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Abstract
Objectives: Fuzzy graphs allow uncertainty in the ideas characterizing vertices
and edges to be included when modelling real-world scenarios into graph
models. This study aims to introduce Hajós fuzzy graph, cardinality of Hajós
graph and Hajós fuzzy graph and to explore many properties. Methods :
Here, the Hajós construction is applied to two fuzzy graphs, and the Hajós
fuzzy graph is defined by assigning membership values to all the edges and
vertices of the newly formed fuzzy graph. Fuzzy graph conditions are verified
for the assigned membership values. Examples are used to illustrate the
concept. Findings: The Hajós fuzzy graph’s size and order are established.
Isomorphic property is discussed. The number of Hajós (fuzzy) graphs that exist
for some combinations of two (fuzzy) graphs is calculated. Novelty: Based on
Hajós construction, the Hajós fuzzy graph is defined. Based on the fact that
different choices of vertices and edges produce different Hajós (fuzzy) graph, its
cardinality is defined. The notion of cardinality is a novel concept in Hajos graph
which helps to find the total number of Hajós (fuzzy) graphs. The cardinality of
the Hajós (fuzzy) graph which arises from two (fuzzy) graphs that can be a cycle,
path, regular graph, complete graph and complete bipartite graph are derived.
Mathematics subject classification. (2010): 05C72, 05C76
Keywords: Hajós Graph; Hajós fuzzy graph; Order; Size; Isomorphism;
Cardinality of Hajós fuzzy graph

1 Introduction
Graph theory is a part of mathematics that possesses numerous applications in the real
world. As it comes to uncertain data, it is essential to apply fuzzy theory to graphs, which
results in fuzzy graph theory. Fuzzy graph theory is an extension of graph theory, which
plays a crucial role in real-world circumstances like medical diagnosis, social network
analysis, and natural language processing. Rosenfeld initially introduced fuzzy graph
theory in 1975.
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The Hajós construction, named after György Hajós (1961), is an operation on graphs that can be used to construct any
critical graph or any graph whose chromatic number is at least a certain threshold. Yamuna M and Karthika K have proved
that, if G1 and G2 are Euler graphs, then the Hajós graph is also Euler in ’A note on Hajós stable graphs’ (1). They have
obtained conditions for Hajós graphs to be Hamiltonian. Also, they have studied the just excellent and very excellent properties
of Hajós stable graphs. Benjamin Braun and Julianne Vega have shown that for a large class of Hajós merges and for any
identification of a pair of vertices having distance at least five from each other, the resulting graph has an S1-wedge summand
in its neighborhood complex in ‘Hajós-Type Constructions and Neighborhood Complexes’ (2). They also introduce two graph
construction algorithms using Hajós-type operations. Juan Carlos García-Altamirano, Mika Olsen, Jorge Cervantes-Ojeda
solved the problem of determining the Hajós operations to construct the symmetric 5-cycle from the complete symmetric
digraph of order 3 using onlyHajós constructions in ‘How to construct the symmetric cycle of length 5 usingHajós construction
with an adapted RankGenetic Algorithm’ (3).They generalize the construction of the symmetric cycle of length 5 and determine
the computational complexity Hajós construction in ‘Computacional complexity of Hajós constructions of symmetric odd
cycles’ (4). G. Gutin, A.V. Kostochka and B. Toft provided bounds of Nordhaus–Gaddum type for the Hajós number (5).Though
Hajós construction has been applied in many areas many properties have been discussed, the total number of Hajós graphs has
not yet been discussed.

Different choices of vertices and edges to get Hajós graphs from two given graphs, by applying Hajós construction, produce
different Hajós graphs. When combining two graphs using Hajós construction, especially graph models of road networks or
railway networks, knowing the total number of Hajós graphs and their properties will be helpful in choosing the best possible
combination. Till now, no attempt has been made to determine the number of possible Hajós graphs that can be obtained from
two given graphs. Therefore, the cardinality of Hajós graphs is introduced. It is obtained for various combinations of graphs. It
is observed that the cardinality is preserved under isomorphism.

Hajós construction and cardinality are extended to fuzzy graphs. Fuzzy graphs enable to incorporate uncertainty in the
concepts that characterize vertices and edges into graph models to represent real-world circumstances. For example, while
modelling the road connection between cities into a graph, the number of people in the cities who may use the road and the
quality of the road can be formulated as themembership values of the vertices and edges.Therefore, it will be useful to introduce
and develop the features of Hajós fuzzy graphs for various kinds of applications in real life.

The crisp graph is denoted by G*(V, E), and the fuzzy graph on G* is denoted by G:(𝜎, 𝜇).
The basic things that we have used in developing our new concepts are as follows:
Let G1 and G2 be any two graphs, (𝑢1, 𝑣1) be an edge of G1 and (𝑢2, 𝑣2) be an edge of G2. Then the Hajós construction

produce a different graph H that combines the two graphs by
i. Merging vertices u1 and u2 into a single vertex u12
ii. Eliminating the two edges (𝑢1,𝑣1) and (𝑢2,𝑣2)
iii. Adding a new edge (𝑣1, 𝑣2) (6)
The order of H is 𝑂(𝐺1) + 𝑂(𝐺2) −1 and the size of H is 𝑆 (𝐺1)+𝑆 (𝐺2)−1.
A fuzzy graph G is defined as an ordered pair G: (𝜎, 𝜇) on graph G* : (V, E) where V is the set of vertices, a vertex is also

called a node, and E is the set of edges which is a subset of V ×V, the membership functions are 𝜎 : V → [0, 1] and 𝜇: V ×V
→ [0, 1] .

The degree of a vertex u∈V is defined by 𝑑𝐺 (𝑢) = ∑𝑢≠𝑣𝜇(𝑢𝑣) = ∑𝑢𝑣∈𝐸𝜇(𝑢𝑣). (7)
If d𝐺(v) = k,∀v∈V, that is if each vertex has same degree k, then G is said to be a regular fuzzy graph of degree k or a k-regular

fuzzy graph.
A complete bipartite graph with partite sets V1 and V2, where |𝑉1| = 𝑚 and |𝑉2| = 𝑛 is denoted by Km,n. (8) A complete

graph Kn is a simple graph such that every pair of vertices is joined by an edge (9).
A walk is a series of pairwise incident edges in a graph; a trail is a walk with no repeated edges; a path is a trail with no

repeated vertices. A u-v walk/trail/path is considered closed whenever u = v. Closed paths are known as cycles (10).
An isomorphism of fuzzy graphs 𝑓 ∶ 𝐺 → 𝐺′ is a bijective map 𝑓 ∶ 𝑉 → 𝑉 ′ such that 𝜎(𝑢) = 𝜎′ (𝑓 (𝑢)) , ∀𝑢 ∈ 𝑉 , 𝜇(𝑢𝑣) =

𝜇′ (𝑓 (𝑢)𝑓 (𝑣)) , 𝑢, 𝑣 ∈ 𝑉 (11)

2 Methodology
Here, the Hajós construction is applied on fuzzy graphs. Hajós construction is one of the effective ways that are used to combine
two networks. The Hajós fuzzy graph is a fuzzy graph obtained by applying the binary operation, namely Hajós construction,
on two fuzzy graphs. The properties of Hajós fuzzy graph and the cardinality of Hajós fuzzy graph are obtained.
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Definition 2.1: Let𝐺1 ∶ (𝜎1, 𝜇1) and G2:(𝜎2, 𝜇2) be two fuzzy graphs on𝐺1∗ ∶ (𝑉1, 𝐸1) and𝐺2∗ ∶ (𝑉2, 𝐸2)respectively.
Let u1v1 be any edge in G1 and u2v2 be any edge in G2. The Hajós fuzzy graph of G1 and G2 with respect to the edge-vertices
u1v1 – u1 and u2v2 – u2, denoted by 𝐻 [𝐺1 (𝑢1𝑣1;𝑢1) , 𝐺2 (𝑢2𝑣2;𝑢2)] ∶ (𝜎, 𝜇) on 𝐻 ∗ (𝑉 , 𝐸) where 𝑉 = (𝑉1 − {𝑢1}) ∪
(𝑉2 −{𝑢2})∪{𝑢1.𝑢2} and 𝐸 = (𝐸1 −{𝑢1𝑣1})∪(𝐸2 −{𝑢2𝑣2})∪{𝑣1.𝑣2} is constructed as follows:

(i) Merge the vertices 𝑢1 in 𝐺1 and 𝑢2 in 𝐺2 into a new single vertex 𝑢1 ⋅ 𝑢2 with membership value 𝜎 (𝑢1 ⋅ 𝑢2) =
𝜎1 (𝑢1)∨𝜎2 (𝑢2)

(ii) Remove the edges 𝑢1𝑣1 in 𝐺1 and 𝑢2𝑣2 in 𝐺2.
(iii) Insert a new edge 𝑣1𝑣2 in H with membership value 𝜇(𝑣1𝑣2) = 𝜇1 (𝑢1𝑣1)∧𝜇2 (𝑢2𝑣2) .
The edges 𝑣𝑤 ∈ 𝐸𝑖 −{𝑢𝑖𝑣𝑖} are of two types:
𝑣𝑤 ∈ 𝐸𝑖, 𝑣 ≠ 𝑢𝑖, 𝑤 ≠ 𝑢𝑖;𝑣 ∈ 𝑉𝑖, 𝑤 = 𝑢1 ⋅ 𝑢2, 𝑖 = 1, 2. Assign the membership values for these edges as

𝜇(𝑣𝑤) =
⎧{
⎨{⎩

𝜇1(𝑣𝑤), 𝑖𝑓 𝑣𝑤 ∈ 𝐸1, 𝑣 ≠ 𝑢1, 𝑤 ≠ 𝑢1
𝜇2(𝑣𝑤), 𝑖𝑓 𝑣𝑤 ∈ 𝐸2, 𝑣 ≠ 𝑢2, 𝑤 ≠ 𝑢2
𝜇1(𝑣𝑢1), 𝑖𝑓 𝑣 ∈ 𝑉1, 𝑤 = 𝑢1.𝑢2
𝜇2(𝑣𝑢2), 𝑖𝑓 𝑣 ∈ 𝑉2, 𝑤 = 𝑢1.𝑢2

(iv) For all the vertices v ≠ u𝑖 i=1, 2, assign their membership value as

𝜎(𝑣) = { 𝜎1(𝑣), 𝑖𝑓 𝑣 ∈ 𝑉1
𝜎2(𝑣), 𝑖𝑓 𝑣 ∈ 𝑉2

Let us verify that 𝜎 and 𝜇 satisfy the conditions of fuzzy graph.
Let 𝑣𝑤 be any edge of 𝐻 . Then 𝑣𝑤 ∈ 𝐸𝑖 −{𝑢𝑖𝑣𝑖} or 𝑣𝑤 = 𝑣1𝑣2.
If vw ∈ E1, 𝑣 ≠ 𝑢1, 𝑤 ≠ 𝑢1, 𝜇(𝑣𝑤)=𝜇1 (𝑣𝑤)≤ 𝜎1 (𝑣)∧𝜎1 (𝑤) = 𝜎 (𝑣)∧ 𝜎 (𝑤).
If vw ∈ E2, 𝑣 ≠ 𝑢2, 𝑤 ≠ 𝑢2, 𝜇(𝑣𝑤)=𝜇2 (𝑣𝑤) ≤ 𝜎2 (𝑣)∧𝜎2 (𝑤) = 𝜎 (𝑣)∧ 𝜎 (𝑤).
For any edge 𝑣(𝑢1 ⋅ 𝑢2) with v ∈ 𝑉1, 𝜇(𝑣(𝑢1 ⋅ 𝑢2))= 𝜇1 (𝑣𝑢1) ≤ 𝜎1 (𝑣) ∧ 𝜎1 (𝑢1) ≤ 𝜎1 (𝑣) ∧ (𝜎1 (𝑢1) ∨ 𝜎1(𝑢2))=

𝜎 (𝑣) ∧ 𝜎 ((𝑢1 ⋅ 𝑢2)).
Similarly for any edge 𝑣(𝑢1 ⋅ 𝑢2) with 𝑣 ∈ 𝑉2, 𝜇(𝑣(𝑢1 ⋅ 𝑢2))≤ 𝜎 (𝑣)∧ 𝜎 ((𝑢1 ⋅ 𝑢2)).
For the new edge 𝑣1𝑣2 in H,
𝜇(𝑣1𝑣2) = 𝜇(𝑢1𝑣1)∧ 𝜇(𝑢2𝑣2)≤ 𝜎1 (𝑢1)∧𝜎1 (𝑣1)∧ 𝜎2 (𝑢2)∧𝜎2 (𝑣2) ≤ 𝜎1 (𝑣1) ∧ 𝜎2 (𝑣2)
= 𝜎 (𝑣1)∧ 𝜎 (𝑣2).
Therefore for all the edges vw in H, 𝜇(𝑣𝑤) ≤ 𝜎 (𝑣)∧ 𝜎 (𝑤)
Hence 𝐻 [𝐺1 (𝑢1𝑣1;𝑢1) , 𝐺2 (𝑢2𝑣2;𝑢2)] ∶ (𝜎, 𝜇) is a fuzzy graph, called the Hajós fuzzy graph on G*(V, E).
Example 2.2: The definition of Hajós graph is explained in the following figure. Consider the two fuzzy graphs in G1 and

G2 in Figure 1. Let us construct 𝐻 [𝐺1 (𝑢1𝑣1;𝑢1) , 𝐺2 (𝑢2𝑣2;𝑢2)] ∶ (𝜎, 𝜇) with 𝜎(𝑢2 ⋅ 𝑣1) = 𝜎1 (𝑢2) ∨ 𝜎2 (𝑣1) = 0.4and
𝜇(𝑢3𝑢4) = 𝜇1 (𝑢2𝑢3) ∨ 𝜇2 (𝑣4𝑣1) = 0.2. The Hajós fuzzy graph 𝐻 [𝐺1 (𝑢1𝑣1;𝑢1) , 𝐺2 (𝑢2𝑣2;𝑢2)] ∶ (𝜎, 𝜇) is given in
Figure 1.

Fig 1. Hajós fuzzy graph of 𝐺𝟏 𝑎𝑛𝑑 𝐺𝟐
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3 Results and Discussions
TheHajós construction of graphs has been widely used in colouring of graphs. Till now, isomorphic properties of Hajós graphs
and the number ofHajós graphs that can exist from two given graphs have not been analysed in detail. Apart from the properties
of Hajós graphs that already exist including Hajós number which gives the minimum number of steps required to construct
a k-chromatic graph from K𝑘, this paper contributes to the study of Hajós graph by discussing its isomorphic properties and
by introducing its cardinality. Hajós construction on fuzzy graphs will be helpful in various real-life applications. It is helpful
to combine two networks in an effective way, and its applications can be found in scheduling problems, image processing, and
computer networks. Hajós fuzzy graph is introduced by applying the Hajós construction to fuzzy graphs, and its properties are
discussed.

3.1: Order and Size of Hajós Fuzzy Graph

Depending on the membership values of the vertices and edges chosen, the formulae for the order and size of the Hajós fuzzy
graph are obtained. They will be helpful in determining those values from the given graphs without actually constructing the
Hajós fuzzy graph.

Theorem 3.1.1:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗) is a fuzzy graph on 𝐺𝑗*: 𝐺𝑗 ∗ (𝑉𝑗, 𝐸𝑗),, j = 1, 2, then the order of the Hajós Fuzzy Graph

𝐻 [𝐺1 (𝑢1𝑣1;𝑢1) , 𝐺2 (𝑢2𝑣2;𝑢2)] ∶ (𝜎, 𝜇) is 𝑂(𝐻) = 𝑂(𝐺1) + 𝑂(𝐺2) −𝜎1(𝑢1) ∧ 𝜎2(𝑢2).
Proof:
The order of the Hajós fuzzy graph H is

𝑂(𝐻) = ∑
𝑢∈𝑉 (𝐻)

𝜎(𝑢) = ∑
𝑢∈𝑉1−{𝑢1}

𝜎(𝑢)+ ∑
𝑢∈𝑉2−{𝑢2}

𝜎(𝑢) + 𝜎(𝑢1 ⋅ 𝑢2)

= ∑
𝑢∈𝑉1

𝜎(𝑢)−𝜎1 (𝑢1)+ ∑
𝑢∈𝑉2

𝜎(𝑢)−𝜎2 (𝑢2)+𝜎1 (𝑢1) ∨ 𝜎2 (𝑢2)

= ∑
𝑢∈𝑉1

𝜎(𝑢)+ ∑
𝑢∈𝑉2

𝜎(𝑢)+𝜎1 (𝑢1) ∨ 𝜎2 (𝑢2)−𝜎1 (𝑢1)−𝜎2 (𝑢2)

𝑆𝑖𝑛𝑐𝑒 𝜎1 (𝑢1)+𝜎2 (𝑢2) = 𝜎1 (𝑢1) ∧ 𝜎2 (𝑢2) + 𝜎1 (𝑢1) ∨ 𝜎2(𝑢2)

𝜎1 (𝑢1)+𝜎2 (𝑢2)−𝜎1 (𝑢1) ∨𝜎2 (𝑢2) = 𝜎1 (𝑢1)∧ 𝜎2 (𝑢2)

𝐻𝑒𝑛𝑐𝑒 𝑂(𝐻) = ∑𝑢∈𝑉1
𝜎1(𝑢) + ∑𝑢∈𝑉2

𝜎2(𝑢) −𝜎1 (𝑢1) ∧ 𝜎2(𝑢2)
= 𝑂(𝐺1) + 𝑂(𝐺2)−𝜎1 (𝑢1) ∧ 𝜎2(𝑢2).

Theorem 3.1.2:
If 𝐺𝑗 ∶ (𝜎𝑗,𝜇𝑗) is a fuzzy graph on 𝐺𝑗∗ ∶ (𝑉𝑗, 𝐸𝑗), j = 1, 2, then the size of the Hajós Fuzzy Graph

𝐻 [𝐺1 (𝑤1𝑧1;𝑤1) , 𝐺2 (𝑤2𝑧2;𝑧2)] ∶ (𝜎, 𝜇) is 𝑆(𝐻) = 𝑆(𝐺1) + 𝑆(𝐺2)−𝜇1 (𝑤1𝑧1) ∨ 𝜇2 (𝑤2𝑧2)
Proof:
The size of the Hajós Fuzzy Graph 𝐻 [𝐺1 (𝑤1𝑧1;𝑤1) , 𝐺2 (𝑤2𝑧2;𝑤2)] ∶ (𝜎, 𝜇) is𝑆 (𝐻) = ∑𝑒∈𝐸(𝐻) 𝜇(𝑒) =

∑𝑒∈𝐸1− (𝑤1𝑧1} 𝜇(𝑒)+∑𝑒∈𝐸2− (𝑤2𝑧2} 𝜇(𝑒)+ 𝜇(𝑧1𝑧2)
= ∑𝑒∈𝐸1

𝜇(𝑒)−𝜇1 (𝑤1𝑧1) +∑𝑒∈𝐸2
𝜇(𝑒)−𝜇2 (𝑤2𝑧2)+ 𝜇1 (𝑤1𝑧1) ∧ 𝜇2 (𝑤2𝑧2)

Since 𝜇1 (𝑤1𝑧1) + 𝜇2 (𝑤2𝑧2) = 𝜇1 (𝑤1𝑧1) ∧ 𝜇2 (𝑤2𝑧2)+ 𝜇1 (𝑤1𝑧1) ∨ 𝜇2 (𝑤2𝑧2)
𝜇1 (𝑤1𝑧1) + 𝜇2 (𝑤2𝑧2)− 𝜇1 (𝑤1𝑧1) ∧ 𝜇2 (𝑤2𝑧2) = 𝜇1 (𝑤1𝑧1) ∨ 𝜇2 (𝑤2𝑧2).
Hence 𝑆(𝐻) = 𝑆(𝐺1) + 𝑆(𝐺2)−𝜇1 (𝑤1𝑧1) ∨ 𝜇2 (𝑤2𝑧2)
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3.2. Isomorphism on Hajós graphs and Hajós Fuzzy Graphs

Theorem 3.2.1: Let 𝐺𝑖∗ and 𝐺′
𝑖∗be isomorphic graphs and let ℎ𝑖 ∶ 𝐺𝑖∗ → 𝐺𝑖∗ be an isomorphism, i = 1, 2. Then the Hajós

graphs𝐻[𝐺∗
1 (𝑢𝑖𝑢𝑗, 𝑢𝑖) ;𝐺∗

2 (𝑣𝑙𝑣𝑘, 𝑣𝑙)] and𝐻′[𝐺∗
1

′ (ℎ1(𝑢𝑖)ℎ1(𝑢𝑗),ℎ1( 𝑢𝑖)) ;𝐺∗
2

′ (ℎ2(𝑣𝑙)ℎ2(𝑣𝑘),ℎ2(𝑣𝑙)] are isomorphic.
Proof:
Adjacency among vertices in 𝐺𝑖∗and 𝐺′

𝑖∗are preserved under isomorphism ℎ𝑖. In other words, uv is an edge in 𝐺𝑖∗if and
only if ℎ𝑖(𝑢)ℎ𝑖(𝑣) is an edge in 𝐺′

𝑖∗.
Define 𝜙 ∶ 𝐻 → 𝐻′ by
𝜙(𝑢𝑖 ⋅ 𝑣𝑙) = ℎ1 (𝑢𝑖) ⋅ ℎ2(𝑣𝑙),𝜙(𝑣) = ℎ1 (𝑣) , if 𝑣 ≠ 𝑢𝑖, 𝑣 ∈ 𝑉2 and 𝜙(𝑣) = ℎ2 (𝑣) , if 𝑣 ≠ 𝑣𝑙,, 𝑣 ∈ 𝑉2
Then 𝜙 is a bijection from V(H) to V(H′).
To prove adjacency among vertices under 𝜙, consider any edge vw in H.
Case 1:𝑣𝑤 ∈ 𝐸1, 𝑣 ≠ 𝑢𝑖, 𝑤 ≠ 𝑢𝑖.
Then 𝜙(𝑣) = ℎ1 (𝑣) and 𝜙(𝑤) = ℎ1 (𝑤)
Since vw is an edge in 𝐺1∗, ℎ1(𝑣)ℎ1(𝑤) is an edge in 𝐺′

1∗. Therefore, by Hajós construction, ℎ1(𝑣)ℎ1(𝑤) is an edge in 𝐻′.
Hence 𝜙(𝑣)𝜙(𝑤) is an edge in H′.

Case 2: 𝑣𝑤 ∈ 𝐸2, 𝑣 ≠ 𝑣𝑙, 𝑤 ≠ 𝑣𝑙.
As in case 1, 𝜙(𝑣)𝜙(𝑤) is an edge in H′.
Case 3: 𝑣 ∈ 𝑉1, 𝑤 = 𝑢𝑖 ⋅ 𝑣𝑙.
Here v𝑢𝑖 is an edge in 𝐺1∗. Therefore ℎ1(𝑣)ℎ1(𝑢𝑖) is an edge in 𝐺′

1∗.
Hence ℎ1 (𝑣) and ℎ1 (𝑢𝑖) ∗ℎ2(𝑣𝑙) are adjacent in H′. That is, 𝜙(𝑣)𝜙(𝑢𝑖 ⋅ 𝑣𝑙) is an edge in H′.
Case 4: 𝑣 ∈ 𝑉2, 𝑤 = 𝑢𝑖 ⋅ 𝑣𝑙.
As in case 3, 𝜙(𝑣)𝜙(𝑢𝑖 ⋅ 𝑣𝑙) is an edge in H′.
Case 5: 𝑣 = 𝑢𝑗, 𝑤 = 𝑣𝑘.
In the construction of H′, the edges ℎ1(𝑢𝑖)ℎ1(𝑢𝑗) in 𝐺′

1∗ and ℎ2(𝑣𝑙)ℎ2(𝑣𝑘) in 𝐺′
2∗are removed and an edge between the

vertices ℎ1(𝑢𝑗) and ℎ2(𝑣𝑘) is newly added. So ℎ1(𝑢𝑗) and ℎ2(𝑣𝑘) are adjacent in H′. Hence 𝜙(𝑢𝑗) and 𝜙(𝑣𝑘) are adjacent in
H′.

Theorem 3.2.2:
Let 𝐺𝑖 and 𝐺′

𝑖 be isomorphic fuzzy graphs and let ℎ𝑖 ∶ 𝐺𝑖 → 𝐺′
𝑖 be an isomorphism, (i = 1, 2).Then the Hajós fuzzy graphs

𝐻[𝐺1 (𝑢𝑖𝑢𝑗, 𝑢𝑖) ;𝐺2 (𝑣𝑙𝑣𝑘, 𝑣𝑙)] and 𝐻′[𝐺′
1 (ℎ1(𝑢𝑖)ℎ1(𝑢𝑗),ℎ1( 𝑢𝑖)) ;𝐺′

2 (ℎ2(𝑣𝑙)ℎ2(𝑣𝑘),ℎ2(𝑣𝑙)] are isomorphic.
Proof:
Define 𝜙 ∶ 𝐻 → 𝐻′ by
𝜙(𝑢1 ⋅ 𝑣1) = ℎ1 (𝑢𝑖) ⋅ ℎ2 (𝑣1) ,, 𝜙(𝑣) = ℎ1 (𝑣), if v ≠ 𝑢𝑖, 𝑣 ∈ 𝑉1 and 𝜙(𝑣) = ℎ2 (𝑣), if v ≠ 𝑣𝑙, 𝑣 ∈ 𝑉2
From theorem 3.2.1, the Hajós graphs 𝐻[𝐺∗

1 (𝑢𝑖𝑢𝑗, 𝑢𝑖);𝐺∗
2 (𝑣𝑙𝑣𝑘, 𝑣𝑙)] and 𝐻′[𝐺∗

1
′ (ℎ1(𝑢𝑖)ℎ1(𝑢𝑗),ℎ1( 𝑢𝑖)] ;

𝐺∗
2

′ [ℎ2(𝑣𝑙)ℎ2(𝑣𝑘),ℎ2(𝑣𝑙)]are isomorphic under 𝜙. So we have to prove that the membership values of the vertices and
edges in 𝐻 are preserved under 𝜙 in 𝐻′.

Since ℎ𝑖 is an isomorphism from fuzzy graph 𝐺𝑖 to 𝐺′
𝑖, 𝑖 = 1,2, the membership values of the vertices and edges in 𝐺𝑖 are

preserved under ℎ𝑖 in 𝐺′
𝑖, 𝑖 = 1, 2.

Now 𝜎𝐻 (𝑢𝑖 ⋅ 𝑣𝑙) = 𝜎1 (𝑢𝑖)∨𝜎2(𝑣𝑙) = 𝜎′
1 (ℎ1(𝑢𝑖))∨𝜎′

2(ℎ2(𝑣𝑙)) = 𝜎′
𝐻 (ℎ1(𝑢𝑖) ⋅ ℎ2(𝑣𝑙)) = 𝜎𝐻′ (𝜙(𝑢𝑖 ⋅ 𝑣𝑙)).

If v is any other vertex of H, then either v is in 𝐺1 or v is in 𝐺2.
If v is in 𝐺1, then 𝜎𝐻(𝑣) = 𝜎1(𝑣) = 𝜎′

1 (ℎ1(𝑣)) = 𝜎𝐻′ (ℎ1(𝑣)) = 𝜎𝐻′(𝜙(𝑣)).
If v is in 𝐺2, then 𝜎𝐻(𝑣) = 𝜎2(𝑣) = 𝜎′

2 (ℎ2(𝑣)) = 𝜎𝐻′ (ℎ2(𝑣)) = 𝜎𝐻′(𝜙(𝑣)).
Hence the membership values of the vertices are preserved under 𝜙.
Now consider any edge vw in H.
Case 1:𝑣𝑤 ∈ 𝐸1, 𝑣 ≠ 𝑢𝑖, 𝑤 ≠ 𝑢𝑖.
𝜇𝐻(𝑣𝑤) = 𝜇1(𝑣𝑤) = 𝜇′

1 (ℎ1(𝑣𝑤)) = 𝜇𝐻′ (ℎ1(𝑣𝑤)) = 𝜇𝐻′ (𝜙(𝑣𝑤)).
Case 2: 𝑣𝑤 ∈ 𝐸2, 𝑣 ≠ 𝑣𝑙, 𝑤 ≠ 𝑣𝑙.
𝜇𝐻(𝑣𝑤) = 𝜇2(𝑣𝑤) = 𝜇′

2 (ℎ2(𝑣𝑤)) = 𝜇𝐻′ (ℎ2(𝑣𝑤)) = 𝜇𝐻′ (𝜙(𝑣𝑤)).
Case 3: 𝑣 ∈ 𝑉1, 𝑤 = 𝑢𝑖 ⋅ 𝑣𝑙.
𝜇𝐻(𝑣𝑤) = 𝜇1(𝑣𝑢𝑖) = 𝜇′

1 (ℎ1(𝑣𝑢𝑖)) = 𝜇𝐻′ (ℎ1(𝑣𝑢𝑖)) = 𝜇𝐻′ (𝜙(𝑣𝑤)).
Case 4: 𝑣 ∈ 𝑉2, 𝑤 = 𝑢𝑖 ⋅ 𝑣𝑙.
𝜇𝐻(𝑣𝑤) = 𝜇2(𝑣𝑣𝑙) = 𝜇′

2 (ℎ2(𝑣𝑣𝑙)) = 𝜇𝐻′ (ℎ2(𝑣𝑣𝑙)) = 𝜇𝐻′ (𝜙(𝑣𝑤)).
Case 5: 𝑣 = 𝑢𝑗, 𝑤 = 𝑣𝑘.
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𝜇𝐻(𝑢𝑗𝑣𝑘) = 𝜇1(𝑢𝑖𝑢𝑗) ∧ 𝜇2(𝑣𝑙𝑣𝑘) = 𝜇′
1(ℎ1(𝑢𝑖𝑢𝑗)) ∧ 𝜇′

2(ℎ2(𝑣𝑙𝑣𝑘)) = 𝜇𝐻′ (𝜙(𝑢𝑗𝑣𝑘)).
Hence the membership values of the edges are preserved under 𝜙.
Hence Hajós fuzzy graphs 𝐻 and 𝐻′ are isomorphic.

3.3. Cardinality of Hajós Fuzzy Graphs

The following examples illustrate that for different choices of edges and vertices, different Hajós graphs are obtained. Then by
considering, Hajós graphs for every choices of vertices and edges as unique, cardinality of Hajós graph and Hajós fuzzy graph
are defined. Then the cardinality of Hajós (fuzzy) graphs obtained from various combinations of (fuzzy) graphs are derived.

Example 3.3.1:Here, Figure 2 shows two Hajós graphs, got by identifying 𝑢1 to 𝑣1 and 𝑢2 to 𝑣2 respectively, with the same
choice of the edges 𝑢1𝑢2 in 𝐺1 and 𝑣1𝑣2 in 𝐺2. Here two Hajós graphs are isomorphic. But the merged vertex 𝑢1 ⋅ 𝑣1 have
degree 1 in 𝐻1 and 𝑢2 ⋅ 𝑣2 have degree 2 in 𝐻2.

Fig 2. 𝐻𝟏 𝑎𝑛𝑑 𝐻𝟐 are different Hajós graphs of 𝐺𝟏′ 𝑎𝑛𝑑 𝐺𝟐′

Example 3.3.2:The Hajós graph obtained by merging 𝑢1and 𝑣1 is different from the Hajós graph obtained by merging 𝑢1
and 𝑣2. Though both Hajós graphs are disconnected, they are not isomorphic. So, in general, there is no relationship between
the Hajós graphs obtained by identifying different choices of the pairs of vertices.

Fig 3. 𝐻𝟑 𝑎𝑛𝑑 𝐻𝟒are two different Hajós graphs of 𝐺𝟑 𝑎𝑛𝑑 𝐺𝟒
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Definition 3.3.3: The total number of Hajós graphs that can be constructed from two graphs 𝐺∗
1and 𝐺∗

2is defined as the
cardinality of Hajós graph from 𝐺∗

1and 𝐺∗
2. It is denoted by 𝐶 (𝐻 [𝐺∗

1;𝐺∗
2]) or by |𝐻[𝐺∗

1; 𝐺∗
2]|, where 𝐻 [𝐺∗

1;𝐺∗
2] denotes the

set of all Hajós graphs from 𝐺∗
1and 𝐺∗

2.
Definition 3.3.4: The total number of Hajós fuzzy graphs that can be obtained from two fuzzy graphs 𝐺1 and 𝐺2 is

defined as the cardinality of Hajós fuzzy graph from 𝐺1 and 𝐺2. It is denoted by 𝐶 (𝐻 [𝐺1;𝐺2])or by |𝐻[𝐺1; 𝐺2]|, where
𝐻 [𝐺1;𝐺2]denotes the set of all Hajós fuzzy graphs from 𝐺1 and 𝐺2.

Theorem 3.3.5:
(i) If 𝐺∗

𝑖and 𝐺′
𝑖∗are isomorphic graphs, i = 1, 2, then 𝐶 (𝐻 [𝐺∗

1;𝐺∗
2]) = 𝐶 (𝐻 [𝐺′

1∗;𝐺′
2∗]).

(ii) If 𝐺𝑖 and 𝐺′
𝑖 are isomorphic fuzzy graphs, i = 1, 2, then 𝐶 (𝐻 [𝐺1;𝐺2]) = 𝐶 (𝐻 [𝐺′

1;𝐺′
2])

Theorem 3.3.6:
The number of Hajós graphs that can be constructed from the underlying crisp graphs 𝐺∗

1and 𝐺∗
2is the same as the number

of Hajós fuzzy graphs that can be constructed from the fuzzy graphs 𝐺1and 𝐺2.
Theorem 3.3.7:
If 𝐺𝑗∗ ∶ (𝑉𝑗,𝐸𝑗)𝑗 = 1, 2are two cycles with |𝑉1| = 𝑛 1 and |𝑉2| = 𝑛 2, then the number of Hajós graphs that can be

obtained from 𝐺𝑗∗,𝑗 = 1,2 is 4 𝑛1𝑛2.
Proof:
Let 𝐺∗

1be the cycle 𝑢1𝑢2𝑢3 ⋯𝑢𝑛1
𝑢1 on 𝑛 1 vertices and 𝐺∗

2be the cycle 𝑣1𝑣2𝑣3 ⋯𝑣𝑛2
𝑣1 on 𝑛 2 vertices.

To obtain the Hajós graph for each choice of the vertex 𝑢𝑖 in 𝐺∗
1, there are two choices, 𝑢𝑖−1𝑢𝑖 and 𝑢𝑖 𝑢𝑖+1 for the edges in

𝐺∗
1. Let 𝑢𝑖be identified with the vertex 𝑣𝑗 in 𝐺∗

2. There are two choices for the edges, 𝑣𝑗−1𝑣𝑗 and 𝑣𝑗𝑣𝑗+1, in 𝐺∗
2. Also 𝐺∗

2 has
𝑛 2 vertices. Therefore, for each vertex 𝑢𝑖 of 𝐺∗

1, the number of Hajós graphs that can be obtained is 2×2×𝑛2 = 4𝑛2.
Since 𝐺∗

1 has 𝑛 1 vertices, the total number of Hajós graph is 𝑛1× 4𝑛2 = 4𝑛1𝑛2.
Theorem 3.3.8:
If𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗) ,, j = 1, 2 are two fuzzy graphs on the cycles 𝐺𝑗∗ ∶ (𝑉𝑗,𝐸𝑗), j = 1, 2 respectively such that |𝑉1| = 𝑛 1 and

|𝑉2| = 𝑛 2, then the number of Hajós fuzzy graph that can be obtained from 𝐺𝑗∗, j = 1, 2 is 4𝑛1𝑛2.
Theorem 3.3.9:
If 𝐺∗

𝑗 ∶ (𝜎𝑗, 𝜇𝑗) ,, j = 1, 2 are two complete graphs with |𝑉1| = 𝑛 1 and |𝑉2| = 𝑛 2, then the number of Hajós graphs that
can be obtained from 𝐺∗

𝑗𝑗 = 1,2is 𝑛1𝑛2(𝑛1 −1)(𝑛2 −1).
Proof:
Let 𝐺𝑗∗, j = 1, 2 be two complete graphs on the n1 vertices 𝑢1,𝑢2, 𝑢3,⋯, 𝑢𝑛1

and on n2 vertices 𝑣1,𝑣2,𝑣3,⋯,𝑣𝑛2
respectively.

To obtain a Hajós graph, for each choice of the vertex 𝑢𝑖 in𝐺∗
1, there are 𝑛−1 edges, 𝑢𝑖𝑢1,𝑢𝑖𝑢2, 𝑢𝑖𝑢3,⋯, 𝑢𝑖𝑢𝑛1

to choose.
When 𝑢𝑖 is identified with the vertex 𝑣𝑗 of 𝐺∗

2, there are 𝑛 2 − 1 possible choices for the edges, namely,
𝑣𝑗𝑣1, 𝑣𝑗𝑣2, 𝑣𝑗𝑣3,⋯, 𝑣𝑛2

. Also there exist 𝑛 2 vertices in𝐺∗
2.Therefore for a fixed vertex u𝑖 of𝐺∗

1, the number of Hajós graphs
is (𝑛1 −1)(𝑛2 −1)𝑛 2. Since |𝑉1| = 𝑛 1, the total number ofHajós graphs is𝑛1×(𝑛1 −1)(𝑛2 −1)𝑛2=𝑛1𝑛2(𝑛1 −1)(𝑛2 −1).

Theorem 3.3.10:
Let 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗) , j = 1, 2 be two fuzzy graphs on the complete graphs 𝐺𝑗∗ ∶ (𝑉𝑗,𝐸𝑗) j = 1, 2 respectively such that |𝑉1| =

𝑛1and |𝑉2| = 𝑛 2. Then the number of Hajós fuzzy graph that can be obtained from 𝐺𝑗,𝑗 = 1, 2 is 𝑛1𝑛2(𝑛1 −1)(𝑛2 −1).
Theorem 3.3.11:
If 𝐺𝑗∗ ∶ (𝑉𝑗, 𝐸𝑗), is a k𝑗-regular graph, 𝑗 = 1, 2 with |𝑉1| = 𝑛 1 and |𝑉2| = 𝑛 2 respectively, then the number of Hajós

graphs that can be obtained from 𝐺𝑗∗, 𝑗 = 1, 2 is 𝑘 1𝑘 2𝑛 1𝑛 2.
Proof:
Let 𝐺𝑗∗be a k𝑗 -regular graph on 𝑛 𝑗vertices 𝑗 = 1, 2 with 𝑢1,𝑢2, 𝑢3,⋯, 𝑢𝑛1

and 𝑣1,𝑣2,𝑣3,⋯,𝑣𝑛2
respectively.

To obtain a Hajós graph for each choice of the vertex 𝑢𝑗 in 𝐺∗
1 one edge can be chosen from any of the 𝑘 1 edges incident at

𝑢𝑗.
When 𝑢𝑗 is identified with the vertex 𝑣𝑖 in 𝐺∗

2, an edge can be chosen from any of the 𝑘 2 edges incident at 𝑣𝑖,𝑖 =
1, 2, ⋯, 𝑛 2.

Therefore for a fixed vertex u𝑖 of 𝐺∗
1, the number of Hajós graphs is 𝑘 1𝑘 2𝑛 2

Since 𝐺∗
1has 𝑛 1 vertices, the total number of Hajós graphs in 𝑛 1 ×𝑘 1𝑘 2𝑛 2= 𝑘 1𝑘 2𝑛 1𝑛 2.

Theorem 3.3.12:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗), is a fuzzy graph on k𝑗-regular graph, 𝐺𝑗∗∶ (𝑉𝑗, 𝐸𝑗), j =1, 2 with |𝑉1| = 𝑛 1 and |𝑉2| = 𝑛2, then the number

of Hajós fuzzy graph that can be obtained from G1 and G2 is 𝑘 1𝑘 2𝑛 1𝑛 2
Theorem 3.3.13:
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If 𝐺𝑗∗:(𝑉𝑗, 𝐸𝑗), is a cycle for j = 1 and a complete graph for j = 2, with |𝑉𝑗| = 𝑛𝑗, j = 1, 2, then the number of Hajós graphs
that can be obtained from 𝐺𝑗∗, j =1, 2 is 2𝑛 1𝑛 2(𝑛 2 −1).

Proof:
Let 𝐺𝑗∗be a cycle with 𝑢1𝑢2𝑢3 ⋯𝑢𝑛1

𝑢1and 𝐺∗
2be a complete graph with 𝑣1,𝑣2,𝑣3,⋯,𝑣𝑛2

.
To obtain the Hajós Graph for each choice of vertex 𝑢𝑖 in 𝐺∗

1there are two choices 𝑢𝑖−1𝑢𝑖 and 𝑢𝑖𝑢𝑖+1 of edges incident at
𝑢𝑖.

When 𝑢𝑖 is identified with vertex 𝑣𝑗 in 𝐺∗
2, there are 𝑛 2 – 1 choices of edges incident at 𝑣𝑗namely,

𝑣𝑗𝑣1, ⋯𝑣𝑗𝑣𝑗−1, 𝑣𝑗𝑣𝑗+1,⋯𝑣𝑗𝑣𝑛2
. Also the number of vertices in 𝐺∗

2is 𝑛 2. Therefore for a fixed vertex 𝑢𝑖 in 𝐺∗
1the number

of Hajós graphs is 2𝑛 2(𝑛 2 −1).
Since |𝑉1| = 𝑛1, the total number of Hajós graphs is 𝑛1×2𝑛 2(𝑛2 −1)= 2𝑛1𝑛2(𝑛2 −1).
Theorem 3.3.14:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗), is a fuzzy graph on 𝐺𝑗∗: (𝑉𝑗, 𝐸𝑗), where 𝐺1∗:(V1, E1) is a cycle and 𝐺∗

2: (𝑉2, 𝐸2) is a complete graph,
with |𝑉𝑗| = 𝑛 𝑗, 𝑗 = 1, 2, then the number of Hajós fuzzy graphs that can be obtained from 𝐺𝑗, 𝑗 = 1, 2 is 2𝑛1𝑛2(𝑛2 −1).

Theorem 3.3.15:
If 𝐺𝑗∗: (𝑉𝑗, 𝐸𝑗) is a cycle for j = 1 and a 𝑘-regular graph for j = 2 with |𝑉1| = 𝑛1 and |𝑉2| = 𝑛2, then the number of Hajós

graphs that can be obtained from 𝐺𝑗∗, 𝑗 = 1, 2 is 2𝑘𝑛1𝑛2.
Proof:
Let 𝐺∗

1be a cycle 𝑢1𝑢2𝑢3 ⋯𝑢𝑛1
𝑢1 and 𝐺∗

2be a 𝑘-regular graph on 𝑛 2vertices 𝑣1,𝑣2,𝑣3,⋯,𝑣𝑛2
.

To obtain the Hajós graph, for each choice of 𝑢𝑖 in 𝐺∗
1there are two choices, u𝑖−1u𝑖 and u𝑖u𝑖+1 for the edges in 𝐺∗

1.
When 𝑢𝑖 in𝐺∗

1 is identified with the vertex 𝑣𝑗 in𝐺∗
2, an edge can be chosen from any of the k edges incident at v𝑗.Therefore

for a fixed vertex 𝑢𝑖 in 𝐺∗
1the number of Hajós graphs is 2𝑘𝑛 2.

Since |𝑉1| = 𝑛1, the total number of Hajós graphs is 𝑛 1×2𝑘𝑛 2 = 2𝑘𝑛1𝑛 2.
Theorem 3.3.16:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗), is a fuzzy graph on 𝐺𝑗∗:(𝑉𝑗, 𝐸𝑗), with |𝑉𝑗| = 𝑛 𝑗 for 𝑗 = 1, 2, where 𝐺∗

1is a cycle and 𝐺∗
2is a k-regular

graph, then the number of Hajós fuzzy graph that can be obtained from 𝐺𝑗,𝑗 = 1, 2 is 2𝑘𝑛1𝑛 2.
Theorem 3.3.17:
If 𝐺∗

2:(V1, E1) is a cycle with |𝑉1| = 𝑛 1 and 𝐺∗
2∶ (𝑉2, 𝐸2), is a complete bipartite graph 𝐾𝑚𝑛∗, then the number of Hajós

graphs that can be obtained from 𝐺∗
𝑗, 𝑗 = 1, 2 is 4𝑚𝑛𝑛 1.

Proof:
Let 𝐺∗

1 be a cycle 𝑢1𝑢2𝑢3 ⋯𝑢𝑛1
𝑢1.

Let 𝐺∗
2 be a complete bipartite graph with bipartition {𝑣21,𝑣22,𝑣23,⋯,𝑣2𝑚} and {𝑤21,𝑤22,𝑤23,⋯,𝑤2𝑛}.

To obtain the Hajós Graph for each choice of vertex 𝑢𝑖 in 𝐺∗
1, there are two choices for the edges, 𝑢𝑖−1𝑢𝑖 and 𝑢𝑖𝑢𝑖+1, in

𝐺∗
1.
Case 1: 𝑢𝑖 is identified with the vertex 𝑣2𝑗 in 𝐺∗

2 where 𝑣2𝑗 ∈ {𝑣21,𝑣22,𝑣23,⋯,𝑣2𝑚}
When𝑢𝑖 is identifiedwith the vertex 𝑣2𝑗 in𝐺∗

2, there are𝑛 choices for edges namely, 𝑣2𝑗𝑤21,𝑣2𝑗𝑤22,𝑣2𝑗𝑤23,⋯,𝑣2𝑗𝑤
2𝑛

𝑗 =
1, 2, ⋯, 𝑚. Therefore, since |𝑉21| = 𝑚, the number of Hajós graphs that results in this case is mn.

Case 2: 𝑢𝑖 is identified with the vertex 𝑤2𝑗 in 𝐺∗
2, where 𝑤2𝑗 ∈ {𝑤21,𝑤22,𝑤23,⋯,𝑤2𝑛}.

When𝑢𝑖 is identifiedwith the vertex𝑤2𝑗 in𝐺∗
2, there arem choices of edges namely,𝑤2𝑗𝑣21,𝑤2𝑗𝑣22,𝑤2𝑗𝑣23,⋯,𝑤2𝑗𝑣

2𝑚
,

𝑗 = 1, 2, ⋯,𝑛. Therefore, since |𝑉22| = 𝑛, the number of Hajós graphs that results in this case is mn.
From the above two cases, the number of Hajós graphs obtained by identifying 𝑢𝑖with the vertex 𝑣2𝑗 or 𝑤2𝑗 is 2𝑚𝑛.
Therefore for a fixed vertex 𝑢𝑖 in 𝐺∗

1, as two edges are incident at 𝑢𝑖, the number of corresponding Hajós graphs is
2 × 2𝑚𝑛 = 4𝑚𝑛.

Since 𝐺∗
𝑗 has 𝑛1 vertices, the total number of Hajós graphs is 𝑛 1 × 4𝑚𝑛 = 4𝑚𝑛𝑛 1.

Theorem 3.3.18:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗), is a fuzzy graph on 𝐺∗

𝑗:(𝑉𝑗, 𝐸𝑗), with | ∣𝑉𝑗∣= 𝑛 𝑗 for 𝑗 = 1, 2, where 𝐺∗
1is a cycle and 𝐺∗

2 is a complete
bipartite graph 𝐾𝑚𝑛∗,then the number of Hajós fuzzy graph that can be obtained from G𝑗, j = 1, 2 is 4𝑚𝑛𝑛1.

Theorem 3.3.19:
If 𝐺∗

1∶ (𝑉1, 𝐸1)is a cycle with |𝑉1| = 𝑛 1 and 𝐺∗
2∶ (𝑉2, 𝐸2) , is a path 𝑃𝑛2

, then the number of Hajós graphs that can be
obtained from 𝐺∗

𝑗, 𝑖 = 1, 2 is 4𝑛 1(𝑛 2 −1).
Proof:
Let 𝐺∗

1be the cycle 𝑢1𝑢2𝑢3 ⋯𝑢𝑛1
𝑢1and 𝐺∗

2 be the path 𝑃𝑛2
on n2 vertices𝑣1𝑣2𝑣3 ⋯𝑣𝑛2

.
To obtain the Hajós graph for each choice of vertex u𝑖 in 𝐺∗

1, there are two choices 𝑢𝑖−1𝑢𝑖 and 𝑢𝑖𝑢𝑖+1 for the edges in 𝐺∗
1.

When 𝑢𝑖 is identified with the vertex 𝑣𝑗 in 𝐺∗
2, the possible cases for 𝑣𝑖 in 𝐺∗

2 are as follows:

https://www.indjst.org/ 3878

https://www.indjst.org/


Radha & Jasmine Kingsly / Indian Journal of Science and Technology 2024;17(37):3871–3880

Case 1: 𝑢𝑖 is identified with the end vertex 𝑣𝑗 in 𝐺∗
2.

Since 𝑣𝑗 in 𝐺∗
2 is any one of the end vertices of the path 𝑃𝑛2

, there is only one edge which is incident at 𝑣𝑗. Since there are
two end vertices, 2 Hajós graphs are obtained.

Case 2:𝑢𝑖 is identified with the internal vertex 𝑣𝑗 in 𝐺∗
2

If 𝑣𝑗 in 𝐺∗
2 is any one of the vertices, there are two choices, 𝑣𝑗−1𝑣𝑗and 𝑣𝑗𝑣𝑗+1, for the edges in 𝐺∗

1. Since there are (𝑛 2 −2)
vertices other than the end vertices, there are 2(𝑛 2 − 2) choices to consider. So the number of Hajós graphs in this case is
2(𝑛 2 −2).

From the above two cases, for a fixed vertex 𝑢𝑖 in 𝐺∗
1, the number of Hajós graphs is 2 × [2 + 2(𝑛 2 − 2)]= 4(𝑛 2 − 1).

Since 𝐺∗
1has 𝑛1vertices, the total number of Hajós graphs is 4𝑛 1(𝑛 2 −1).

Theorem 3.3.20:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗), is a fuzzy graph on 𝐺∗

𝑗:(𝑉𝑗, 𝐸𝑗), with | ∣𝑉𝑗∣ = 𝑛𝑗 for 𝑗 = 1, 2, where 𝐺∗
1is a cycle and 𝐺∗

2is a path, then
the number of Hajós fuzzy graph that can be obtained from 𝐺𝑗, 𝑗 = 1, 2 is 4𝑛 1(𝑛 2 −1).

Theorem 3.3.21:
If 𝐺∗

1∶ (𝑉1, 𝐸1) is a complete graph with |𝑉1| = 𝑛 1 and 𝐺∗
2∶ (𝑉2, 𝐸2) is a path 𝑃𝑛2

, then the number of Hajós graphs that
can be obtained from 𝐺∗

𝑗, 𝑗= 1, 2 is 2𝑛1(𝑛1 −1)(𝑛2 − 1).
Proof:
Let 𝐺∗

2be a complete graph 𝑢1𝑢2𝑢3 ⋯𝑢𝑛1
and 𝐺∗

2be a path 𝑃𝑛2
on 𝑛2vertices 𝑣1,𝑣2,𝑣3,⋯,𝑣𝑛2

.
To obtain a Hajós graph, for each choice of the vertex 𝑢𝑖 in 𝐺∗

1, there are 𝑛−1 edges, 𝑢𝑖𝑢1, ⋯𝑢𝑖𝑢𝑖−1, 𝑢𝑖𝑢𝑖+1,⋯, 𝑢𝑖𝑢𝑛1
,

to choose.
Suppose that 𝑢𝑖 is identified with the vertex 𝑣𝑗 in 𝐺∗

2.
Case 1: 𝑣𝑗 in 𝐺∗

2is any one of the end vertices of the path 𝑃𝑛2
.

Then there is only one choice for edge: if 𝑣𝑗 is 𝑣1, it is 𝑣1𝑣2 and if 𝑣𝑗 is 𝑣𝑛1,, it is 𝑣𝑛1−1,𝑣𝑛1
. Since there are two end vertices

there are 2 choices. Therefore the number of Hajós graph is 2.
Case 2: 𝑣𝑗 in 𝐺∗

2 is any one of the vertices other than the end vertices.
There are two choices 𝑣𝑗−1𝑣𝑗and 𝑣𝑗𝑣𝑗+1 for the edges in 𝐺∗

2. Since there are (𝑛 2 −2) vertices other than the end vertices,
there exist 2(𝑛 2 −2) choices for edges. Therefore the number of Hajós graph is 2(𝑛 2 −2).

From the above two cases, for a fixed vertex 𝑢𝑖 in 𝐺∗
1, the number of Hajós graphs is (𝑛 1 − 1) × [2+2(𝑛2 −2)] =

2(𝑛2 −1)(𝑛1 −1)
Since 𝐺∗

1has 𝑛 1 vertices, the total number of Hajós graphs is 2𝑛1(𝑛1 −1)(𝑛2 − 1).
Theorem 3.3.22:
If 𝐺𝑗 ∶ (𝜎𝑗, 𝜇𝑗), is a fuzzy graph on 𝐺∗

𝑗:(𝑉𝑗, 𝐸𝑗), with |∣𝑉𝑗∣ = 𝑛𝑗 for 𝑗 = 1, 2, where 𝐺∗
1 is a complete graph and 𝐺∗

2 is a
path, then the number of Hajós fuzzy graph that can be obtained from 𝐺𝑗, j = 1, 2 is 2𝑛1(𝑛1 −1)(𝑛2 −1).

4 Conclusion
UsingHajós construction on graphs, a contribution towards binary operations on fuzzy graphs ismade.Also some contributions
towards the study on properties of Hajós (fuzzy) graphs have been made in this paper. Isomorphic properties on Hajós (fuzzy)
graphs are derived. Examples are provided to demonstrate how different vertex and edge selections result in different Hajós
graphs. Based on this fact, the notion of cardinality is introduced.The cardinalities of Hajós (fuzzy) graphs, which are obtained
from two (fuzzy) graphs, which include cycle, path, regular graph, complete graph and complete bipartite graph, are derived.
The cardinality of Hajós (fuzzy) graphs for other combinations of (fuzzy) graphs can be developed in the future.
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