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Abstract

Objectives: The main aim of this study is to introduce two new domination
parameters, namely odd and co-odd sum degree domination numbers, and to
provide an algorithm for finding the odd sum degree dominating set of a graph.
Methods: The odd and co-odd sum degree domination numbers of a graph G
are introduced by verifying the following two conditions on dominating and
co-dominating sets of G. (i) The sum of degree of vertices of the dominating
and co-dominating sets are odd numbers. (ii) The cardinality of the above
two sets are minimum. Further, obtained the degree sum values of the above
two sets are referred as odd and co-odd sum degree domination values of G.
Findings: The odd and co-odd sum degree domination numbers and values
are defined and their exact values are obtained for some standard classes of
graphs. The bounds of the above numbers are found in terms of basic graph
theoretical terminologies. Further, the above said domination parameters
are characterized. The relationships with other domination parameters are
determined. Novelty: Domination is a wide area with more applications
in real-life situations. It has numerous applications in modern science and
engineering. The odd and even numbers play a vital role in the following
areas like Number Theory in Mathematics, Sorting Algorithms in Computer
Science, Arrangements of atoms in Molecular Chemistry, etc. The degree-
based domination also has plenty of applications like ensuring redundancy
and reliability in Communication Networks, identifying sets of nodes or links
that provide fault tolerance in Electrical Networks, etc. Motivated by the notion
of the above applications in this paper, the odd and co-odd sum degree
dominations are introduced. Further, the step-by-step algorithm for finding the
newly introduced parameter is also presented with an illustration.

Keywords: Odd sum degree dominating set; Odd sum degree domination
number; Odd sum degree domination value; Co-odd sum degree dominating
set; Co-odd sum degree domination number; and Co-odd sum degree
domination value.

https://www.indjst.org/

3368


https://doi.org/10.17485/IJST/v17i32.1295
https://doi.org/10.17485/IJST/v17i32.1295
https://doi.org/10.17485/IJST/v17i32.1295
ilakkiyamaths@nmc.ac.in
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
www.iseeadyar.org.
https://www.indjst.org/

llakkiya & Selvi / Indian Journal of Science and Technology 2024;17(32):3368-3376

1 Introduction

Let G = (V, E) be a simple, undirected, and connected graph. A setR C V(G) is a dominating set. If every vertex in V(G)-R is
adjacent to at least one vertex in R, the vertex set V-R is said to be a co-dominating set of G. The domination number v(G) is the
minimum cardinality of a dominating set in G. The maximum and minimum degree of graph G is denoted by A(G) and 6(G)
respectively. A graph with p vertices and g edges is called (p,q) graph. A regular graph is a graph where each vertex has the same
number of neighbors. All the graphs used in this paper are referred from Joshep A. Gallian"). The basic terminologies, namely
the degree of a vertex r (degr), the distance between two vertices r; & ry (d(r;,r5)), and the diameter of a graph G (diam(G))
are referred from Kulli V.R®. A set of vertices D is called an odd dominating set if for every vertex v€ V(G), |N[v] N D| =(mod
2). The odd domination number of a graph was introduced by Yair Caro and William E. Klostermeyer in the year 2003 . The
odd and even dominating sets with open neighborhoods are introduced by John L. Gold Wasser and William E Klostermeyer
in the year 2007 . The set D is called a co-even dominating set if v has even neighbors for all v € V—D. This set is denoted by a
co-even dominating set. The co-even domination number is introduced by M.M.Shalaam and A.A. Omran in the year 2020 >
The set D is called an even sum dominating set (ESDS) if, V u€ V-D there is a vertex v €D such that deg(v) + deg(u) is even.
In 2022 7% Ishan M. Rasheed, A. A Omran, Ahllam A. Alfatlawi, introduced the even sum domination number. Motivated
by the notion of the above parameters and their applicability, in this paper, the odd and co-odd sum degree dominations are
introduced and studied for some standard classes of graphs such as Path, Cycle, Wheel, Comb, Star, Complete, Crown, Book,
Friendship and Fan graphs. Further, the bounds of the above parameters are determined and the relationships between some
of the existing domination parameters are found. Also, the odd and co-odd sum degree dominating sets are characterized. A.
Nagoorgani and V.T. Chandrasekaran introduced an algorithm for finding the domination number of a graph®. In 202119,
Richard E. Korf was introduced to a breadth-first search algorithm for finding the exact diameter of a graph. Following this, in
this paper, an algorithm for finding an odd sum degree dominating set of graph G is presented and explained with an example.

2 Methodology
o Definition 2.1

A dominating set R C V(G) of a graph G = (V, E) is said to be an odd sum degree dominating set (osd-set) R, of G if the
sum of the degree of all vertices in R, is an odd number. The odd sum degree domination number v, ;(G) is the minimum
cardinality taken over all odd sum degree dominating sets of G and is defined as zero if no such odd sum degree dominating
set exists in G. The odd sum degree dominating set with cardinality v, , ;(G) is denoted by 7, . ;- set of G.

« Definition 2.2

Let R, be a v, set of G. Then the minimum sum value of the degree of the vertices of the set R, is said to be the odd sum
degree domination value and it is denoted by S_ . ; (G).
A graph G is said to be an osd — graph if it has at least one osd - set. For example, P4 is an osd - graph with v, ;(Ps) = 2.

« Definition 2.3

A dominating set R CV(G) of a graph G = (V, E) is said to be a co-odd sum degree dominating set(cosd-set) R, of G if the sum
of degree of all vertices in V- R, is an odd number. The co-odd sum degree domination number - 7, ;(G) is the minimum
cardinality taken over all cosd - set of G and it is defined as zero if no such cosd - set exists in G. The co-odd sum degree
dominating set with cardinality .. 4(G) is denoted by 7., .4 set of G.

o Definition 2.4

LetR,,bea~y,, 4- set of G. Then the minimum sum value of the degree of the vertices of the set V-R_, is said to be the co-odd
sum degree domination value and it is denoted by S, .4 (G) of G.

A graph G is said to be a co-odd sum degree dominating graph (cosd - graph) if it has at least one co-odd sum degree
dominating set of G.

o Example 2.5

For the below graph G, Ry = {ry, 15, 19} and Ry = {rg, 1, 710} are two 7y, ,4— set of G and hence v,,,(G) = 3. But
ZreRz deg(r) is minimum gives S, ;(G)=7. Similarly, R = {ry, 14, rg, o} and Ry = {ry, 15, 17, 110} are two v, 54(G)=4.

But Zr€R4 deg(r) is minimum gives S ., .4 (G)=11.
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Fig 1. Odd and Co-odd sum degree domination numbers and values

« Remark 2.6

Since 7,4 — set and v, g—set does not exist in cycle C,, and friendship graph F,,, n >3 gives in general, every graph need
not have osd-sets and cosd-sets.
The following algorithm for finding an odd sum degree dominating set of graph G is presented below.

o Algorithm 2.7

Input: Given a graph G = (V; E). Obtain a graph G with vertex set V = {r, ro, ..., 7,,} and edge set E = {e, e, ..., €,,}

Step 1: Initially, set the dominating set R =¢

Step 2: Find the diameter(diam(G)) of G by using Breadth-First Search (BFS) algorithm for finding the diameter of a graph
G. Let a path ry - r,,, be corresponded to the diam(G).

Step 3: If diam(G)=1, then take N(r;) = {ry1, 119, ..., 1} If deg(r;) < deg(r; 1), then include r;  in R, else include r; in R.
Then go to step (8).

Step 4: If diam(G)=2, then take N(r;) = {r{, 119, ..., '11}- If deg(r,) < deg(r,), then include r, ; in R, else include ry in R.
Now take N(r,,) = {r,, 1, Tp2--» T i} If deg(r,,) < deg(r,, ), then include r,, ; in R, else include r,, in R. Then go to step (8).

Step 5: If diam(G)>3, then take N(ry) = {ry4, 15, ..., 711 }. Choose r,, such that deg(r,,,) is maximum among all r;; and
d(ry,, 1p)>d(ry;, 1,) fori=1,2,...k i#p. Then compare the degree of 1 and ry ,,. If deg(r, ) < deg(r,,), include ry ,, in R else
include r; in R. Let the included vertex be 6, If a tie occurs in the above selection, choose a vertex not in the selected path as
0. Next take N(r,,) = {r,,1, 7}y, .-, 7}, }. Choose 1, such that deg(r,, ;) is maximum among all r,, ;, where d(r;  1,,,) >d(rq,

tp:)- For i=1,2,...,m and i#t compare the deg(r,,) and deg(r,, ). If deg(r,,) < deg(r,,,), then include r,,,in R, provided r,,, +
6, , else include r,, in R. Let the included vertex be 6, . If a tie occurs in the above selection, choose a vertex not in the selected
path as 6.

Step 6: Let M = N(6,) U N (6). Delete all the edges having either one end at 6, or 6. Also, delete all the edges having
both ends in M. In this process, if any vertex becomes isolated, delete it from the graph

Step 7: Delete the pendent vertex in M from the graph. Repeat the steps 3-8, until the graph becomes empty.

Step 8: The resulting set R is the required dominating set. If the sum of R is odd then R is the required odd sum degree
dominating set of G, else add one odd degree vertex to R which gives the required odd sum degree dominating set of G.

Output: Odd sum degree dominating set R.

o Example 2.8

Let us explain the algorithm with the help of the following example.

Fig 2. Illustration for finding the odd sum degree dominating set
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Input: Given a graph G=(V, E), with V = {r, ro, ..., r,, } and edge set E={e,, e, ..., e,,}

Step 1: Initially set the dominating set R = ¢

Step 2: Using the BES algorithm, the diameter of the given graph is 6 and the corresponding pathisry -5 —ry =75 - 17 -
rg — Ig. Since diam(G)=6, go to step 5.

Step 5: Inspecting the neighbors of r; and ry, it is easy to find that #; =ryand 6, =rg, so to get R={r,, rg}.

Step 6: Now M = N (r5)U N (rg) = {rq, r3, 14, 1'g, 17, o). Delete all the edges having either one end at r, or rg. Also delete
the edges {e;, es, €3, eg, eg, €1} which having both ends in M. The resulting graph is shown in Figure 3.

Fig 4. G5 graph

Now, delete the isolated vertices 4, 75, rg and rq from the modified G, graph, and we get a new graph G, in Figure 4.

Step 7: In G,, the vertices 3, 14, g and r- have degree 1. Hence, they are removed from the graph. Now include the left-out
vertex ry in R.

Step 8: Now the graph becomes empty. R = {r,, 5, rg} is the required dominating set of G. Now the sum of the degree of
vertices of R is 10 (even). Hence, include an odd degree vertex rq in R. Now R is an odd sum degree dominating set.

Output: The odd sum degree dominating set R = {ry, 5, tg, rg}.

3 Results and Discussion

3.1 Exact Bounds

Theorem 3.1.1
For path graph P,
(i)

Yosa(P) = [5] 41,0223 Spua(P) = 2[5] +1, 023
(ii)

_[n . [ n—1, n=0(mod2)
7cosd(Pn) - |:§:| +17 nz 27 Scosd(Pn) _{ n,n= 1(m0d2) ) nz 5

Proof: Let G be the path P, with at least two vertices. Let V(G) = {r;, g, 3, ..., 1,,}, n>>2 be the vertex set of G where
deg(r)=deg(r)=1 and deg(r)=2,i=2, 3,4, ..., n-1.
Claim (i): Odd sum degree domination number and value
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Suppose Ry = {rz; 1 /i =1,2,... | %] }and Ry = {r,,}. Then R = R;UR, is a dominating set of G. Since all the vertices in
R, have degree two and the vertex r,, has degree one, R is an odd sum degree dominating set of G. Therefore,

YosaG) < B = | 5| +1 M

Let Sbe a v, q —set of G. If n =0(mod 3) then S must contain at least % vertices and for odd sum degree domination it must
contain r,,. Therefore,

n
ToealG) =18 = S +1 @

If n = 1(mod 3) Smust contain atleast 2zLvertices and for odd sum degree domination it must contain r,,. Therefore,

n

n—1
Yosa(G) = |8 2 To=+1= | 3

J+1 (3)

If n= 2(mod 3) S must contain atleast 2z2 vertices and for odd sum degree domination it must have r,, . Therefore,

n

n—2
= > =
’Yosd<G) |S| = 3 +1 L3

|+1 @
Then it follows from Equations (1), (2) and (3) and Equation (4).

Further, if Ris a7y, 4 set of G then the odd sum degree domination value

SpualG) = X, ndeglr) =2 (3] +1,n >3,

It completes (i).

Claim (ii): Co-odd sum degree domination number and value

Let Ry={r3; /i=12,... |%]}and Ry={r,}. Since every vertex in R; has degree 2 and the vertex r,, in R, has degree 1
gives R =R U R, is a cosd - set of G. Therefore,

n
Vcosd(G)§|R1UR2|: {§J+17’I’LZ2 (5)

On the other hand, suppose Ris a 7, 4 set of G, then R must contain at least 2 or 231 or 2z2number of vertices and the
vertex r,, form a co-odd sum degree dominating set. If # is congruent to 0, 1, and 2 under mod 3 respectively.

2 41, n = 0(mod 3)
Vcosd<G):|R|Z nTil—Fl,nEl(mOdS):L%J_FanQ
n=2 +1,n=2(mod3)
That is,
n
>|Z >
Wcosd(G>7\‘3J+17n72 (6)

Therefore, Equation (5) and Equation (6), we have .. 4 (G) = [ 2 | + 1.
Further, if R is a 7y, 4- set of G then the co-odd sum degree domination value
B [ n—1,n=0(mod 2)
Scosd(G> - ZreviRdeg(r) - { n,n= 1 (mod 2)

It completes claim (ii).

Theorem 3.1.2
For book graph B,,, n> 2,
[ n+1,n=0(mod2) [ 3n+1, n=0(mod2)
Yosd(Bn) = { 0, n = 1(mod2) + Sosa(Bn) = { 0, n = 1(mod2)
n+1, n =0(mod2 6(2)+1,n=0(mod2
Yeosa(Bn) = { 0,n= 1(m0512) : +SeosalBn) = { 07(121)5 1(m0d2)( !
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Proof: Let G be a book graph B,, with at least four vertices. Let V(G) = {1, s, 1, 79, ... ;7> S15 Sg» ---» S, } be the vertex set of G,
in which deg(r) = deg(s) = n+1 and deg(r;) = deg(s;) = 2, Vi,i=1, 2, ..., n, where ry, o, ..., r,, are adjacent to r and s, sg, ...,
s,, are adjacent to s. Further, r, is adjacent tos; , Vi, i=1,2, ..., n.

Claim (i): Odd sum degree domination number

When n=0(mod 2), the vertex set R = {r}U{s; /i = 1,2,.,n}CV(G) is the minimum osd-set of G and hence, v, ;(G)=n+1,
when n= 0(mod 2).

When n=1(mod 2), every vertex in G has an even degree given there is no osd-set exists for G. Therefore, v, ;(G)=0, when
n=1(mod 2) .

Further, if Ris a7y, 4- set of G then the odd sum degree domination value

Sosa (G) =3 _pdeg(r) = { g,nv;'_;lrgmo(glg)m}dm

It completes claim (7).

Claim (ii): Co-odd sum degree domination number and value

when n=1(mod 2), the vertex set R = {r} U{s, /i = 1,2,.,n}CV(G) is the minimum =, ;-set of G and hence, .., 4(G) =
n+ 1, when n= 0(mod 2).

When n= 0(mod?2) every vertex in G has given there is no osd-set exists for G. Therefore, 7, 4(G)=0 when n=0(mod 2).

Further, if R is a v, 4-set of G then the co—odd sum degree domination value.

Seosa (G) =Xy, pdealr) = { g,(i >E+11(;:0d2(>)<mod2)

It completes Claim(ii).

By similar arguments, the exact bounds of odd and co-odd sum degree domination numbers and values for some more
classes of graphs are given below.

Proposition 3.1.3
(i) For complete graph K, n > 2
[ 1, n=0(mod2) [ n—1, n=0(mod2)
Yosd(Ky) = { 0, n=1(mod2) ° osa(Kn) = { 0, n = 1(mod2)
[ 1, n=0(mod2) [ (n—=1)2, n=0(mod2)
Veosd(Kn) = { 0, n=1(mod2) ° Scosa(Kn) = { 0, n = 1(mod2)

(ii) For crown graph C,, ", n > 2

o _ | n+1, n=0(mod2) ) 2]%]|+3,n=0(mod2)
Yosa(Cn) = { n, n=1(mod2) + 80aa(Cr) = n, n = 1(mod2)
n+1, n =0(mod2
Vcosd(C:{):{ n, TLEl(mO(dQ) ) 5 Scosd(cz):(i[%—l_?’anz2

(iii) For comb graph P}, n > 2

2|12 +3,n=0(mod2
/yosd(PrJ{):n; Sosd(P;{) = { Tl\_?lJE 1(m0d2)( )

[ n+1,n=0(mod2) _J 6|2]|—=5,n=0(mod2)
Yeosa(Pr) = { n, n = 1(mod2)  Scosa(Pr) = { 6 Léj +1,n=1(mod2)
(iv) For fan graph f,,, n> 3
[ 2, n=0(mod2) _J 2[2|+3,n=0(mod2)
Yosalfn) = { 1, n=1(mod2) ~’ Sosalfn) = { n, ’?LE 1(mod2)
[ 2, n=0(mod2) _J 6|2]|—5,n=0(mod2)
’7cosd(fn)_ { 1,n51(m0d2) ) Scosd(fn)_ { 6L§J+1,n51(m0d2)

(v) For wheel graph W, n> 3

[ 2,n=0 . _J 2|%]+3,n=0(mod2)
Yosa(Wn) = { 1, n=1(mod2) ’ SosaWn)= { n, n = 1(mod2)

[ 2, n=0(mod2) _J 6[%]+5,n>3
Wcosd(Wn) - { 1,n= 1(m0d2) ) Scosd<Wn) - { GL%J +3, TL:4)
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(vi) For star graph S,,, n> 2

' | n—1, n=0(mod2)
(mod2) ’ SosalSn) = { n, n = 1(mod2)

] | n—1, n=0(mod2)
(mod2) Seosa(Sn) = { n—2, n=1(mod2)

ToralS)={ 3

1, n=
’YCosd(Sn): { 2. n=

3.2 Bounds and characterization of odd and co-odd sum degree domination and values

Since every o dd sum degree dominating set and co-odd sum degree dominating set of a graph G is a dominating set of G, it
gives the following results .

Theorem 3.2.1
For any graph G,
(a) ’Y(G) < rYosd(G)
(b) V(G) < Vcosd(G)
The bounds of (a) and (b) are sharp in paths P, and P, respectively.
The odd sum degree domination number in terms of regularity of the graph is given below .

Theorem 3.2.2
For the m-regular graph when m is even there are no such osd-sets exits and hence 7,,4(G)and S, 4(G). Therefore, the
following result exists, when m is odd. If G is a m-regular graph and m is odd,

(@) = v(G) is odd, m=1(mod 2) S (G) = m.y(QG) is odd, m = 1(mod 2)
Tosd ~ | %(G)is even, m=1(mod 2) * Tosd 1 mA(G)is even, m = 1(mod 2)

Proof: Let G be a m-regular graph with m is odd. Since m is odd and the domination number y(G) is also odd. Since the sum
of an odd number of odd degrees is 0odd, when (G) is odd. The y(G) itself is 7y, . ;(G)-set. Similarly, degrees is even giving the
addition of one vertex with y-set is an vy, -set. The above two statements prove the odd sum degree domination number.
Since every vertex has the same degree m proves the odd sum degree domination value.

The Characterization of an odd sum degree dominating set of graph G is given below

Theorem 3.2.3
If R, and R, are osd and cosd-sets of a graph G then R, and R, have only an odd number of odd-degree vertices.

Proof: Suppose R, and R, have an odd number of even degree (or) an even number of odd degree or even number of even
degree vertices then their summation is an even number. It contradicts the definition of odd sum degree domination sets and
co-odd sum degree domination sets. Hence, R, R, must have an odd number of odd-degree vertices. The converse is obvious.

The necessary and sufficient conditions for the existence of an odd sum degree dominating and co-odd sum degree
dominating sets are presented below .

Theorem 3.2.4
Let G be a graph with at least two vertices. Let R be a dominating set of G. Then R is an osd-set if and only if R has an odd
number of odd-degree vertices.
Proof: The above result can be extended to co-odd sum degree dominating set and hence we have the following theorem.
T heorem 3.2.3 and Theorem 3.2.4, give the following Necessary and sufficient conditions for the existence of an odd sum
degree domination graph and co-odd sum degree domination- graph .

Theorem 3.2.5
Let G be a graph with at least two vertices.

(i) G is an osd-graph if and only if G has at least one odd degree vertex.

(ii) G is a cosd—graph if and only if G has at least one odd degree vertex.

Proof: Let G be an osd-graph, then there exists an osd—set R of G. Suppose G has no odd degree vertex. Then there is no
osd-set existing in G which contradicts G is an osd—graph. Therefore, G has at least one odd-degree vertex. The converse is true,
as follows from theorem 3.2.3.
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Let G be a cosd-graph, there exists a cosd-set R, of G. Suppose G has no odd degree vertex, then G has only vertices of
even degree. Hence, there is no cosd-set that exists in G which contradicts G is a cosd—graph. Therefore, G has at least one
odd-degree vertex. The converse is true, as follows from theorem 3.2.4.

The following two results characterize the odd and co-odd sum degree domination value of a graph.

Theorem 3.2.6
Let G be a (p,q) graph with an osd - set R, and cosd- set R, . Then

(i) >, g deg(r)isodd

(i) >, . deg(r)isodd

Proof: For any graph G, we have > er deg(r) =2q=2q

Therefore, ETGRO deg(r)+ ZreRm deg(r) = 2gan even number. But R, is an osd-set of G gives ETGRO deg(r)is an odd

number.
Similarly, one can prove > _ . deg(r) is also an odd number.

Theorem 3.2.7
Let G be a graph with §(G) £ A (G). If R,and R, are v, .4 - set and .. 4 — set of G then
(@)
S deg(r) € 1pea (@) < S deg(r)
A(G) Lerer, "IV =Tosd ()= 500y 2arer, 0
(ii)

KG Doren, 2600) <1700 (O) < 5% e, dea( 1)

Proof: Since G is connected, 6(G) >1 and A(G) > 1. Further the minimum and maximum degree of graph G, gives §(G)
<Y deg(r) < A(G)
Therefore, in R, |R,[0(G) <3 . deg(r) <|R,|A(G)

But |Ro|="0sa(G)gives ﬁZTeR deg(r) < 7,5a(G) < ﬁ > ,cr deg(r) By the similar arguments, one can
prove the second result.
For (ii), the lower and upper bounds are sharp for the caterpillar graph Snj and bistar graph By, 5.

4 Discussion

The domination concept in graph theory has traveled nearly 66 years in the research area. In which, the odd domination
number flourished in the year 2003. The practical significance of odd and co-odd degree domination numbers appears in
various domains involving networks, such as communication, social, computer, and molecule networks, and system design.
Domination numbers can help in bonds critical to the stability of molecules in molecule networks. Studying the odd domination
numbers contributes to understanding the structural properties of graphs, particularly regarding their connectivity and
resilience against node removals. The odd and co-odd degree domination numbers are highly applied in designing fault-tolerant
networks. Analyzing domination numbers, especially those related to specific node degrees, contributes to algorithm design
and complexity theory. The computational complexity of finding optimal dominating sets is essential for developing efficient
algorithms.

5 Conclusion

In this study, the odd and co-odd sum degree domination number and value are found for some standard classes of graphs,
and to provide the algorithm for finding the odd sum degree dominating set of graphs. The bounds of the odd and co-odd
sum degree domination numbers are obtained. The odd and co-odd sum degree dominating sets are characterized. Further, the
Relationship between some of the existing domination parameters is obtained.
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