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Abstract

Objective: To determine subordination, inclusion, superordination and sand-
wich theorems for new subclass of analytic univalent functions relating to the
generalized integral operator, within a unit disk V' that is open. Methods: The
procedures of the proof these theorems which used to find new results for this
subject depend on the Lemma1.2 and Lemma1.3 mentioned inside this paper.
Finding: The inclusion theorem for new subclass of univalent analytic function
convolution with a generalized integral operator and the sandwich theorem
were obtained using new findings for the subordination and superordination
theorems. Novelty: This study is contributing to the existing literature on the
topic of the convolution between univalent analytic function and generalized
integral operator.

Keywords: Univalent functions; Analytic functions; Sandwich theorems;
Subordination theorems; Superordination theorems

1 Introduction

The study of differential inequalities of real-valued functions was expanded to include

complex-valued functions defined in the unit disk by Miller and Mocanu®. They
created a brand-new approach to geometric function theory called the admissible
functions or differential subordination technique. Sandwich theorem is a new topic
that was introduced together with many classes of analytic functions using this highly
effective approach of obtaining new conclusions, it is expressed and proven mainly for
functions defined on the unit disk. there are two research gaps for this subject the first
one how to estimate the coefficient bound of sandwich theorem and this lead to get
geometric properties of univalent functions, such as distortion, covering and boundary
behavior, exploring these properties in greater depth can lead to a deeper understanding
of the theorem and the second research gap extending the results to more general
domains, such as unit ball of C™, is an active area of research. These research gaps are
still open questions and challenges that need to be addressed. The specific needs and
techniques for such extensions depend on the context and the particular goals of the
research.
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Let H use the form to represent the class of functions
n(s)=s+> 0 exs® e, >0 (L.1)

inV = (s€C:(s| <1}, thatare analytic and univalent.
The definition of the convolution of & € H is

() (s) =24 Y exhys™ = (Pxn)(s),
k=2

And 7 is subordinate to 1) represented by 7 < v, if analytic function y (s) meets the conditions (y(z)| < 1andy(0) =0, such
that 7(2) = (y(s)). In other words, if 1(V) is contained in ¢ (V') with 1 (0) = ¢ (0) then < ¢ (see?).

Defined M as the collection of each analytic and injective functions 1 on V\ L (1), thus

L(n)={ceav :limn(s) = oo},
If c € OV\L(n) thenn (c) # 0, (see®)
Let Ble,n|={n€B:n(s)=e+e,s"+e, 15" +..,n€2"&eec C}, and the analytic functions class in V' is
denoted by B (V).
Miller and Mocanu in® take into consideration the problem of finding prerequisites to the admissible functions x :
C3 xV — O, for bis univalent in V with 4 € M and \ € B]e,n] that satisfy

X(A(s),80 (5),52\" (s)38) < b (1.2)
this is leading to A (s) < p(s).

Also, in® take into consideration the problem of founding prerequisites to the admissible functions 7 : C3 x V — C, for
be B, A€ M and p € Ble,n] that satisfy

"

b(s) < y(A(s),s\ (5),5%A" (5)35) (1.3)

In‘©, the following definition is given for the integral operator T™ (r,€)n (s) (r > 0;e > 0;m € Ny) of a function n € H;s €
V:

and, in general,

(————————— m—times—————————— ] (1.4)
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FromEquation (1.1) & Equation (1.4) we deduce the following for 7(s) € H:

oo 1 "

It is simple to confirm from Equation (1.5) that
rs (T (r,e)n(s)) = (1+€)T™ (1) n(s)— (1+e—r) ™ (r,e) 5 (s) (> 0) (16)

It should be noted that the sandwich theorem, for convolution of univalent analytic functions with other known operators on
the unit disk, has been investigated recently in 719,

2 Methodology

Our subordination and superordination conclusion were established using the following lemmas as the methodology:

Lemma 2.1
Let p be univalentin V, v € C'/ (0}, and

If \isanalytic, A(0) = u(0) with
A(s)+7ysA (s) < u(s) +ysp (s)

then A (s) < p(s).

Lemma 2.2(17)

Let i be convex univalent & A () —|—7$)\/ (s) is univalent in V1 (0) = e, Re(y) >0 andy € C.If A € Ble,1]N M with
p(s) s () < A(s) +y5\ ()

then p(s) < A(s).

3 Results and discussion

Theorem 3 .1.

Let i be univalent in V', and Re{l + %} >max{0,—Re(%)}
©n (s

with 1 (0) = 1,9 € C\ (0} ,¢t,0 > 0, if n € H satisfies

(1—0o) T™ L (r,€)n(s) +20T™ (r,€)n(s) ¢

(1to)s 2.1)
I(1+e€) [(1=30)T™ (r,e)n(s)—(1—o)T™ L (r;e)n(s) +20T™ 1 (r,e)n(s) ﬁs s
(1 (1=0) T (r.n(s) + 2077 (1) () ) i+ gon o)
then
(1—0) T™ Y (r,e)n(s) +20T™ (r,€)n(s) ¢
( (1+0)s > <p(s)
Proof: Let

As) = ( (1-0)T (r,zr—)’—(z));chrTm (T,e)n(s)) (seV)

https://www.indjst.org/ 3346


https://www.indjst.org/

Delphi / Indian Journal of Science and Technology 2024;17(32):3344-3349

The logarithmic derivatives of A are calculated, and the result is

N (s) _, {(1—0—)3(Tm+1 (r, )0 () +205(T™ (r,)n(s)) —(1—0) T™ (r,€)5(s) — 20T™ (r, e)n(s)] 02

A(s) (1—0) T+ (rie)n(s) +20T™ (r,e)n(s)

We obtain the following subordination in as a result of Equation (1.6)

s\ (s) _ t(l1+e) { (1=30)T™ (r,e)n(s)—(1—a)T™ L (r,e)n(s) +20T™ 1 (r,e)n(s) }
A(s) T (1—0) T+ (roe)n(s)+ 20T (r,e)n(s)

Therefore,

t

sA'(s) _ (1+e) ( (1=0) T™(r,e)n(s)+20T™ (r,e)n(s)
3 T (1+o)s
{<1—3a>Tm<r,e>n<s>—<1—a>Tm“<r,e>n<s> +20T””’1(r,e)n<8)}
(1—0) T 1 (r,e)n(s)+20 T (r,e)n(s)

The hypothesis subordination Equation (2.1) is transformed into

’19 4 ’[9 ’
A(s)+ 25X (s) < puls) + S om ()
Applying Lemma 2.1 with = 2, we now arrive the proof of our theorem.
Making use of the principle of subordination between analytic functions, we introduce the subclass F{™ ( T',n,7,€,0) of the
class H which is defined by

(1—0) T™ 1 (r,e)n(s)+20T™ (r,e)n(s) ) ¢

F (m, T,n,r,e,a):{n(8)€H=< (1+0)s

< p(s), seV}

In the following theorem, we investigate the inclusion relations of the subclass F'(m, T',n,r,€,0) associated with the integral
operator T™ (r,€)n(s).

Theorem 3.2

Let p be univalent in V', and Re{l—i— L‘S))} >max{0,—Re(%)}
w(s
with (0) = 1,9 € C\{0},t,0 > 0, and if n € H, then
F(m’T7n7r’€’J) C F(er]"T?T]?lr?E?O-)

Proof: Letn € F'(m, T,n,r,¢e,0) and put

As) = < (1—0o) Tt (T’E)(;7$L;820Tm+ (7‘,6)77(5)) (seV)

The logarithmic derivatives of A are calculated, and the result is

’

N (s) _, l(l —0)s(T™*2 (r,0)n(s)) +205 (T (re)n(s)) —(1—0) T2 (r,)n(s) 20T+ (7'76)77(8)1 23)

A(s) - (1—0) T2 (r,e)n(s)+20T™+ (r,e)n(s)

We obtain the following subordination as a result of Equation (1.6)

s\ (s) _ t(l+e¢) { (1—=30)T™ L (rie)n(s)—(1—a)T™ 2 (r,e)n(s) +20T™ (r,e)n(s) }
A(s) T (1—0) T™+2 (r,e)n(s)+20T™*1 (r,€)n(s)

Therefore,

SN (s) _ (14€) { (1—0) T™2(r, )n(s)4+20T™ 1 (r, e)n(s) ) ©
t T (I+o)s
{ (1-830)T™ " (r,e)n(s)=(1=a)T™*2(r,e)n(s) +20T™(r,€e)n(s) }
(1—0) T 2(r,e)n(s)+20 T 1 (r,e)n(s)
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The hypothesis subordination Equation (2.1) is transformed into
[ [
A(s)+ 25X () < puls)+ S om ()

Applying Lemma 2.1 with =¥, we see that \(s) < u(s), thatisn € F(m+1, T,n,r,e,0) and so F (m, T,n,r,€,0) C
F(m+17 T’n’T7€7U)

Theorem 3.3

Let p be convex univalent in, ;£ (0) = 1,9 € C, Re () > 0and t > 0.
If n € H and

9 (1—0) T™ 1 (r,e)n(s)+20T™ (r,e)n(s)\ "

pis)+ s (s) < Tto)s o)

(1420209 {0800 (.90 (o)™ te] 27 (o)) |
r (1—0) T+ (r,e)n(s)+20T™ (r,e)n(s)

with
(1=0) T™ (r,e)n(s)+20 T (r,e)n(s) \ ©
(1+o0)s

Y(1+e) [ (1-30)T™(r,e)n(s)—(1—a)T™  (r,e)n(s) +26T™ 1 (r,e)n(s)
L+ 25 G0) T (1 (s 130 T, )(s) uel)

Be univalent in V, and

( (1—0) T™ Y (r,€)n(s)+20T™

(1+0)s mﬁ)w)) € B[u(0),1]NM,

then

s (1—0) T™ L (r,e)n(s)+20T™ (r,e)n(s) ¢
3 H( (1+0)s )

(I+o)s
If we follow the method used to prove Theorem 3.1., the next form for the subordination Equation (2.3) is

Proof: Let )\(3) = ( (1-0o) Tmﬂ(7"75)7)(5)+20Tm(7’75)"7(5)>t , (S c V)

p(s)+ T (5) < A()+ TN (s),

To complete the proof use Lemma 2.2 with y= ¢
Next, by using the previous result, we obtain the following Sandwich theorem

Theorem 3.4.

Let 4,5 be convex univalentin V,p4 (0) = puy (0) = 1,9 € C, Re(¥) >0
and t>0.1fn e H and

(1—0) T™ " (r,e)n(s) +20T™ (r,e)n(s)\"

’[9 /
pa () + 75 (s) <

79(1_’_ ) (1 3 )Tm( ) ( ) (1(‘1’_0')8)Tm+1( ) ( ) +2 Tm—l( ) ( ) 9 (2.4)
€ —30 re)n(s)—(1—o re)n(s o re)n(s /
<1+ r { (1—0) T+ (r,e)n(s)+20T™ (r,€)n(s) }) Rl <8)+?Su2 (s)

with

( (1—0) T™ Y (r,e)n(s)+20T™

(ols (T’e)”(s)> € Blu(0),1]nM

https://www.indjst.org/ 3348
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and

(1=0) T™* (r,e)n(s)+20T™ (rye)n(s) | ©

(1+o0)s

Y(1+e) [ (1-30)T™(r,e)n(s)—(1—a)T" (r,e)n(s) +20T™ 1 (r,e)n(s)
L4 2 | (1—0) T (reJn(s)+ 30T (r, €)1(3) })

be univalent in V', then

Pro

(1—0o) T™ L (r;e)n(s) +20T™ (7"75)77(5)> < i (8)

Ha(s) < ( (14+0)s

of: By combining the proof of Theorem 3.1. and Theorem 3.3., we complete this proof.

4 Conclusion

A new subclass of univalent analytic function convolution with a generalized integral operator on an open unit disk is derived
in the current study. Additionally, the sandwich and inclusion theorems are also derived for this new subclass. In the future,
these results can be employed to derive coefficient estimates and geometric function theory properties.
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