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Abstract

Objectives: Fuzzy graphs allow uncertainty in the ideas characterizing vertices
and edges to be included when modelling real-world scenarios into graph
models. This study aims to introduce Hajés fuzzy graph, cardinality of Hajés
graph and Hajos fuzzy graph and to explore many properties. Methods :
Here, the Hajés construction is applied to two fuzzy graphs, and the Hajés
fuzzy graph is defined by assigning membership values to all the edges and
vertices of the newly formed fuzzy graph. Fuzzy graph conditions are verified
for the assigned membership values. Examples are used to illustrate the
concept. Findings: The Hajos fuzzy graph’s size and order are established.
Isomorphic property is discussed. The number of Hajos (fuzzy) graphs that exist
for some combinations of two (fuzzy) graphs is calculated. Novelty: Based on
Hajos construction, the Hajos fuzzy graph is defined. Based on the fact that
different choices of vertices and edges produce different Hajés (fuzzy) graph, its
cardinality is defined. The notion of cardinality is a novel concept in Hajos graph
which helps to find the total number of Hajos (fuzzy) graphs. The cardinality of
the Hajos (fuzzy) graph which arises from two (fuzzy) graphs that can be a cycle,
path, regular graph, complete graph and complete bipartite graph are derived.
Mathematics subject classification. (2010): 05C72, 05C76

Keywords: Hajos Graph; Hajos fuzzy graph; Order; Size; Isomorphism;
Cardinality of Hajos fuzzy graph

1 Introduction

Graph theory is a part of mathematics that possesses numerous applications in the real
world. As it comes to uncertain data, it is essential to apply fuzzy theory to graphs, which
results in fuzzy graph theory. Fuzzy graph theory is an extension of graph theory, which
plays a crucial role in real-world circumstances like medical diagnosis, social network
analysis, and natural language processing. Rosenfeld initially introduced fuzzy graph
theory in 1975.
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The Hajos construction, named after Gyorgy Hajés (1961), is an operation on graphs that can be used to construct any
critical graph or any graph whose chromatic number is at least a certain threshold. Yamuna M and Karthika K have proved
that, if G; and G, are Euler graphs, then the Hajés graph is also Euler in A note on Hajés stable graphs’ (V). They have
obtained conditions for Hajés graphs to be Hamiltonian. Also, they have studied the just excellent and very excellent properties
of Hajds stable graphs. Benjamin Braun and Julianne Vega have shown that for a large class of Hajos merges and for any
identification of a pair of vertices having distance at least five from each other, the resulting graph has an S1-wedge summand
in its neighborhood complex in ‘Hajés-Type Constructions and Neighborhood Complexes’ . They also introduce two graph
construction algorithms using Hajés-type operations. Juan Carlos Garcia-Altamirano, Mika Olsen, Jorge Cervantes-Ojeda
solved the problem of determining the Hajos operations to construct the symmetric 5-cycle from the complete symmetric
digraph of order 3 using only Hajés constructions in ‘How to construct the symmetric cycle of length 5 using Hajés construction
with an adapted Rank Genetic Algorithm’®). They generalize the construction of the symmetric cycle of length 5 and determine
the computational complexity Hajés construction in ‘Computacional complexity of Hajos constructions of symmetric odd
cycles ™. G. Gutin, A.V.Kostochkaand B. Toft provided bounds of Nordhaus-Gaddum type for the Hajés number ). Though
Hajés construction has been applied in many areas many properties have been discussed, the total number of Hajés graphs has
not yet been discussed.

Different choices of vertices and edges to get Hajos graphs from two given graphs, by applying Hajos construction, produce
different Hajos graphs. When combining two graphs using Hajos construction, especially graph models of road networks or
railway networks, knowing the total number of Hajos graphs and their properties will be helpful in choosing the best possible
combination. Till now, no attempt has been made to determine the number of possible Hajos graphs that can be obtained from
two given graphs. Therefore, the cardinality of Hajos graphs is introduced. It is obtained for various combinations of graphs. It
is observed that the cardinality is preserved under isomorphism.

Hajés construction and cardinality are extended to fuzzy graphs. Fuzzy graphs enable to incorporate uncertainty in the
concepts that characterize vertices and edges into graph models to represent real-world circumstances. For example, while
modelling the road connection between cities into a graph, the number of people in the cities who may use the road and the
quality of the road can be formulated as the membership values of the vertices and edges. Therefore, it will be useful to introduce
and develop the features of Hajos fuzzy graphs for various kinds of applications in real life.

The crisp graph is denoted by G*(V, E), and the fuzzy graph on G* is denoted by G:(o, ).

The basic things that we have used in developing our new concepts are as follows:

Let G, and G, be any two graphs, (u, v;) be an edge of G; and (us, v5) be an edge of G,. Then the Hajds construction
produce a different graph H that combines the two graphs by

i. Merging vertices u; and u, into a single vertex u; 5

ii. Eliminating the two edges (uq,v; ) and (uq,v5)

iii. Adding a new edge (v, , v5)©

The order of His O(G;) + O(G5) — 1 and the size of His S (G )+ 5 (G5) — 1.

A fuzzy graph G is defined as an ordered pair G: (o, 1) on graph G* : (V, E) where V is the set of vertices, a vertex is also
called a node, and E is the set of edges which is a subset of V XV, the membership functions are o : V.— [0, 1] and p: V xV
— [0, 1] .

The degree of a vertex ucV is defined by d - (u) = Zu%v,u (wv) = ZuveEu(uv). @)

Ifd (v) =k, VveV, that is if each vertex has same degree k, then G is said to be a regular fuzzy graph of degree k or a k-regular
fuzzy graph.

A complete bipartite graph with partite sets V; and V,, where |V; | = m and |V,| = n is denoted by Km,n.® A complete
graph Kn is a simple graph such that every pair of vertices is joined by an edge®.

A walk is a series of pairwise incident edges in a graph; a trail is a walk with no repeated edges; a path is a trail with no
repeated vertices. A u-v walk/trail/path is considered closed whenever u = v. Closed paths are known as cycles .

An isomorphism of fuzzy graphs f : G — G’ is abijective map f : V — V” such that o (u) = o’ (f (u)),Vu €V, pu(uv) =
W (F () f (0)), u, ve VD

2 Methodology

Here, the Hajo6s construction is applied on fuzzy graphs. Hajés construction is one of the effective ways that are used to combine
two networks. The Hajds fuzzy graph is a fuzzy graph obtained by applying the binary operation, namely Hajds construction,
on two fuzzy graphs. The properties of Hajos fuzzy graph and the cardinality of Hajos fuzzy graph are obtained.
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Definition 2.1: Let G : (04, 1) and G2:(02, ,u2> be two fuzzy graphson G : (V;, E;) and Gox : (V,, E5)respectively.
Let u; v, beany edge in G; and u,v, be any edge in G,. The Hajds fuzzy graph of G; and G, with respect to the edge-vertices
u;vy —uy and upvy - Uy denoted by H [G (uqvq3uy), G (ugva;us)]: (o, p) on H* (V, E) where V. = (V; — {uq })U
(Vo —{ug}) U{uqustand E = (B — {uqv }) U (Ey —{uqvy}) U {vg .05} is constructed as follows:

(i) Merge the vertices u; in G4 and u, in G, into a new single vertex u; - uy with membership value o (uq - uy) =
o1 (uy) Voy(ug)

(ii) Remove the edges u;v;in G and uqv,in G,.

(iii) Insert a new edge v, v, in H with membership value i (v v5) = pq (uqv1) A pig (ugvy).

The edges vw € E, — {u,;v,} are of two types:

vw €E,, v#Eu, wFuweV,, w=1uq-ug, i = 1, 2. Assign the membership values for these edges as
p(vw), ifvwe By, vFEu;,wFu,
po(vw), ifvw € Ey, % Uy, wFE ugy
pq(vug), ifveVy, W= Uyp . Usy
to(Vug),  ifvEVy, W= Up.Ug

(iv) For all the vertices v # u; i=1, 2, assign their membership value as

o,(v), ifveVy

o(v) = { oy(v), ifveV,

Let us verify that o and y satisfy the conditions of fuzzy graph.

Let vw be any edge of H. Then vw € E,; — {u,;v;} or vw = v, v,.

Ifvw € E |, v# uy, w# uqg, plow)=py (vw)< oy (V) Aoy (w) = o (V)A o (w).

Ifvw € Eg, U # Ug, W F Uy, it (VW) =pq (vw) < oq (V) Aoy (w) = o (V) A o (w).

For any edge v (uy -uy) with v € Vi, pi(v(ug - ug))= py (vug) <09 (v) Aoy (uy) < oq(v) A (01 (u1) V oy (ug))=
o (0) A o (g -1z)).

Similarly for any edge v (uq - uy) with v € Vo, p(v(uq -ug))< o (V) A o ((uq -us)).

For the new edge v, v, in H,

1 (v10g) = p(ugvg) A pi(uguy) < oq (ug) Aoy (1) A 0y (ug) Aoy (vg) < o (vg) A 05 (v)

=0 (v1)A o (vy).

Therefore for all the edges vw in H, i (vw) < o (v) A o (w)

Hence H [G4 (uqv1;uq ), G (ugvg;us)] = (0, u) is a fuzzy graph, called the Hajos fuzzy graph on G*(V, E).

Example 2.2: The definition of Hajés graph is explained in the following figure. Consider the two fuzzy graphs in G; and
G, in Figure 1. Let us construct H [G; (uqv1;uq), G4 (ugvq;us)] : (0, @) with o (ug -vq) = 04 (ug) V oy (v1) = 0.4and
p(uguy) = piy (ugug) V pig (vyvy) = 0.2. The Hajés fuzzy graph H [G (uyv15uy), Go (ugvg;ug)] : (0, ) is given in
Figure 1.

plvw) =

o) 0.1 0.4 .
02w uz 0.3vy o1 0.5 v,
0.4
0.2
0.2 0.5
0.7 Ua 0.6 0.9 Uz
04 Va 0.3 0.8 Vs
G, 6,
02w 0.1 0.4uw: 0.1 0.5v,
0.2 0.5
0.6 T 02 T 03
0.7 us 0.9 us 0.4 v, 0.8 vs

H[G, (upus;us), Go (v vy v (0, 10)

Fig 1. Hajos fuzzy graph of G{ and G4
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3 Results and Discussions

The Hajds construction of graphs has been widely used in colouring of graphs. Till now, isomorphic properties of Hajos graphs
and the number of Hajos graphs that can exist from two given graphs have not been analysed in detail. Apart from the properties
of Hajos graphs that already exist including Hajés number which gives the minimum number of steps required to construct
a k-chromatic graph from K;,, this paper contributes to the study of Hajés graph by discussing its isomorphic properties and
by introducing its cardinality. Hajos construction on fuzzy graphs will be helpful in various real-life applications. It is helpful
to combine two networks in an effective way, and its applications can be found in scheduling problems, image processing, and
computer networks. Hajos fuzzy graph is introduced by applying the Hajds construction to fuzzy graphs, and its properties are
discussed.

3.1: Order and Size of Hajés Fuzzy Graph

Depending on the membership values of the vertices and edges chosen, the formulae for the order and size of the Hajés fuzzy
graph are obtained. They will be helpful in determining those values from the given graphs without actually constructing the

Hajés fuzzy graph.

Theorem 3.1.1:

If G; : (Jj, uj) is a fuzzy graph on G,;*: G, * (V,Ej), j = 1, 2, then the order of the Hajés Fuzzy Graph
HI[Gy (uyvyiuy), Go (ugvaiug)]: (o, p) is O( ) = O(Gy) + O(Gy) —oq(uq) A oa(u,).

Proof:
The order of the Hajos fuzzy graph H is

o)=Y ow= Y o+ 3 o)+ oluu)

ueV(H) ueVi—{u,} ueVy—{uy}

= Z o(u)—oq (ug)+ Z o(u)—oy(ug)+oq(ug) V oz (uy)

weVy ueV,

= Z o(u)+ Z o(u)+oy(uy) V oy (ug) =0y (ug) =03 (ug)

ucVy ucVy

Since o1 (uy) + 04 (ug) = 0y (ug) A 09 (ug) + o9 (ug) V oa(uy)

01 (uq) +09(ug) =0y (uy) Vog(ug) = oy (ug) A oq(us)

Hence O(H) =3 _ (u) + ZuEVQ oo(u) —oq (ug) A oa(ug)
=0(Gy) + O(Gy) — ( 1) A og(uy).

Theorem 3.1.2:

If G, : (0j,p;) is a fuzzy graph on G+ (Vy, Ej), j =1, 2, then the size of the Hajés Fuzzy Graph
H[G, (wyzq5wq), Gy (wazg;29)]: (0, u)is S(H) = S(G1) + S(Gg) — g (wy21) V pig (wazs)

Proof:

The size of the Hajés Fuzzy Graph H |G (wqzq;wq), Gy (waze;wy)] = (o, p) isS(H) = Ze€E<H),u(e) =
ZeEEl—(wlzl}M(e)+ZeEE2—(w2z2}M(e)+ /1‘<le2)

:ZeeElﬂ(e)*Nl (w121) +Ze€E2/~L(€)*N2 (wa2o) + py (wiz1) A pg(wa2s)

Since 11 (wy21) + po(Wa2e) = g (W121) A pg(Wa2y)+ py (w121) V g (wa2g)

p (wy21) + po(wazg) — py (wy21) A po(Wozg) = py (wy21) V g (wa2g).

Hence S(H) = S(G1) + S(Go) —pq (wy21) V pig (wa2zs)

https://www.indjst.org/ 3874


https://www.indjst.org/

Radha & Jasmine Kingsly / Indian Journal of Science and Technology 2024;17(37):3871-3880

3.2. Isomorphism on Hajés graphs and Hajés Fuzzy Graphs

Theorem 3.2.1: Let G, * and G; xbe isomorphic graphs and let b, : G;* — G, * be an isomorphism, i = 1, 2. Then the Hajos
graphs]?[Gj (usuy, u;) Gy (vyvy, v)]and H'[GY (hy (u;)hy (uy), by (u;)) Gy’ <h2(vl)h2(vk),h2(vl)] areisomorphic.

Proof:

Adjacency among vertices in G *and G/, xare preserved under isomorphism ;. In other words, uv is an edge in G, xif and
only if h; (u)h;(v) is an edge in G/ *.

Define ¢ : H — H' by

¢ (u;-v) = hy (u;)-hy(vy),0 (V) =hy (v),ifvFu;vEVyand ¢ (v) = hy (), ifvF v, VEV,

Then ¢ is a bijection from V(H) to V(H’).

To prove adjacency among vertices under ¢, consider any edge vw in H.

Case l:vw € B, v#u;, w+#u,.

Then ¢ (v) = hy (v) and ¢ (w) = hy (w)

Since vw is an edge in G *, hq (v)h, (w) is an edge in G/ *. Therefore, by Hajos construction, i, (v)h (w) is an edge in H’.
Hence ¢ (v) ¢ (w) is an edge in H’.

Case2:vw € Ey, v# v, w#v,.

Asin case 1, ¢ (v) ¢ (w) is an edge in H’.

Case3:ve Vi, w= u;- v,

Here vu, is an edge in G, x. Therefore iy (v)hq (u;) is an edge in G/ *.

Hence h (v) and hy (u;) * ho(v;) are adjacent in H'. That is, ¢ (v) ¢ (u, - v;) is an edge in H’.

Case4:ve Vo, w= u;-v;.

Asin case 3, ¢ (v) ¢ (u; -v;) is an edge in H’.

Case5: v =uj, w="vy.

In the construction of H', the edges 1 (u; )y (u;) in G’ * and hy(v))hy (v, ) in G +are removed and an edge between the
vertices hq (u;) and iy (v, ) is newly added. So 7 (u;) and hy (v, ) are adjacent in H’. Hence ¢(u;) and ¢(v, ) are adjacent in
H’.

Theorem 3.2.2:

Let G, and G/, be isomorphic fuzzy graphs and let b, : G; — G, be an isomorphism, (i = 1, 2). Then the Hajés fuzzy graphs
H[G, (uiuj7 U@> ;G5 (vyvy, vp)] and H' [Gll (hl(ui>h1 (uj>7h1(ui>) QG/2 (hQ(Ul)h2<Uk)ah2<Ul)] are isomorphic.

Proof:

Define ¢ : H — H’ by

¢ (uy - vy) = hy (u;) hy (V1) & (V) = hy (), if v £ uz v € Vy and ¢ (v) = hy (v), if v £ vy, v €V,

From theorem 3.2.1, the Hajos graphs H[G (u;u, u;); G5 (v,05,, vy)] and H'[Gy (hy (u;)hy (ug), by (uy)] 5

Gy’ [hQ (v)ha(v, ), hy (vl>]are isomorphic under ¢. So we have to prove that the membership values of the vertices and
edges in H are preserved under ¢ in H’.

Since h; is an isomorphism from fuzzy graph G, to G,,i = 1,2, the membership values of the vertices and edges in G, are
preserved under h; in G, i = 1, 2.

Now o7 (u; -vy) = 0y (u;) Voa(vy) = 07 (hy(uy)) Vi (ha(vy)) = 0 (hy(u;) ho(vy) = o (¢ (u; - vp)).

If v is any other vertex of H, then either visin G; orvisin G5.

£visin G, then 047 (v) = 0y (v) = 7% (y (1) = 0 (b (v)) = 757/ (9(0)).

£V is in G, then 047(0) = 05 (v) = 0 (i (1) = 07/ (h(v)) = 7 (6 (0)).

Hence the membership values of the vertices are preserved under ¢.

Now consider any edge vw in H.

Case livw € E;, v# u;, w+# u;.

1 (00) = 1 (00) = g5 (hy (00)) = gy (hy (00)) = p g (S(00)).

Case2:vw € Ey, v+ v, w# ;.

1 (00) = 1 (00) = g1y (o (00)) = gy (i (0)) = p g (S(00)).

Case3:vec Vi, w=u;- v

ppr(vw) = py (vuy) = p (hy (vuy)) = Ky (hq(vu;)) = 7 (p(vw)).

Case4:vc V,, w=u; v

1 (0) = s (v07) = 11 (o (001)) = gy (h(00)) = ppgr ((0)).

Case5: v =uj, w="vy.
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porr(ujog) = py (ugug) A pg (vyo) = :u/l(hl(uiuj)) A pg(ho(vyvy)) = Mg <¢(ujvk))'
Hence the membership values of the edges are preserved under ¢.
Hence Hajos fuzzy graphs H and H' are isomorphic.

3.3. Cardinality of Hajoés Fuzzy Graphs

The following examples illustrate that for different choices of edges and vertices, different Hajés graphs are obtained. Then by
considering, Hajds graphs for every choices of vertices and edges as unique, cardinality of Hajos graph and Hajos fuzzy graph
are defined. Then the cardinality of Hajés (fuzzy) graphs obtained from various combinations of (fuzzy) graphs are derived.

Example 3.3.1: Here, Figure 2 shows two Hajos graphs, got by identifying u; to v; and u, to v, respectively, with the same
choice of the edges u; u, in G and v, v4 in G5. Here two Hajoés graphs are isomorphic. But the merged vertex v, - v; have
degree 1 in H, and us - v5 have degree 2 in H,.

G,
G’

1y
A
us uz

A e

H LG, (uyus, wy ); G (vy vy, v4)] Ho[G (uyus,uy); Gy (0,15, 15)]

ug vy
uy Al

| —\

v
us uzvz i
s uz vy Vi

Fig 2. Hq and H, are different Hajés graphs of G and G’

Example 3.3.2: The Hajos graph obtained by merging u, and v, is different from the Hajés graph obtained by merging w4
and v,. Though both Hajds graphs are disconnected, they are not isomorphic. So, in general, there is no relationship between
the Hajds graphs obtained by identifying different choices of the pairs of vertices.

Gs Gs

.
vl
w
.A /
L]
Rt V4

Hy[(uyus, 1y ); (0y 05,1041 HalGuug, w); (102, v2)]

. Vi
Uy,

uz
Uyt vy
v

uz u3
V3 A Va

Fig 3. H g and H 4are two different Hajés graphs of G35 and G4
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Definition 3.3.3: The total number of Hajds graphs that can be constructed from two graphs G and G%is defined as the
cardinality of Hajés graph from G% and G%. It is denoted by C (H |G ; G%]) or by |H[G? ; G%]|, where H [G? ; G%] denotes the
set of all Hajos graphs from G5 and G5.

Definition 3.3.4: The total number of Hajos fuzzy graphs that can be obtained from two fuzzy graphs G| and G5 is
defined as the cardinality of Hajos fuzzy graph from G, and G,. It is denoted by C (H [G;G5])or by |H[G; G5]|, where
H[G,;G,]denotes the set of all Hajos fuzzy graphs from G, and G,

Theorem 3.3.5:

(i) If Gand G *are isomorphic graphs, i = 1, 2, then C (H [G%; G4]) = C (H [G*; G5 %]).

(ii) If G; and G, are isomorphic fuzzy graphs, i =1, 2, then C' (H [G;G,]) = C (H [G;G4])

Theorem 3.3.6:

The number of Hajds graphs that can be constructed from the underlying crisp graphs G and G is the same as the number
of Hajds fuzzy graphs that can be constructed from the fuzzy graphs G and G.

Theorem 3.3.7:

If G« : (V;,E;)j =1, 2are two cycles with |V;| = n; and |[V,| = n ,, then the number of Hajés graphs that can be
obtained from G ;x,j = 1,2is 4 nyn,.

Proof:

Let G be the cycle uj ugug -++u,, uq onn  vertices and G5be the cycle v vyv5:+v,, v1 onn 5 vertices.

To obtain the Hajés graph for each choice of the vertex u; in G'7, there are two choices, u;_;u; and u; u; ; for the edges in
G7. Let u;be identified with the vertex v;in G%. There are two choices for the edges, v;_;v;and v;v,, 4, in G5. Also G5 has
n 4 vertices. Therefore, for each vertex u; of G, the number of Hajos graphs that can be obtained is 2x2Xxn, = 4n,.

Since G has n ; vertices, the total number of Hajos graph is n; x 4nq = 4nqn,.

Theorem 3.3.8:

IfG, : (Uj, Mj) »j =1, 2 are two fuzzy graphs on the cycles G/ ;* : (Vj,Ej),j =1, 2 respectively such that |V;| = n ; and
|Va| = n 5, then the number of Hajos fuzzy graph that can be obtained from G ;*,j = 1, 2 is 411 n5.

Theorem 3.3.9:

IfG7 - (04, 1t4) »j =1, 2 are two complete graphs with [V} | = n ; and |V,| = n 5 then the number of Hajés graphs that
can be obtained from G j = 1,2is nyny(ny —1)(ny —1).

Proof:

Let G;*, j = 1, 2 be two complete graphs on the n; vertices uq,uy, uz,*, u
respectively.

To obtain a Hajos graph, for each choice of the vertex u; in G, there are n— 1 edges, u;u  , u;u,, u;ug, -, u;u  tochoose.

n, and on n, vertices vy,vq,03, ", 0,,,

When wu;is identified with the vertex v; of G5, there are m, — 1 possible choices for the edgels, namely,
VU1, UVg, VU3, ", U, . Also there exist n , vertices in G%. Therefore for a fixed vertex u; of G7, the number of Hajos graphs
is (ng —1)(ng—1)n 5.Since [V; | = n ;  thetotal number of Hajos graphsisn; x(ny —1)(ny —1)ng=nyny(ng; —1)(ny—1).

Theorem 3.3.10:

Let G (O'j, uj) ,j =1, 2 be two fuzzy graphs on the complete graphs G ;* : (Vj,Ej) j =1, 2 respectively such that |V | =
niand [V5| = n 5. Then the number of Hajos fuzzy graph that can be obtained from G;,j = 1, 2 isnyny(ng —1)(ny —1).

Theorem 3.3.11:

If G : (V;, E;), is a k;-regular graph, j = 1, 2with [V;| = n ; and |V5| = n , respectively, then the number of Hajés
graphs that can be obtained from G ;*, j = 1, 2isk 1k on 1n 5.

Proof:

Let G ;*xbe ak; -regular graph on n ;vertices j =1, 2 with uy,uy, ug, -+, u,, and vy,v9,v3,,v,, respectively.

To obtain a Hajoés graph for each choice of the vertex u ; in G one edge can be chosen from any of the k£ ; edges incident at

J
u.] .
When u; is identified with the vertex v, in G5, an edge can be chosen from any of the k 5 edges incident at v;,i =
1,2, -, n,.

Therefore for a fixed vertex u; of G, the number of Hajos graphsis k 1 k o7 o

Since G'has n | vertices, the total number of Hajés graphsinn | Xk 1k on o=k 1k on n 5.

Theorem 3.3.12:

IfG;: (0}, j1;), isafuzzy graph on k;-regular graph, G ;*: (V;, E;),j=1,2 with [V;|=n ; and |V,]| =n,  then the number
of Hajds fuzzy graph that can be obtained from G; and Gy isk 1k on 1 o

Theorem 3.3.13:
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If G ;#:(V;, E;), is a cycle for j = 1 and a complete graph for j = 2, with [V;| = n,, j = 1, 2, then the number of Hajés graphs
that can be obtained from G ;*,j=1,2is 2n 11 5(n 5 —1).

Proof:

Let G ;xbe a cycle with uj ugug -+ u,, uqand Gibe a complete graph with vy, v4,v5,++,v,, .

To obtain the Hajos Graph for each choice of vertex u; in G there are two choices u;_;u; and u;u;, ; of edges incident at
U,

When wu, is identified with vertex v; in G5, there are n, - 1 choices of edges incident at v;namely,

VjU1, tU5V5 1, VU540, U;U,, . Also the number of vertices in G'5is 1 5. Therefore for a fixed vertex u; in G} the number
of Haj6s graphs is 2n 5(n 5 —1).

Since |V; | = nq, the total number of Hajos graphs is 14 X2n 5 (ng —1)= 2nnq(ny —1).

Theorem 3.3.14:

IfG,: (0}, py), is a fuzzy graph on G ;x: (V;, E;), where Gy :(Vy, E;) is a cycle and G%: (V, E5) is a complete graph,
with [V;| =n ;, j =1, 2, then the number of Hajos fuzzy graphs that can be obtained from G, j = 1, 2is 2nyny(ny —1).

Theorem 3.3.15:

If G ;*: (V;, E;) isacycle for j = 1 and a k-regular graph for j = 2 with |V} | = n; and [V5]| = n,, then the number of Hajos
graphs that can be obtained from G';*, j = 1, 2is 2kn;n,.

Proof:

Let Gibea cycle uyuyug -+ u,, u; and Ghbe a k-regular graph on n , vertices vy, vg,vg, . v,, .

To obtain the Hajés graph, for each choice of u; in G there are two choices, u;_;u; and u;u;  ; for the edges in G7.

When u, in G7 is identified with the vertex v; in G5, an edge can be chosen from any of the k edges incident at v ;. Therefore
for a fixed vertex u; in G the number of Hajés graphs is 2kn 5.

Since |V; | = nq, the total number of Hajos graphs is n ; X2kn o = 2knqn 5.

Theorem 3.3.16:

IfG,: (0}, 1), 1s a fuzzy graph on G ;+:(V;, E;), with [V;| =n ; for j = 1, 2, where G7is a cycle and G'3is a k-regular
graph, then the number of Hajés fuzzy graph that can be obtained from G;,j = 1, 21is 2knn 5.

Theorem 3.3.17:

If G5:(V4, Eq) isa cycle with [V} | = n ; and G%: (V;, Es), is a complete bipartite graph K, ,, *, then the number of Hajos
graphs that can be obtained from G, j =1, 2is 4mnn ;.

Proof:

Let G beacycle ujugug -, ;.

Let G be a complete bipartite graph with bipartition {v,;, V55,055, , Vs, } and {wqq,Waq, Wag, -, Wa,, }-

To obtain the Hajos Graph for each choice of vertex u; in G7, there are two choices for the edges, u;_;u; and u;u;_ 4, in
G3.

Case 1: u; is identified with the vertex v, ; in G5 where vy ; € {v51,V95,V23, ", V2 }

When u; is identified with the vertex v, ; in G5, there are n choices for edges namely, vy ;w41 , Vg jWa g, Vg jWag, -+, v2jw2nj =

1, 2, -, m. Therefore, since |V, | = m, the number of Haj6s graphs that results in this case is mn.
Case 2: u, is identified with the vertex wy; in G, where wq ; € {wy1,Wag, Wa3, ", W, }.
When u; is identified with the vertex w, ; in %, there are m choices of edges namely, wy ;v5 1, Wo jVoo, Wo ;U3 , Wa5v,

j = 1, 2, -, n. Therefore, since | V55| = n, the number of Haj6s graphs that results in this case is mn.

From the above two cases, the number of Hajds graphs obtained by identifying u,; with the vertex v, ; or ws ;is 2mn.

Therefore for a fixed vertex u,; in G7, as two edges are incident at u,, the number of corresponding Hajés graphs is
2 x 2mn = 4dmn.

Since G’ has n vertices, the total number of Hajés graphs isn | x 4mn = 4mnn ;.

Theorem 3.3.18:

IfG; : (0, py),is a fuzzy graph on G7:(V}, E;), with | |Vi|=n ;for j = 1, 2, where G7is a cycle and G is a complete
bipartite graph K,,, ,, *,then the number of Hajos fuzzy graph that can be obtained from G, j =1, 2 is dmnn; .

Theorem 3.3.19:

If G7: (Vy, Ey)isacycewith [V, | = n and G5: (Va, Ey), is a path P, , then the number of Hajos graphs that can be
obtained from G%,i = 1, 2is4n 1(n 5 —1).

Proof:

Let G be the cycle uj ugug -+-u,, ujand G5 be the path P, on n, verticesv; vyvg v, .

To obtain the Hajos graph for each choice of vertex u, in G'7, there are two choices u;_;u,; and u;u;; for the edges in G7.

When u; is identified with the vertex v; in G, the possible cases for v; in G are as follows:
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Case 1: u, is identified with the end vertex v; in G5.

Since v; in G is any one of the end vertices of the path P, _, there is only one edge which is incident at v;. Since there are
two end vertices, 2 Hajés graphs are obtained.

Case 2:u; is identified with the internal vertex v, in G%

J
Ifv; in G% is any one of the vertices, there are two choices, v;_;v;and v,v;. 4, for the edges in 7. Since there are (n 5 —2)

vertices other than the end vertices, there are 2(n , — 2) choices t(j) consider. So the number of Hajés graphs in this case is
2(n 4 —2).

From the above two cases, for a fixed vertex u; in G%, the number of Hajés graphsis 2 x [2 + 2(n 4 —2)]= 4(n 4 —1).
Since G has n vertices, the total number of Hajés graphs is 4n ; (n 5 —1).

Theorem 3.3.20:

IfG;: (0, 1 ), is afuzzy graph on G:(V;, E;), with | |VJ| =n; forj = 1, 2, where G7is a cycle and G'5is a path, then
the number of Hajés fuzzy graph that can be obtained from G, j = 1, 2is4dn 4 (n 5 —1).

Theorem 3.3.21:

IfGy: (Vy, Ey) is a complete graph with [V | = n ; and G5: (V;, E5) isa path P, , then the number of Hajos graphs that
can be obtained from G7%, j= 1, 2is 2ny (ny —1)(ny — 1).

Proof:

Let G5be a complete graph uq uyug -+ u,, and Gsbe a path P, on nyvertices vy v5,v3,,v

To obtain a Hajos graph, for each choice of the vertex u;in G7, there are n — 1 edges, u,;u

’I’Lz'

R ...uiu .U 5

uu cee u
TP+l Y n,

1 i1’
to choose.

Suppose that u; is identified with the vertex v; in G5.

Case 1: v; in Gis any one of the end vertices of the path P,, .

Then there is only one choice for edge: if v; is v, | itisv,v, andifv;isv,, ,itisv,, 4 v, .Since thereare two end vertices
there are 2 choices. Therefore the number of Hajés graph is 2.

Case 2: v; in G5 is any one of the vertices other than the end vertices.

There are two choices v;_;v;and v;v; 4 for the edges in G%. Since there are (n 5 — 2) vertices other than the end vertices,
there exist 2(n 5 — 2) choices for edges. Therefore the number of Hajés graph is 2(n 5 —2).

From the above two cases, for a fixed vertex u, in G7%, the number of Hajés graphs is (n; —1) x [2+2(ny—2)] =
2(ny—1)(ny —1)

Since G has n ; vertices, the total number of Hajds graphs is 2nq (nq —1)(ny — 1).

Theorem 3.3.22:

IfG;: (0, py), is afuzzy graph on G5:(V;, E;), with ||V;| =n; for j = 1, 2, where G is a complete graph and G'% is a
path, then the number of Hajos fuzzy graph that can be obtained from G, j =1, 2 is 2n4 (ny —1)(ny —1).

4 Conclusion

Using Hajés construction on graphs, a contribution towards binary operations on fuzzy graphs is made. Also some contributions
towards the study on properties of Haj6s (fuzzy) graphs have been made in this paper. Isomorphic properties on Hajos (fuzzy)
graphs are derived. Examples are provided to demonstrate how different vertex and edge selections result in different Hajés
graphs. Based on this fact, the notion of cardinality is introduced. The cardinalities of Hajos (fuzzy) graphs, which are obtained
from two (fuzzy) graphs, which include cycle, path, regular graph, complete graph and complete bipartite graph, are derived.
The cardinality of Hajés (fuzzy) graphs for other combinations of (fuzzy) graphs can be developed in the future.
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