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Abstract

Objectives: The aim of this study is to find a novel solution procedure for
solving a fluid dynamical problem, especially to solve two-dimensional cou-
pled Burger's non-linear equation. Methods: New and Modified homotopy per-
turbation techniques are used to solve the two-dimensional coupled Burger's
equation. The methods intend to make homotopy perturbation method a more
robust and trustworthy tool for fluid dynamics researchers by addressing con-
vergence concerns, improving solution accuracy and allowing it to handle a
broader range of problems. Findings: The solution for two-dimensional cou-
pled Burger's non-linear equation is obtained by constructing homotopies.
Numerical results thus obtained are compared with the exact solution. The
obtained results and the exact solutions to the stated problem are closely
related. Novelty: The New and Modified Homotopy Perturbation Method pro-
posed in this paper are effective mathematical tools for getting an exact solu-
tion to the coupled Burgers' equations. It is also a potential approach for solving
various linear and nonlinear partial differential equations.

Keywords: Perturbation; Homotopy; New homotopy perturbation; Modified
homotopy perturbation; Twodimension; Linear; Coupled burgers' equation

1 Introduction

The Homotopy Perturbation Method (HPM), introduced by Ji-Huan He ("), has become
a popular tool for obtaining approximate solutions to nonlinear differential equations.
Its key strengths lie in its versatility and parameter independence. HPM may have
limitations in handling strongly nonlinear problems or those with rapidly varying
solutions. The convergence rate can also depend on the choice of the embedding
parameter. Unlike some perturbation methods, HPM does not require a small
parameter to be present in the equation, which broadens its applicability to real-world
scenarios where such a parameter might not exists ¥. However, ongoing research
strives to improve HPM’s effectiveness. New and modified versions address potential
limitations and enhance its capabilities.

Numerous enhancements are intended to accelerat the convergence of the solu-
tion series acquired using HPM. This leads to more accurate results with fewer
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iterations, making the method more efficient . HPM can be combined with other techniques like variational methods to create
a hybrid approach that leverages the strengths of both for even more robust solutions. Many researchers have focused on solv-
ing nonlinearpartial differential equations using various methods. Kumar and his co-authors presented the generalized aspects
of least square homotopy perturbation to treat the system of nonlinear fractional partial differential equations ). Several meth-
ods exist, including the Laplace modified homotopy ®), Li-He’s modified homotopy ), optimal and modified homotopy
perturbation and they provide approximate solutions for possible fastest convergence. The convergence of these methods
can be sensitive to the choice of the embedding parameter and the auxiliary parameter. Finding optimal values can be challeng-
ing, especially for complex problems. The approximate solutions obtained from these methods are often represented as infinite
series. Truncating these series can introduce errors, especially for highly nonlinear problems. However, their effectiveness and
limitations depend on the specific problem characteristics and the appropriate choice of parameters.

Recently, Awatif® apply HPM to provide light on the use of this method and the generic fractional derivative to solve the
generalized Burgers equation, making a contribution in the field of nonlinear differential equation. Salima et.al. ©) used HPM
in conjunction with the Mohandtransform (MHPM) to solve Burger’s equations. Mohand transform is a useful technique for
solving linear differential equations, but this transform is totally incapable of handling nonlinear equations because of the
difficulties that are caused by the nonlinear terms.

Here we used new and modified homotopy methods to solve two-dimensional Burger’s equation and the results show that
these methods are more effective, convenient to use and of high accuracy. The new and modified homotopy parameters involved
in this method helps to improve the convergence rate and accuracy of the solution. In this method, the solution is considered
as an infinite series expansion where it converges rapidly to the exact solution. The current approach lessens the computational
burden and all computations may be performed with straightforward manipulations. If the closed form of the solutions is
needed, it can be obtained using the solutions presented in this paper.

2 Methodology
2.1. Homotopy perturbation method

In topology two continuous functions from one topological space to another is called "homo-topic”. Formally, a homotopy
between two continuous function f and ¢ from a topological space Y is defined to be a continuous function.

H: Xx[0,1] »Y
such that H(z,0) = f(x)
H(z,1)=g(z)Vx e X

The homotopy perturbation method does not depend upon a small parameter in the equation. By the homotopy technique in
topology, a homotopy is constructed with an embedding parameter p € [0, 1] which is considered as a small parameter.
Now, to illustrate the basic idea of the homotopy perturbation method, we consider the following non-linear equation:

Aw) = f(z) z€Q )

where A is any operator
fis a known function of x with boundary condition B (U, g—z) ,xel.
The operator A can generallly be divided into two parts L and IV, where L is a linear operator,
N is a non-linear operator. B is a boundary operator and I is boundary of domain {2
Rewrite Equation (1) as

L(w)+N(u)—f(z)=0
By the homotopy technique, we construct a homotopy
v(r,p): 2 x[0,1] = R
which satisfies

H (v,p) = (1—=p)[L(v) = L(ug)] +p[A(v) = f(r)]=0,p€0,1],r € Q2
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[OR]
H (v,p) = L(v) = L(ug) +pL(ug) +p[N (v) = f(r)] =0
H(v,0)=L(u)—L(ug)=0
H,1)=A(w)—f(r)=0

The changing process of p from zero to unity is just that of v (r, p) from ug (r) to u (). In topology, this is called deformation
and L (v) — L(ug) and A (v) — f (r) are called homotopy.

2.2. New Homotopy Perturbation Technique for solving two-dimensional Burger’s equation

General form of system of Burgers” equations can be considered as the following forms

O 2 ol )= 1t
ot og2 T Mor T M T, @
v 0%v v

0
% g2 T %4'5%(“”)—9(%75)7

with initial conditions

where

«, B, n are constants, and

f, g are inhomogeneous terms.

The Burgers’ model () of turbulence is a very important fluid dynamic model, the study of this model and the theory of shock
waves have been considered by many authors, both to obtain a conceptual understanding of a class of physical flows and for
testing various numerical methods.

2.2.1. Algorithm
For solving system 2 (Equation (2)) by NHPM we construct the following homotopies:
ou 32 ou 8
ov 82 8V
a—vo—p Vo — o 2+ Vi_"ﬂ ( ) g(xat)
Applying the inverse operator, L~ = ft K (.)dt to both sides of Equation (3), we obtain
02U ou 0
t t
Ul(z,t)= U(x,to)—i—fto uodt—pj;o [uo e —&-nU%—Faa—x (uv) —f(:c,t)] ) W
V() =V (a,t0) + [ vgdt—p [ —82—V+ Va—v+ E(UV) (x,t)
T,t)= Z;lg tOUO b to Ug A2 n ox aal’ g\z, )
where
Ulz,tg) =u(z,ty),
V(z,ty) =v(x,tg).
Let’s present the solution of the system 4 (Equation (4)) as the following
V = VO +pV1 +p2V2 +
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where U,,V;,i=1,...,n, are functions that should be determined.Suppose that the initial approximation of Equation (2) is in

(R A]

the following form
(6)

where a;; (71,29,...,%,,1),i = 1,..,n,j = 0,...,n, are unknown coefficients and Py (t),P; (t), Py (t), - are specific

functions. Substituting Equations (5) and (6) into Equation (4) and equating the coeflicients of p with the same powers lead to

o [ Uolwt) =1 (2)+ 37 a; [ Py (t)dt
0 Vo (a,t) = o (1) + 52 by [ Py () dt

Upet) = =X20; [ Py(t)dt— [ [~ 500 +0Us Ge+
0
o §%%Wﬁ£ﬂ )t
Vilet) = —5,b f P @dt— [ (= 5Y v, S+
ﬂa%(UoVo) g(z,0)ldt
J
O ata e YAy
Z Uﬁ 8Vj)dt
pi+l. ¥ 2ik—0 J'—k 8 ; o )
_ J
Vin - f kZVJ*k O +
=0
B oU 8%Mt
k=0 3=k 9.
And so on...
Now if we solve these equations in such a way that U, ; (vq,24,,2,,_1,t) = 0, then Equation (7) results in
Uj (21,00, ,,,t) =U; 5(21,29,,2,,t) = - = 0. Therefore the exact solution may be obtained as
Ui (T1,Tg, T _q 1) = Ui 0 (1,29, Ty _1,t)
= f (x1’x27 L 1)
Y ftopj
i=1,2,..n (8)

It is worthwhile to mention that if g (71, 25,-+,%,,_1,t),and u; o (¥1,75,",2,,_1,t), are analytic around ¢ = ¢, then their
Taylor series can be defined as

8

81

ug (,t) =327 Ja; (@) (t—to)",
Vo (2,

(@,t) =307 b; () (t—t)",
(

<
Il
BN

Flat) =5 a (@) (t— 1),

9(.0) = Y2 by (@) (t—tg)",
can be used in Equatlon (7) where a; ( ),j=0,",n, b, (z),7=0,--,n, are unknown coefficients which must be computed,
anda; (z),j=0,,n,b%(z), j—O ,n. are known ones.
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2.2.2. Numerical result
Consider the system of coupled Burgers’ equations.

ou 0%u 2u6u+ 0 (uv) =0
ot ozxz " ox ' ox -
ov ot ov 0 Y
ot oxz or or T

with initial conditions

(2,0) = cosx,
(2,0) = cosx

< &

The exact solutions are

u(z,t) = e tcosx
v(z,t) = e teosz
To solve Equation (9), by NHPM, we construct the following homotopies
LN LTI TN B
at 0PN T g2 T T M (10)
o _ e e 0
T R T E R P
Applying the inverse operator, L~ = h{) ’ (.)dt to both sides of these equations, we obtain
02U ou 0
U(z,t)=U (z,0 +f ug (z,t) dt — pf {Uo (z,t)— e 2Ua+8(UV)}
. . PV oV D (1)
V(z,t) =V (z,0) —l—fo Vg (x,t)dt—pfo vg (z,t) — ) —QV% t9. uv)|d
where
Ulz,tg) = u(x,tp)
Vix,ty) =v(z,ty)
Let’s present the solution of the system 11 (Equation (11)) as the following
V=Vy+pV; +p?Vy+

Substituting Equation (12) into Equation (11), we get

UO ($3t> +pU1 ($7t) +p2U2 (f,t) +

(ac 0 —|—tftu0 (x,t) dt—pfot{uo(x,t)
a%[ 0+PU1+P2U2+ 1+

2 [(Uo +pUy +p2Us + ) (Vo +pVy +p? Vo + ) bt
Vo (,) +pV; (2,t) +p?Vy (2,) +---

m

8

—v(m 0 +tftv0 (x t)dt—pfot{vo (w,t)
a%[ o t+pV1 +p2V2 ]+
a%[(Uo +pUy +p?Us + ) (Vo +pVy +p?Vy +--)] }dt

l‘
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Now, Collecting the same powers of P, and equating each coefficient of p to zero, results in

p.{zh@u@:_ﬁfpdxw_ig@_m%m%+ (UoVy)| dt
L
t
Ox?

wt)=—[" [Uo(xvt)*azv"*?VOaVOWL 2 (UOVO)] dt

Andsoon...
Assuming

Substituting the values in the above equations we get,

Ug (z,t

) = cosvtag(x)tt+a(z)L
VO (:L’,t)

g Ty
cosz+by (2)t+by (2) & +by (2)

Uy (z,t) =t(—ag (z) —cosz) +t2 [—L ay (z) + 1 ag ., (@)
+coszag,, () —ag (z)sinz+ L ag(z)sinz

—1bg,(z)cosz+ L bg(z)sine — Sag, (r)cosz]

+17 (=4 ay(2) + § @100 (2) — 0y (2)sin

+3 ag(w) ag, (v) + 5 cosway, () + § aq (v)sinz — § b, () ag()

—&coswby, (x)+ & sinwb, (x) — L by (7) ag, (v) — § coszay, ()] +...

Vi (@,t) = t(=bg (x) — sinw) +t?[—4by (2) + $bo gy (7)
+cosaby, (x) —bg (x) sinz + Lbg () sinw
—3bg, (x)cosz+ Lag (v) sine — Lag, (x)cosz]
51— kb (1) + Bb gy (1) — Ay (2) sin

+3bo (2) bog () + Feoswby, () + §by (x) sinw — fag, (2)bg ()
1

—icoszay, (x)+ Lsinva, (v) —Lag (v) by, (v) — Ecosby , ()] + -

By Vanishing U, (z,t),V; (z,t) coefficients, a,, (),b,, () (n =1,2,-) are determined as

ag(r) = —cosx
by(z) = —cosz
a,(xr) =  cosx
by (x) =  cosz
ag(z) = —cogr
by(z) = —3cosx

Therefore we gain the solution

u(z,t) =Ug(z,1)
= cosz+ag (z )t+1a1( )12+ Lag (z)+ ...
= cosx —coswt+ 1 cosxt2 Scoszd t3 + -
= cosxexp( t)

v(z,t) =V, (x,t)
= cosx + by (z )t—|—1b (2)t% + Lby (z) + -
= cosx —coswt+ 1 cosxt2 1cosx1t3+-~-
—cosxexp( t)

https://www.indjst.org/
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2.3. Modified Homotopy Perturbation Technique for solving two-dimensional Burger’s
equation

The two-dimensional Burgers’ equation ! is a fundamental mathematical model from fluid mechanics which has the same
convective and diffusion terms as the Navier-Stokes equation, and is widely used in various areas as a simple model for
understanding of various physical flows and problems, such as modeling of dynamics the phenomena of turbulence and flow
through a shock wave traveling in a viscous fluid and traffic flow.

Numerical solution of Burgers’ equation is a logical first step towards developing methods for the computation of complex
flows. Burgers’ equation is also a useful tool for examining the robustness of numerical discretization schemes. It has become
customary to test new numerical approaches in computational fluid dynamics by implementing novel numerical approaches to
the Burgers’ equation.

2.3.1. Results Consider the two dimensional nonlinear Burgers’ differential equation

ou ou ou 1 0%u  0%u

ot "ox "oy T Re|0a® T o7 13
ov, 0v, ov 1[0 0%
ot oz 8y Re | 022 0y2

with initial conditions

u(z,y,0) =z +y

Using Modified algorithm of Homotopy Perturbation Method, the homotopies for Equation (13) are

ou [8u ou Ou 1 (82u 62u> }
=P | U vt 5 |55t 55 | —Diu

ot ot Or Oy Re\0dxz2 Oy (15)
v v v v N 1 (0% N 9% D
= = —U——V—+ = | 35+ 55 | —Dv
ot Plot “or "oy Re\022 Ty ) T
As above, the basic assumption is that the solutions of the Equation (13) can be written as a power series in p.
u= g +puy +p2ug +pPug -+
_ 2 3 (16)
V=0qg+pv +P Vs +PpU3+

On substituting Equation (16) and the initial conditions Equation (14) into Equation (14), we get & (ug -+ pu, + p2uq +p3ug +--+)

Pl (ug +puy +p2ug +...) — (ug +puy +p Ug —|—p uz+...)
%(uo—&-pul—i-p u2+p u3) (vo +pvy +p2vy +p3vg +...)
2 (ug +puy +puy +piug + .. )+ A (2 (ug +puqy +p%ug +...)
+83—;(u0 +puy +p2ug +...)) — Dy (ug +puq +p2us +...)]

0
ot (vo +pvy +p?vy +p3vg + )

= p[&; (vo +pvy +p%va + ) — (vg +pvy +p?vg +pPvg + ) L (vg +pvy +pvy +pPug)
— (v +pvy +p?vg +pPug+--) & (vo +pvy +p?vy +pug+ )
+He <8w (vo +pvy +pPvg + ) + 020y (vo +pvy JFPQUQJF"'))
—D, (vg +pvy +p?vg +--)]

And

[Uo +puy +P2U2 +] (z,y,0) =z +y

https://www.indjst.org/ 4025
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[vg +pvy +p?vy +-] (2,y,0) =z —y

Equating the terms with identical powers of p, we can obtain the following set of linear partial differential equations.

7,50 =0, Ug (.ﬁ,y,O) =x+y
% =0, Vo (l‘,y,O) =r—y
Ou; _ Oug _,, Ouy __, Oug 1 | 8%u ugy | _
= B = B ~Uo g —Vo gy T we | gat t gy | — Ditto, ua (2,9,0) =0
Ov, _ Ovgy vy __ vy 1
= Bt = ot UYoaz Vogy T

82v0+82v0
Re | 922 Oy?

_Dt'LLOa vl (.’E,y70> :0

Ouq ou
0

ou
L —ug Gt — Vg g — V1 0ugdy+
1 | 8%uy &%u, -D 0)=0
Re | 0x2 + oy? Uy, Uz (Sﬂ,y, ) -
Ov, __ Ov ov, Ovg ovy
= B¢ = 2~ U0 as U as Yo gy — V10U0dy+
92 o2 _
ﬁ [8;21+ 8;21 _Dtvlav2 (x,y,O)—O
Ous _ Ouy Ougy ouq Oug Ougy Ouy Oug
= ot — Ot Uo Bz Uy 8m1 U2 5z — Vo oy U1 8y1 U2 oy
o o2 —
bz |G+ G2 |~ Dyz, ug (2,,0) =0
Ovg _ Ovy Ovy v, Ovg _ ,, Ovy _ ,, Ovy, _ , Ovg
= ot — ot Uo 35 Uy 8201 U2 Bz Yo Oy U1 dy U2 Oy
o2 92 _
+% [ 6::22 + 6,:22:| _Dtv2u Us ($7y70> =0
And so on...

Consequently, the first few components of the homotopy perturbation solution for Equation (13) are derived by integrating
with respect to ¢ we get,

ug = (r+y)
Similarly,

Ouq

=& @ty —(z+y)

Z@+y)—(z—y) & (x+y)
=2z
On integrating with respect to ¢ we get,
u, = —2at+C4
On substituting the initial condition u4 (z,y,0) =0,
u; = —2xt
T o=
On integrating with respect to ¢ and substituting the initial condition v4 (z,y,0) = 0 we get,
P2 = & (—20t)— (v-+) & (~20t) — (—20t) & (a+)
=4xt+4yt

https://www.indjst.org/
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Similarly,
Uy = 22t + 2yt
9v: = Azt — Ayt
vy = 2xt?—2yt? +Cy
%% = —12xt?
ug = —4xt? +Cy
O = —12yt?
vy = —4yt? +Cy
Gus = 16xt> + 16yt
uy, = datt +4ytt 4+ Cy
9vs = 16at> —16yt>
vy = 4ot — dytt

The approximate solution is

U(%?JJ) = ZZO U (Z‘,y,t)

=1Ug <x7y7t) +uq (Sﬁ',y,t) +ug (‘T7y7t> +ug (.’L‘,yﬂf) +uy (l‘,y,t) T+
_ rz—2xt+y
T 1-2¢2

’U(SC7y,t) = Z;)jo Uy (x7y7t>

= (I’,y,t)+vl (I,y7t)+’l)2 (xavatt)+U3 (ZL‘7y,t>+’U4 (I,y,t)+"'
— T—2yYyr—y
T 1-2¢2

which is the exact solution of the two-dimensional Burgers’ equation.

3 Results and Discussion

In this section we present numerical solution of two dimensional coupled Burgers’ equations obtained by New Homotopy
Perturbation Method and two dimensional non-linear Burgers’ equation obtained by Modified Homotopy Perturbation
Method. The solutions thus obtained are compared with the exact solution.

In the following Figures 1, 2 and 3, we validate the solution for different values of t for the system of the coupled Burgers’
equation by New Homotopy Perturbation Method and find that there is no difference between the exact and approximate
solution.

2
- Al
o = W
1 %374 5 6
2

—&— Exact Solution

—— Approximate Solution

Fig 1. Comparison of approximate solution with exact solution for different values of t, t=0
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In the following Figures 4, 5, 6 and 7, we validate the solution for different values of t for the system of two-dimensional
non-linear Burgers’ equation by Modified Homotopy Perturbation Method and find that there is no difference between the
exact and approximate solution.

0.01 -
M Exact
0.005 - Solution
O ] -
| 5 ™ Approxi
0.005 - mate
Solution
-0.01 -

Fig 2. Comparison of approximate solution with exact solution for different values of t, t=5

0.00006 +———
0.00004 1 ® Exact
0.00002 - Solution

O ] .
20.00002 123456 '?nr;r;;oxu
-0.00004 Solution
-0.00006 +———

Fig 3. Comparison of approximate solution with exact solution for different values of t, t=10

M Exact Solution
u

M Exact Solution
v

1 Approximate
Solution u

Fig 4. Comparison of approximate solution with exact solution for different values of t, t=0

6

4 ——Series1
2 /\% ——Series2
,2 u J} v " " J: v ———Series3
-4 “Exact Solution | Approximate | Series4
6 Solution

Fig 5. Comparison of approximate solution with exact solution for different values of t, t=1
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1.5 A
1

‘ I u
o \\\\J}h ‘\7[ m Exact Solution

: m v
-0.5 : .
Approximate

1 Solution u
-1.5

m Exact Solution

;

Fig 6. Comparison of approximate solution with exact solution for different values of t, t=2

3 - Approximate
2 Solution v
11 I Approximate
0 f T Solution u
-1 1T 72 3114 .

J = Exact Solution

v

Fig 7. Comparison of approximate solution with exact solution for different values of t, t=3

4 Conclusion

In order to compare the solution to the exact solution of the two-dimensional coupled Burger’s non-linear equation and to the
same in a fluid dynamical method with various beginning circumstances, we investigated the New and Modified Homotopy
Perturbation Method in this study. The comparison analysis shows that for the simulated problem, the approximate solutions
found by NHPM and MHPM are the same. There is a close relationship between the exact solutions to the given problem and
the results obtained. The convergence of the solutions and the integer-order outcomes of u and v are verified by the graphical
depiction. The technique can be extended to solve real life problems by introducing new parameters and researchers can explore
such aspects in near future.
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