, like JS-metric space
and G, - metric space® 19 and there are many fixed point theorems on generalized
expansive mappings (for example, see in 12)),
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It is a well-known fact that generalization of a metric space can be done by replacing or weakening one of the conditions
of a metric space. By using this method, D - metric space and G - metric space were introduced. Further, (7j5- metric space is
introduced by generalizing G - metric space through JS - metric space by Srilatha et al. 1.

The main aim of this article is to study k - expansive mapping in G5 - metric space and find its fixed points.

2 Methodology

In this article, a systematic procedure is followed in order to establish a new result in G5 - metric space. There have been many
expansive mapping theorems in various metric spaces till now, but there has been no such work in Gj5- metric space. Hence,
here in this article, some basic definitions that are required for the main result is given initially. Then a theorem on k - expansive
mapping is given for finding fixed points in (5j5- metric space. Moreover, the main theorem is supported with an example.

Definition 2.1'¥ Assume that E is a non-void set. Then the mapping G ;5 : E% — [0, o0]Ggmetric on E if it satisfies the
following conditions:

(G ;51)G  ;5(X,1,8) =0ifand only if X =¢p=¢

(G ;52)0 < G 5 (xx,¥)forall x,y € E with x # 1.

(G 153)G 75 (X X:%) <G 55 (X,9,6) forall x,,§ € E, with ¢ # €.

(G1s1)G 55 (x,1,6) = G 5(0(X,1,€)) forall X, 4, ¢, € E,where o (X,1),¢) is a permutation of the set { X, +,£} and

(G ;45) there is a constant ¢ > 0 such that for (y,%,¢) € E3 and (X,,) € G (G ;5,E,X),

GJS (Xﬂﬁ’f) < Chmn%oo sup GJS (Xn>w7§>’

where G (G ;5 E,z) = {(X,,) C E:lim
space.

Definition 2.2%) Let (E,G ; 5)be a Gjs-metric space. A sequence (X, ) in E is said to be

G|s- convergent to x € Fif (X,,) € G(G ;5,E,X)

Definition 2.3"® Let (F,G ;5)be a Giys- metric space. A sequence (X ,,) C Fis said to be

Gis- Cauchy ifnf'fgnooals (X Xn>Xm) =0.

G ;5(X,,,X,X) =0}. Then the pair (E,G ;5) is called a G}s- metric

n— oo

Definition 2.4? A G/s- metric space is said to be G- complete if every G - Cauchy sequence in E is G- convergent in
E.

Definition 2.5 Let (F,G ;5) be a Gj5-metric space and p1 : £/ — F, be a self- mapping. Then 4 is called G - continuous at
a € E if for any € > 0 there exists 6 > 0 such that for any x € E, G}s (ua,pa,px) < € whenever Gig (a,a,x) < 4.

Definition 2.6 A G/js-metric space (E, G ;5 )is claimed to be symmetricif G ;g (X,9,¢) = G ;5 (1, X, X),forall x,¢ € E.

Definition 2.7 Let (E,G ;) be a Gjg-metric space and z: E — E be an onto mapping. For k > 1, 4 is said to be a k-
expansive mapping if Gjs (px, pux, ut)) > kGis (x, x,v)for every (x, x,¥) € E3.

Definition 2.8 14! Let u: E — E be a mapping defined on a non-empty set E. If 11 () = x for every x € E, then Yis called
fixed point of s.

Remark 2.8 In(E,GIS), we define

A(Gs,1:x0) = sup {Gys (1* X0, 17 X017 X0) +1:] € N}

Proposition 2.9 If (£, G ;g )is a Gjs-metric space and (X, ) converges to x in E, then it has a unique limit point.

Proof. Assume that (X,,) converges to both x and 1.

For any constant ¢ > 0, for every (v, x,x) € E% and (X,,) € G (G 5, E,1) we get

Grs(xx) < lim sup G rg(XnsXox) =0,

implying thaty = 1.

Therefore, the limit point of (X, ) is unique.

3 Results and Discussion

Priya Shahi, Jatinderdeep Kaur and Bhatia established a common fixed point theorem for expansive mappings by using the
concept of weak compatibility in G-metric spaces whereas in this article, this theorem is generalized to find the fixed point of
a k- expansive mapping without using the concept of weak compatibility in Gs- metric space.

Theorem 3.1 In a symmetric, complete Gijs-metric space (E,G ;g), if p : £ — Eis a bijective and k - expansive mapping
holding the following condition,

Ghs (1x, 12X, 12 X) = kGis (X, pux, px), for each x € B, K > 1.

Then - A (GJS,/L,XO) < oo asn — oo for x, € E.
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If p1 is Gijs - continuous on E, then 1 has unique fixed point.
Proof: Since 1 : 2 — F is a bijective mapping, p has inverse on its range. Therefore, for an arbitrary x, x; € £ we can see

that xo = 4" (x1)-
Similarly, we can find x, € Eso that x; = ™ (x2)-
Proceeding in a similar manner, there is (X,,) € E with ux,, = Xp41-
Also, we can observe that

12 xo = 1 (1Xo) = X1 = Xa
13x0 =1 (13 X0) = X2 = X3

B Xo = Xn

If X,, = X14n>then evidently, 1 (x,,) = x,, for everyn € N.
Now, for each n € IV assume that x,, # X14p-
Since p is a k-expansion, by the given condition for x, € E,

Gys (X0, 112 X0, 117 X0) = kGis (Xo0s 1X0s #X0)
Gis (12 X0: 112 X0 3 X0) = kGis (1x0- 142 X0 42 X0)

G]S (X25X35X3> > k2Gls (XOaMXo’MXo) = k’zGJs (X07X17X1)

Proceeding in a similar way, for any n € N, we get

Gis (Xn>X14msX14n) = E"Gis (XosX15X1) -

Gis (K™ X0, ™ X0, 1™ x0) = EGis (W™ X0, W™ X0y ™ X0) = K™ Gis (X0 X1, X1) -

n+1 n+1

1
Or Gjs (anXOaMnXo’MnXo) < EG]S (W™ X0, 1 Xos M Xo) -

Taking supremum on both sides and using the definition of A from Remark 2.8, we get

1
A (G]Sv/lvﬂnilﬂxo> < kTLA (Ghss 11:x0)

El e

A (Gig, 1™, X)) <

In general, for n,m € N, we get

1
Gis (K™ X0 ™ ™ X0, T X0) S A (G, ™, 1™ ™ X0 ) < A (Gl 11, 1™, X)) < A (Gys: 15 X0)

Asn — oo and k> 1, using ;5 A (Gys, 1, X)) < 00, we get n,'rlrggnooG]S (XnsXnsXnim) =0.

Therefore (X, ) is G - Cauchy.
Moreover,

nlgngoxn =&, where, £ € E. (3.1.1)
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This implies lim Xa, = lim Xonq =&

E= lim Xoni1 = nlingouxm = p&, from the Gig-continuity of .

n— o0

Therefore pu& = €.

Iff/ =+ & with uf/ = 5/, then the sequence (1™ Xy )converges to both £ and f/.
From (Equation (3.1.1) ), we get
lim p™xo = lim x,, =&nd lim p"xo= lim x,, =¢.
n—oo n— oo n— oo n—oo
From proposition 2.9 we can conclude that the sequence (1™ X,) = (X,,) have unique limit point. Therefore, 1 has unique

fixed point.

Example 3.2 Let £ = [0, 00) and Gjs: E® — [0,00) is defined by,

is a Gjg- metric on E. Let 4 : E' — Ebe defined by uu (x) = 5X for every x € E.
It is clear that 41 is a Gij5 — continuous and bijective map.

G ys (XX b) = G 55 (5x,5 x,59) = 25x —5,, = 10X —1) (3.2.1)

Grs(6XY) =29 —x (3.2.2)

From (Equation (3.2.1) ) and (Equation (3.2.2) ), it is evident that

Gys (x, x, i) > kG (x, x,¢) forany k > 1, X € E.
Therefore, 11 is a k-expansive mapping and - A (Gys, i, Xo) < 00asn — oc.

Gs (x; 12X, 12 x) = 40x (3.2.3)

G 75 (61X, 1x) = 8X (3.2.4)

From (Equation (3.2.3) ) and (Equation (3.2.4) ), we can say thatGg (j1x, w2y, p2x) > kGis (X, X, px), forevery x € E, K > 1

4

Thus, every condition of Theorem 3.1 is satisfied.
Moreover, the one and only fixed point of pis x = 0.

Conclusion

In this article, a fixed point theorem for k - expansive mapping on G/js- metric space is established. The uniqueness of a fixed
point is proved and verified with a suitable example in G|s- metric space.
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