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Abstract
Objectives : To solve integral differential equations. Method: The convolution
theory and double general Rangaig integral transform was used to solve
integral differential equations, precisely. Findings: The present study derives
the existence condition of the double general Rangaig integral transform.
Theorems proved in this study, deals with popular properties of the double
general Rangaig integral transform. The double general Rangaig integral
transform of Bessel’s function and modified Bessel’s function are calculated.
The convolution theorem has been stated and demonstrated using the unit
step Heaviside function and finally, the double general Rangaig integral
transform is applied to linear volterra integral equations of the first and second
kind and subsequently to volterra integro-partial differential equations and
partial integro-differential equations.Novelty:Onan independent domain, the
double general Rangaig integral transform is defined. This is the double-general
Rangaig integral transform’s specialty, in this study.
Keywords: Bessel’s function; Convolution theorem; Rangaig transform;
Double general Rangaig integral transform; Integral equations;
Integral-differential equations

1 Introduction
The double Laplace transform was proposed by Lokenath Debnath in 2015 (1) and finds
applications in each domain of functional, integral, and partial differential equations. A
key component of linear integral equations is the integral transform. Abdallah, A.M., et
al. discussed the important role of the RG transform and its applications in 2023 (2). The
fundamental features of the Ramadan group integral transform and some of its dualities
are defined by Abdallah, A. M., et al. in 2022 (3). Many double integral transforms, such
as the double Shehu transform (4) and the double Ramadan group integral transform (5),
have been developed by researchers and are used to solve linear integral equations. A
new general double integral transform called the Jafari-Yang double integral transform,
which is a generalization of the other double integral transform types mentioned above
was defined byM. Meddahi et al. in 2021 (6). Dr. D. P. Patil discovered dualities between
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double integral transforms in 2020 (7) and he used the double Mahgoub transform (8) to solve parabolic boundary value issues.
Dr. D. P. Patil and colleagues used theAnuj transform in 2022 (9) to solve the first-kindVolterra integral equations. Furthermore,
Dr. D. P. Patil and colleagues (10) utilize the Kushare transform to solve first-kind Faltung-type volterra-integro differential
equations. Ahmed S. A., et al. (11) applied Laplce Sumudu transform in integral differential equations.

Eman A. Mansour and Emad A. Kuffi created a generalization of the Rangaig integral transform in 2021 (12), in which
they used to solve differential equations in several areas. The double general Rangaig integral transform was introduced in
2022 (13) by M. S. Derle et al. and used to solve partial differential equations. Qazza, A., achieved a two-dimensional integral
equation solution with the Laplace-Ara transform in 2023 (14). The double Ara transform was used in 2023 (15) by Saadeh R. to
solve integro-differential equations in two dimensions. The double Ara Sumudu transform was also used in partial differential
equations and integral equations by Saadeh R. et al. (16). Saadeh Rania et al. defined the double Ara formable transform in
2023 (17) and used a number of PDEs, including the Klein-Gordon equation and the advection-diffusion equation. In [2022],
Soliman, A.A., et.al (18), analyzed the solution for class of linear and nonlinear Caputo fractional Volterra Fredholm integro-
differential equations with nonlinear time varying delay. In this study, we solve linear volterra integral equations of first
and second kind as well as linear and partial integro-differential equations, by applying the double general Rangaig integral
transform.

1.1. Preliminaries

In this section, we introduced some basic concepts that are required.
Rangaig integral transform (12)

The Rangaig integral transform can be written as:

𝜂 [ℎ(𝑡)] = Λ(𝜇) = 1
𝜇

0

∫
𝑡=−∞

𝑒−𝜇𝑡ℎ(𝑡)𝑑𝑡, 1
𝜆1

≤ 𝜇 ≤ 1
𝜆2

General Rangaig integral transform (12)

The set of functions, an exponential order is

𝐻𝑔 = { ℎ (𝑡) ∶ 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 𝑁, 𝜆1 𝑎𝑛𝑑 𝜆2 > 0 , |ℎ (𝑡)| > 𝑁𝑒𝜆𝑗|𝑡| , 𝑡 ∈ (−1)𝑗−1 × (−∞, 0), 𝑤ℎ𝑒𝑟𝑒 𝑗 = 1, 2}

The general Rangaig integral transform can be written as:

𝜂𝑔 {ℎ(𝑡)} = ∧𝑔 (𝜇) = 1
𝜇𝑛

0

∫
𝑡=−∞

𝑒𝑝(𝜇)𝑡ℎ(𝑡)𝑑𝑡

Double general Rangaig integral transform (13)

The set of functions, of an exponential order is defined as:

𝐻2𝑔 = { ℎ(𝑡1, 𝑡2) ∶ ∃ 𝑁 ,𝑀, 𝜆1,𝜆2,𝜒1,𝜒21 > 0, |ℎ(𝑡1,0)| > 𝑁.𝑒 𝜆𝑖𝑡1 , 𝑡1 ∈ (−1)𝑖−1 ×
(−∞,0) , |ℎ(0, 𝑡2)| > 𝑀.𝑒𝜒𝑗𝑡2 , 𝑡2 ∈ (−1)𝑗−1 ×(−∞,0) , 𝑤ℎ𝑒𝑟𝑒 𝑖,𝑗 = 1,2}

Here, 𝑁,𝑀 ≡ finite constants
𝜆1,𝜆2,𝑋1,𝑋2 are finite or infinite constants.
Then the double general Rangaig integral transform for the set 𝐻2𝑔 can be written as:

𝜂2𝑔 {ℎ(𝑡1, 𝑡2)} = ∧2𝑔 ( 𝜇2) = 1
𝜇1 𝑛1 .𝜇𝑛2

2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1 ) 𝑡1+𝑞 (𝜇2)𝑡2 ℎ(𝑡1, 𝑡2) 𝑑𝑡1𝑑𝑡2

Where ∧2𝑔 denote the double general Rangaig integral transform of function ℎ(𝑡1, 𝑡2) ∈ 𝐻2𝑔

1
𝜆1

≤ 𝜇1, ≤ 1
𝜆2

, 1
𝑋1

≤ 𝜇2 ≤ 1
𝑋2
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𝑝(𝜇1), 𝑞 (𝜇2) are functions of parameters 𝜇1 𝑎𝑛𝑑 𝜇2
The inverse of double general Rangaig transform 2𝑔 {ℎ(𝑡1, 𝑡2)} is defined as

𝜂−1
2𝑔 {∧𝐷(𝜇1,𝜇2)} = 𝜂−1

𝑡1
𝜂−1

𝑡2
{∧𝐷(𝜇1,𝜇2)} = ℎ(𝑡1, 𝑡2)

Double general Rangaig integral transform for partial derivatives.
Theorem 2.1 (13)

ConsiderΛ𝐷(𝜇1,𝜇2) as the double general Rangaig integral transformof the functionℎ(𝑡1, 𝑡2) andΛ𝑔(0,𝜇2) is the general
Rangaig integral transform of the function ℎ(0,𝑡2). then

𝑖. 𝜂2𝑔 {𝜕ℎ(𝑡1, 𝑡2)
𝜕𝑡1

} = 1
𝜇𝑛1

1
Λ𝑔 (0,𝜇2)−𝑝(𝜇1)Λ𝐷(𝜇1,𝜇2)

𝑖𝑖. 𝜂2𝑔 {𝜕2 ℎ(𝑡1, 𝑡2)
𝜕𝑡2

1
} = 1

𝜇𝑛1
1

𝜕 Λ𝑔 (0,𝜇2)
𝜕 𝑡1

−𝑝(𝜇1) . 1
𝜇1𝑛1

Λ𝑔 (0,𝜇2)+ [ 𝑝(𝜇1)]2 Λ𝐷(𝜇1,𝜇2)

𝑖𝑖𝑖. 𝜂2𝑔 {𝜕𝑛 ℎ(𝑡1, 𝑡2)
𝜕𝑡𝑛

1
} = 1

𝜇𝑛1
1

∑𝑚−1
𝑘=0

(−1)𝑘 [𝑝 (𝜇1)] 𝑘 𝜕 (𝑚−1−𝑘)Λ𝑔 (0,𝜇2)
𝜕(𝑚−1−𝑘)𝑡1

(−1)𝑚 [ 𝑝 (𝜇1)]𝑚 Λ𝐷(𝜇1,𝜇2)

Theorem 2.2 [13]
ConsiderΛ𝐷(𝜇1,𝜇2) as the double general Rangaig integral transformof the functionℎ(𝑡1, 𝑡2) andΛ𝑔(𝜇1,0) is the general

Rangaig integral transform of the function ℎ(𝑡1,0). then

𝑖. 𝜂2𝑔 {𝜕ℎ(𝑡1, 𝑡2)
𝜕𝑡2

} = 1
𝜇𝑛2

2
Λ𝑔(𝜇1,0) −𝑞 (𝜇2)Λ𝐷(𝜇1,𝜇2)

𝑖𝑖. 𝜂2𝑔 {𝜕2 ℎ(𝑡1, 𝑡2)
𝜕𝑡2

2
} = 1

𝜇𝑛2
2

𝜕 Λ𝑔(𝜇1,0)
𝜕 𝑡2

−𝑞 (𝜇2) . 1
𝜇𝑛2

2
Λ𝑔(𝜇1,0)+ [ 𝑞 (𝜇2)]2 Λ𝐷(𝜇1,𝜇2)

𝑖𝑖𝑖. 𝜂2𝑔 {𝜕𝑛 ℎ(𝑡1, 𝑡2)
𝜕𝑡𝑛

1
} = 1

𝜇𝑛2
2

∑𝑚−1
𝑘=0

(−1)𝑘 [𝑞 (𝜇2)] 𝑘 𝜕 (𝑚−1−𝑘)Λ𝑔(𝜇1,0)
𝜕(𝑚−1−𝑘)𝑡2

+(−1)𝑚 [𝑞 (𝜇2)] 𝑚Λ𝐷(𝜇1,𝜇2)

Double General Rangaig Integral Transform of Some Fundamental Functions.
The double general Rangaig transforms of some common functions are given in following Table 1. (13)

Table 1.
ℎ(𝐭𝟏,𝐭𝟐) ∧𝟐𝐠 (𝝁𝟏, 𝝁𝟐)
1 1

𝜇𝑛1
1 .𝜇𝑛2

2
1

𝑝(𝜇1)𝑞 (𝜇2)
𝑡1𝑡2 1

𝜇𝑛1
1 .𝜇𝑛2

2
1

[𝑝(𝜇1)] 2[𝑞 (𝜇2)]2

𝑡1
𝑚𝑡2

𝑛 𝑚,𝑛 > 0 1
𝜇𝑛1

1 .𝜇𝑛2
2

(−1)𝑚+𝑛𝑚! 𝑛!
[𝑝(𝜇1)] 𝑚+1[𝑞 (𝜇2)]𝑛+1

𝑡1𝑚𝑡2𝑛,𝑚,𝑛 > −1 1
𝜇𝑛1

1 .𝜇𝑛2
2

(−1)𝑚+𝑛Γ(𝑚+1)Γ(𝑛+1)
[𝑝(𝜇1)] 𝑚+1[𝑞 (𝜇2)]𝑛+1

𝑒𝑎𝑡1+𝑏𝑡2 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
(𝑝(𝜇1)+𝑎)

1
(𝑞(𝜇2)+𝑏)

𝑐𝑜𝑠(𝑎𝑡1 +𝑏𝑡2) 1
𝜇𝑛1

1 .𝜇𝑛2
2

( 𝑝(𝜇1 )𝑞( 𝜇2)−𝑎𝑏
(([𝑝(𝜇1)]2+𝑎2))([𝑞(𝜇2)]2+𝑏2) )

𝑠𝑖𝑛(𝑎𝑡1 +𝑏𝑡2) 1
𝜇𝑛1

1 .𝜇𝑛2
2

( −𝑎𝑞( 𝜇2)−𝑏𝑝(𝜇1 )
(([𝑝(𝜇1)]2+𝑎2))([𝑞(𝜇2)]2+𝑏2) )

𝑐𝑜𝑠 ℎ(𝑎𝑡1 +𝑏𝑡2) 1
𝜇𝑛1

1 .𝜇𝑛2
2

( 𝑝(𝜇1 )𝑞( 𝜇2)+𝑎𝑏
(([𝑝(𝜇1)]2−𝑎2))([𝑞(𝜇2)]2−𝑏2) )

𝑠𝑖𝑛 ℎ(𝑎𝑡1 +𝑏𝑡2) 1
𝜇𝑛1

1 .𝜇𝑛2
2

( −𝑎𝑞( 𝜇2)−𝑏𝑝(𝜇1 )
(([𝑝(𝜇1)]2−𝑎2))([𝑞(𝜇2)]2−𝑏2) )
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2 Methodology
In this section we explained the methodology of applying the double general Rangaig integral transform.

2.1. Double General Rangaig Integral Transform of Bessel’s Function

Let 𝐽0 (𝑡1, 𝑡2) = 𝐽0 (𝑐√𝑡1𝑡2) be Bessel’s function of zero order, then.
The double general Rangaig integral transform is,

𝜂2𝑔 [𝐽0 (𝑐√𝑡1𝑡2)] = 4
𝜇𝑛1

1 .𝜇𝑛2
2

1
(4[𝑝(𝜇1)][𝑞 (𝜇2)]+𝑐2)

Let 𝐽0 (𝑐√𝑡1𝑡2) = 1− (𝑐√𝑡1𝑡2)2

22 + (𝑐√𝑡1𝑡2)4

2242 − (𝑐√𝑡1𝑡2)6

22.42.62 +…
Apply double general Rangaig integral transform

𝜂2𝑔 [𝐽0 (𝑐√𝑡1𝑡2)] = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)][𝑞 (𝜇2] [1−( 𝑐2

4[𝑝(𝜇1)][𝑞 (𝜇2)] )+( 𝑐2

4[𝑝(𝜇1)][𝑞 (𝜇2)] )
2

−( 𝑐2

4[𝑝(𝜇1)][𝑞 (𝜇2)] )
3

+….]
= 4

𝜇𝑛1
1 .𝜇𝑛2

2
1

[4𝑝(𝜇1) 𝑞(𝜇2)+𝑐2]

Where 𝐽0(𝑧) is the Bessel function of order zero.
Similarly,
If 𝐼0 (𝑡1, 𝑡2) = 𝐼0 (𝑐√𝑡1𝑡2)
then 2𝑔 [𝐼0 (𝑐√𝑡1𝑡2)] = 4

𝜇𝑛1
1 .𝜇𝑛2

2
1

(4[𝑝(𝜇1)][𝑞 (𝜇2)]−𝑐2)
where 𝐼0(𝑧) is the modified Bessel function of order zero.

2.2. Existence condition for the Double General Rangaig Integral Transform

If a function ∅(𝑡1, 𝑡2)is an exponential order with c& d as 𝑡1 → −∞, 𝑡2 → −∞ and if ∃ a positive constant k such that
∀ 𝑡1 < 𝑇1&𝑡2 < 𝑇2, then |∅(𝑡1, 𝑡2 )| = 𝐾 𝑒𝑐𝑡1+𝑑𝑡2& we write |∅(𝑡1, 𝑡2 )| = 𝑀 𝑒𝑐𝑡1+𝑑𝑡2 as

𝑡1 → −∞, 𝑡2 → −∞or equivalently 𝑙𝑖𝑚
𝑡1 →−∞,𝑡2 →−∞

𝑒𝑝(𝜇1, )(𝑡1)+𝑞 (𝜇2)(𝑡2) ∣Φ(𝑡1, 𝑡2) ∣

= 𝑙𝑖𝑚
𝑡1 →−∞,𝑡2 →−∞

𝑒(𝑝(𝜇1, ))+𝑐)(𝑡1)+𝑞( (𝜇2)+𝑑)(𝑡2)

= 0 −𝑝(𝜇1, ) < 𝑐 , −𝑞 (𝜇2) < 𝑑

The function ∅(𝑡1, 𝑡2)is called an exponential order as 𝑡1 → −∞, 𝑡2 → −∞& clearly, it does not grow faster than
𝐾 𝑒𝑐𝑡1+𝑑𝑡2 𝑎𝑠𝑡1 → −∞, 𝑡2 → −∞

Now, we state and prove following theorems.

2.2.1. Theorem 1
If a function ∅(𝑡1, 𝑡2 )is a continuous function in every finite interval (𝑇1,0 )& (𝑇2,0) of exponential order 𝑒𝑐𝑡1+𝑑𝑡2 , then the
double general Rangaig integral transform of ∅(𝑡1, 𝑡2 )exist for all p(𝜇1, )& 𝑞 (𝜇2) provided

𝑅𝑒 [−𝑝(𝜇1, )] < 𝑐 & 𝑅𝑒[−𝑞 (𝜇2)] < 𝑑.
Proof: Using the definition of double general Rangaig integral transform, we have

∣Λ2𝑔 (𝜇1,𝜇2)∣ = ∣ 1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, )(𝑡1)+𝑞 (𝜇2)(𝑡2)∅(𝑡1, 𝑡2 )𝑑𝑡1𝑑𝑡2∣

≤ 𝐾
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒(𝑝(𝜇1)+𝑐)(𝑡1)+(𝑞 (𝜇2)+𝑑)(𝑡2)∅(𝑡1, 𝑡2 )𝑑𝑡1𝑑𝑡2
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= 𝐾
𝜇𝑛1

1 .𝜇𝑛2
2

1
(𝑝(𝜇1)+𝑐)(𝑞 (𝜇2)+𝑑)𝑅𝑒 [−𝑝(𝜇1)] < 𝑐 & 𝑅𝑒[−𝑞 (𝜇2)] < 𝑑

Then From (1), we have

lim
𝑡1→∞, 𝑡2→∞

∣∧2𝑔(𝜇1, 𝜇2)∣ = 0 𝑜𝑟 lim
𝑡1→∞, 𝑡2→∞

∧2𝑔(𝜇1, 𝜇2) = 0

2.2.2. Theorem 2
If Λ2𝑔 (𝜇1,𝜇2) =2𝑔 [∅(𝑡1, 𝑡2)] then

𝜂2𝑔[Φ(𝑡1 −𝛿,𝑡2 −𝜀)𝐻 (𝑡1 −𝛿,𝑡2 −𝜀)] = 𝑒𝑝(𝜇1, )𝛿+𝑞 (𝜇2)𝜀Λ2𝑔 (𝜇1,𝜇2)

Where 𝐻 (𝑡1, 𝑡2) is the Heaviside unit step function defined by

𝐻(𝑡1 −𝛿, 𝑡2 −𝜀) = { 1, 𝑡1 < 𝛿, 𝑡2 < 𝜀
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Proof

𝜂2𝑔 [Φ(𝑡1 −𝛿,𝑡2 −𝜀)𝐻 (𝑡1 −𝛿,𝑡2 −𝜀)] = 1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, )(𝑡1)+𝑞 (𝜇2)(𝑡2)Φ(𝑡1 −𝛿,𝑡2 −𝜀)𝐻 (𝑡1 −𝛿,𝑡2 −𝜀)𝑑𝑡1𝑑𝑡2

1
𝜇𝑛1

1 .𝜇𝑛2
2

𝛿

∫
−∞

𝜀

∫
−∞

𝑒𝑝(𝜇1, )(𝑡1)+𝑞 (𝜇2)(𝑡2)∅(𝑡1 −𝛿,𝑡2 −𝜀)𝑑𝑡1𝑑𝑡2

Using substitution 𝑡1 −𝛿 = 𝑞 , 𝑡2 −𝜀 = 𝑤

= 1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, )(𝑞+𝛿)+𝑞 (𝜇2)(𝑤+𝜀)∅(𝑞,𝑤)𝑑𝑞𝑑𝑤

= 1
𝜇𝑛1

1 .𝜇𝑛2
2

𝑒𝑝(𝜇1, )(𝛿)+𝑞 (𝜇2)(𝜀)
0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, )(𝑞)+𝑞 (𝜇2)(𝑤)∅(𝑞,𝑤)𝑑𝑞𝑑𝑤

= 𝑒𝑝(𝜇1, )𝛿+𝑞 (𝜇2)𝜀Λ2𝑔 (𝜇1,𝜇2)

2.2.3. Definition 1
The convolution of 𝑓(𝑥,𝑦) and ℎ(𝑥,𝑦) is denoted by (𝑓 ∗∗ℎ)(𝑥,𝑦) and defined by,

(𝑓 ∗∗ℎ)(𝑥,𝑦) =
𝑥

∫
0

𝑦

∫
0

𝑓 (𝑥−𝜏,𝑦 −𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇
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2.2.4. Theorem 3: (Convolution Theorem)
If 𝜂2𝑔{𝑓 (𝑡1, 𝑡2)} = Λ2𝑔𝑓

(𝜇1,𝜇2) and 𝜂2𝑔{ℎ(𝑡1, 𝑡2)} = Λ2𝑔ℎ
(𝜇1,𝜇2)

then 𝜂2𝑔 ((𝑓 ∗∗ℎ)(𝑡1, 𝑡2)} = 𝜇𝑛1
1 𝜇𝑛2

2 Λ2𝑔𝑓
(𝜇1,𝜇2).Λ2𝑔ℎ

(𝜇1,𝜇2)

where, Λ2𝑔𝑓
(𝜇1,𝜇2) = 1

𝜇𝑛1
1 .𝜇𝑛2

2

0
∫

−∞

0
∫

−∞
𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2𝑓 (𝑡1, 𝑡2) 𝑑𝑡1𝑑𝑡2

Λ2𝑔ℎ
(𝜇1,𝜇2) = 1

𝜇𝑛1
1 .𝜇𝑛2

2

0
∫

−∞

0
∫

−∞
𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2 ℎ(𝑡1, 𝑡2) 𝑑𝑡1𝑑𝑡2

Proof: By Def. 1

(𝑓 ∗∗ℎ)(𝑡1, 𝑡2) =
𝑡1

∫
0

𝑡2

∫
0

𝑓 (𝑡1 −𝜏,𝑡2 −𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇

𝜂2𝑔 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)} = 1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)}𝑑𝑡1𝑑𝑡2

= 1
𝜇1 𝑛1 .𝜇2

𝑛2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2
⎛⎜⎜
⎝

𝑡1

∫
0

𝑡2

∫
0

𝑓 (𝑡1 −𝜏,𝑡2 −𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇⎞⎟⎟
⎠

𝑑𝑡1𝑑𝑡2

= 1
𝜇1 𝑛1 .𝜇2

𝑛2

0

∫
−∞

0

∫
−∞

⎛⎜⎜
⎝

𝑡1

∫
0

𝑡2

∫
0

𝑓 (𝑡1 −𝜏,𝑡2 −𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇⎞⎟⎟
⎠

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2𝑑𝑡1𝑑𝑡2

substitute, 𝑥 = 𝑡1 −𝜏 , 𝑦 = 𝑡2 −𝜇

= 1
𝜇1 𝑛1 .𝜇2

𝑛2

−𝜏

∫
−∞

−𝜇

∫
−∞

⎛⎜⎜
⎝

𝑡1

∫
0

𝑡2

∫
0

𝑓(𝑥,𝑦)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇⎞⎟⎟
⎠

𝑒𝑝(𝜇1, )(𝑥+𝜏)+𝑞 (𝜇2)(𝑦+𝜇)𝑑𝑥𝑑𝑦

= 1
𝜇𝑛1

1 .𝜇𝑛2
2

−𝜏
∫

−∞

−𝜇
∫

−∞
(

𝑡1

∫
0

𝑡2

∫
0

𝑓(𝑥,𝑦)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇)𝑠

𝑒𝑝(𝜇1, )(𝑥)+𝑝(𝜇1, )(𝜏)+𝑞 (𝜇2)(𝑦)+𝑞 (𝜇2)(𝜇)𝑑𝑥𝑑𝑦

=
−𝜏
∫

−∞

−𝜇
∫

−∞
𝑓(𝑥,𝑦)( 1

𝜇𝑛1
1 .𝜇𝑛2

2

𝑡1

∫
0

𝑡2

∫
0

ℎ(𝜏,𝜇)𝑒𝑝(𝜇1, )(𝜏)+𝑞 (𝜇2)(𝜇)𝑑𝜏𝑑𝜇)

𝑒𝑝(𝜇1, )(𝑥)+𝑞 (𝜇2)(𝑦)𝑑𝑥𝑑𝑦

but 𝑡1 ∈ (−1)𝑖−1 ×(−∞,0) , 𝑡2 ∈ (−1)𝑗−1 ×(−∞,0)
𝜏 𝑎𝑛𝑑 𝜇are very small quantity, i.e. tending to zero.

=
0

∫
−∞

0

∫
−∞

𝑓(𝑥,𝑦)⎛⎜
⎝

1
𝜇1 𝑛1 .𝜇2

𝑛2

0

∫
−∞

0

∫
−∞

ℎ(𝜏,𝜇)𝑒𝑝(𝜇1, )(𝜏)+𝑞 (𝜇2)(𝜇)𝑑𝜏𝑑𝜇⎞⎟
⎠

𝑒𝑝(𝜇1, )(𝑥)+𝑞 (𝜇2)(𝑦)𝑑𝑥𝑑𝑦
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=
0
∫

−∞

0
∫

−∞
𝑓 (𝑥,𝑦)( 1

𝜇𝑛1
1 .𝜇𝑛2

2

0
∫

−∞

0
∫

−∞
𝑒𝑝(𝜇1, )(𝜏)+𝑞 (𝜇2)(𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇)𝑒𝑝(𝜇1, )(𝑥)+𝑞 (𝜇2)(𝑦)𝑑𝑥𝑑𝑦

= Λ2𝑔ℎ
(𝜇1,𝜇2)(𝜇𝑛1

1 .𝜇𝑛2
2 { 1

𝜇𝑛1
1 .𝜇𝑛2

2

0
∫

−∞

0
∫

−∞
𝑒𝑝(𝜇1, )(𝑥)+𝑞 (𝜇2)(𝑦)𝑓 (𝑥,𝑦)𝑑𝑥𝑑𝑦})

𝜂2𝑔 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)} = 1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)}𝑑𝑡1𝑑𝑡2

Hence, proved.
Proof by another way

𝜂2𝑔 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)} = 1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)}𝑑𝑡1𝑑𝑡2

= 1
𝜇1 𝑛1 .𝜇2

𝑛2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2
⎛⎜⎜
⎝

𝑡1

∫
0

𝑡2

∫
0

𝑓 (𝑡1 −𝜏,𝑡2 −𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇⎞⎟⎟
⎠

𝑑𝑡1𝑑𝑡2

Using Heaviside unit step function

= 1
𝜇1 𝑛1 .𝜇2

𝑛2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2 ⎛⎜
⎝

0

∫
−∞

0

∫
−∞

𝑓 (𝑡1 −𝜏,𝑡2 −𝜇)𝑔 (𝑡1 −𝜏,𝑡2 −𝜇)ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇⎞⎟
⎠

𝑑𝑡1𝑑𝑡2

=
0

∫
−∞

0

∫
−∞

ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇
⎧{
⎨{⎩

1
𝜇𝑛1

1 .𝜇𝑛2
2

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, ) 𝑡1+𝑞 (𝜇2)𝑡2 𝑓 (𝑡1 −𝜏,𝑡2 −𝜇)𝑔 (𝑡1 −𝜏,𝑡2 −𝜇)𝑑𝑡1𝑑𝑡2

⎫}
⎬}⎭

by theorem 2

=
0

∫
−∞

0

∫
−∞

ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇 {𝑒𝑝(𝜇1, )𝜏+𝑞 (𝜇2)𝜇Λ2𝑔𝑓
(𝜇1,𝜇2)}

= Λ2𝑔𝑓
(𝜇1,𝜇2)

0

∫
−∞

0

∫
−∞

𝑒𝑝(𝜇1, )𝜏+𝑞 (𝜇2)𝜇ℎ(𝜏,𝜇)𝑑𝜏𝑑𝜇

= 𝜇1
𝑛1 .𝜇2

𝑛2Λ
2𝑔𝑓

(𝜇1,𝜇2)Λ2𝑔ℎ
(𝜇1,𝜇2)

2𝑔 {(𝑓 ∗∗ℎ)(𝑡1, 𝑡2)} = 𝜇𝑛1
1 .𝜇𝑛2

2 .Λ2𝑔ℎ
(𝜇1,𝜇2) .Λ2𝑔𝑓

(𝜇1,𝜇2)

Hence, proved.
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3 Results

3.1. Application of double general Rangaig integral transform of linear

Volterra integral differential equations.
This section deals with linear Volterra integral equations andVolterra integro-differential equations using the double general

Rangaig integral transform method.

3.1.1. Volterra Integral Equations
Study the linear Volterra integral equation in its usual form.

∅(𝑡1, 𝑡2) = 𝑔(𝑡1, 𝑡2)+𝜆
𝑡1

∫
0

𝑡2

∫
0

Φ(𝑡1 −𝑥,𝑡2 −𝑦)𝜓(𝑥,𝑦)𝑑𝑥𝑑𝑦 (1)

where ∅(𝑡1, 𝑡2) is the unknown function, 𝜆 is a constant and 𝜓(𝑡1, 𝑡2)are two known functions.
Utilizing the convolution theorem (3) and applying the double general Rangaig integral transform to both sides of

Equation (1), we obtain

Λ2𝑔 (𝜇1,𝜇2) = Λ2𝑔𝑔
(𝜇1,𝜇2)+𝜆 𝜇𝑛1

1 .𝜇𝑛2
2 Λ2𝑔Φ

(𝜇1,𝜇2)Λ2𝑔𝜓
(𝜇1,𝜇2)

Λ2𝑔 (𝜇1,𝜇2) =
Λ2𝑔𝑔

(𝜇1,𝜇2)
1−𝜆 𝜇1 𝑛1 .𝜇2

𝑛2Λ2𝑔𝜓
(𝜇1,𝜇2)

On both sides, apply the inverse double general Rangaig integral transform to obtain

∅(𝑡1, 𝑡2) =−1
2𝑔 [

Λ2𝑔𝑔
(𝜇1,𝜇2)

1−𝜆 𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔𝜓
(𝜇1,𝜇2)]

Consider the examples of linear volterra integral equations of the first kind.

1)
𝑡1

∫
0

𝑡2

∫
0

Φ(𝑡1 −𝑥,𝑡2 −𝑦)𝜓(𝑥,𝑦)𝑑𝑥𝑑𝑦 = 𝑡1𝑒𝑡1−𝑡2 −𝑡1𝑒𝑡1 (2)

Utilizing the convolution theorem (3) and applying the double general Rangaig integral transform to both sides of Equation (2),
we obtain

𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔 (𝜇1,𝜇2) 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1][𝑞 (𝜇2)−1]

= 1
𝜇𝑛1

1 .𝜇𝑛2
2

−1
[𝑝(𝜇1)+1]2 [𝑞 (𝜇2)−1]

− 1
𝜇𝑛1

1 .𝜇𝑛2
2

−1
[𝑝(𝜇1)+1]2 [𝑞 (𝜇2)]

Λ2𝑔 (𝜇1,𝜇2) 1
[𝑝(𝜇1)+1][𝑞 (𝜇2)−1]

= 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1]2 [ 1

[𝑞 (𝜇2)]
− 1

[𝑞 (𝜇2)−1]
]

Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

−1
[𝑝(𝜇1)+1][𝑞 (𝜇2)]

Apply inverse double general Rangaig integral transform on both sides, We get

∅(𝑡1, 𝑡2) =−1
2𝑔 [ 1

𝜇𝑛1
1 .𝜇𝑛2

2
−1

[𝑝(𝜇1)+1][𝑞 (𝜇2)] ]
∅(𝑡1, 𝑡2) = −𝑒𝑡1
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Fig 1. Contour graph for exact solution

2) 𝑎2𝑡2 = ∫𝑡1
0 ∫𝑡2

0 ∅(𝑡1 −𝑥, 𝑡2 −𝑦) ∅(𝑥,𝑦) 𝑑𝑥𝑑𝑦 (3)

Applying the double general Rangaig integral transform to both sides of Equation (4) and using the convolution theorem (3),
we get

𝑎2 1
𝜇𝑛1

1 .𝜇𝑛2
2

−1
[𝑝(𝜇1)][𝑞 (𝜇2)]2 = 𝜇𝑛1

1 .𝜇𝑛2
2 Λ2

2𝑔 (𝜇1,𝜇2)

After simplification, we get

Λ2𝑔 (𝜇1,𝜇2) = ⎡⎢
⎣

𝑎2

[𝜇𝑛1
1 .𝜇𝑛2

2 ]2
−1

[𝑝(𝜇1)][𝑞 (𝜇2)]2
⎤⎥
⎦

1
2

Apply inverse double general Rangaig integral transform on both sides, we get

∅(𝑡1, 𝑡2) = 𝑎√𝜋𝑡1

Fig 2. Contour graph for exact solution

Further, consider the linear volterra integral equations of the second kind.
Here, we solve some examples of linear volterra integral equations of the second kind.

3) ∅(𝑡1, 𝑡2) = 𝑎−𝜆
𝑡1

∫
0

𝑡2

∫
0

Φ(𝑥,𝑦)𝑑𝑥𝑑𝑦 (4)
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Where 𝑎 𝑎𝑛𝑑 𝜆 are constant.
Applying the double general Rangaig integral transform to both sides of Equation (4) and using the convolution theorem

(3), we get

Λ2𝑔 (𝜇1,𝜇2) = 𝑎
𝜇𝑛1

1 .𝜇𝑛2
2 [𝑝(𝜇1)][𝑞 (𝜇2)]

−𝜆 1
𝜇𝑛1

1 .𝜇𝑛2
2 [𝑝(𝜇1)][𝑞 (𝜇2)]

𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔 (𝜇1,𝜇2)

Λ2𝑔 (𝜇1,𝜇2) = 𝑎
𝜇𝑛1

1 .𝜇𝑛2
2 [𝑝(𝜇1).𝑞 (𝜇2)+𝜆]

Apply inverse double general Rangaig integral transform on both sides, we get

∅(𝑡1, 𝑡2) = 𝑎𝐽0 (2√𝜆𝑡1𝑡2)

Where 𝐽0(𝑧) is Bessel’s function of zero order.

4) ∅(𝑡1, 𝑡2) = −1+𝑒𝑡1 +𝑒𝑡2
𝑡1

∫
0

𝑡2

∫
0

Φ(𝑥,𝑦)𝑑𝑥𝑑𝑦 (5)

Utilizing the convolution theorem (3) and applying the double general Rangaig integral transform to both sides of Equation (5),
we obtain

Λ2𝑔 (𝜇1,𝜇2) = −1
𝜇𝑛1

1 .𝜇𝑛2
2 [𝑝(𝜇1)][𝑞 (𝜇2)] + 1

𝜇𝑛1
1 .𝜇𝑛2

2 [𝑝(𝜇1)+1][𝑞 (𝜇2)] + 1
𝜇𝑛1

1 .𝜇𝑛2
2 [𝑝(𝜇1)][𝑞 (𝜇2)+1]

+ 1
𝜇𝑛1

1 .𝜇𝑛2
2 [𝑝(𝜇1)][𝑞 (𝜇2)] 𝜇𝑛1

1 .𝜇𝑛2
2 Λ2𝑔 (𝜇1,𝜇2)

(1− 1
[𝑝(𝜇1)][𝑞 (𝜇2)]

)Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

( −1
[𝑝(𝜇1)][𝑞 (𝜇2)]

+ 1
[𝑝(𝜇1)+1][𝑞 (𝜇2)]

+ 1
[𝑝(𝜇1)][𝑞 (𝜇2)+1]

]

(1− 1
[𝑝(𝜇1)][𝑞 (𝜇2)]

)Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1][𝑞 (𝜇2)+1]

(
[𝑝(𝜇1)][𝑞 (𝜇2)]−1

[𝑝(𝜇1)][𝑞 (𝜇2)]
)

Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1][𝑞 (𝜇2)+1]

Apply inverse double general Rangaig integral transform on both sides, we get

∅(𝑡1, 𝑡2) = 𝑒𝑡1+𝑡2

5) ∅(𝑡1, 𝑡2) = 𝑒3𝑡1+2𝑡2 +𝑒𝑡1+𝑡2 −∫𝑡1
0 ∫𝑡2

0 2𝑒3𝑡1+2𝑡2 ∅(𝑥,𝑦) 𝑑𝑥𝑑𝑦 (6)

Applying the double general Rangaig integral transform to both sides of Equation (4) and using the convolution theorem (3),
we get

Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+3][𝑞 (𝜇2)+2] + 1

𝜇𝑛1
1 .𝜇𝑛2

2
1

[𝑝(𝜇1)+1][𝑞 (𝜇2)+1]
− 1

𝜇𝑛1
1 .𝜇𝑛2

2
1

[𝑝(𝜇1)+3][𝑞 (𝜇2)+1]
−2 1

𝜇𝑛1
1 .𝜇𝑛2

2 [𝑝(𝜇1)+3][𝑞 (𝜇2)+1] 𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔 (𝜇1,𝜇2)
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(1+ 2
[𝑝(𝜇1)+3][𝑞 (𝜇2)+1]

)Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1][𝑞 (𝜇2)+2]

(
𝑞 (𝜇2)[𝑝(𝜇1)+3]+𝑝(𝜇1)+5

[𝑝(𝜇1)+3]
)

(1+ 2
[𝑝(𝜇1)+3][𝑞 (𝜇2)+1]

)Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1][𝑞 (𝜇2)+2]

(𝑞 (𝜇2)+1+ 2
[𝑝(𝜇1)+3]

)

Λ2𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 .𝜇𝑛2
2

1
[𝑝(𝜇1)+1][𝑞 (𝜇2)+2]

Apply inverse double general Rangaig integral transform on both sides, we get

∅(𝑡1, 𝑡2) = 𝑒𝑡1+2𝑡2 .

Fig 3. Contour graph for exact solution

3.1.2. Volterra Integro-Partial Differential Equations
6) Consider first-order volterra-integro partial differential equation

𝜕∅(𝑡1, 𝑡2)
𝜕𝑡1

+ 𝜕∅(𝑡1, 𝑡2)
𝜕𝑡2

= 𝑔(𝑡1, 𝑡2)+𝜆
𝑡1

∫
0

𝑡2

∫
0

∅(𝑡1 −𝑥,𝑡2 −𝑦)𝜓(𝑥,𝑦)𝑑𝑥𝑑𝑦 (7)

with conditions

∅(𝑡1,0) = 𝑓0(𝑡1), ∅(0, 𝑡2) = ℎ0(𝑡2) (8)

Where ∅(𝑡1, 𝑡2) is the unknown function, 𝜆 is a constant and 𝑔 (𝑡1, 𝑡2)&𝜓(𝑡1, 𝑡2) are two known functions.
Applying D.G.R.I.T. to both sides of Equation (7) and single G.R.I.T. to the initial conditions (Equation (8)), we get

Λ2𝑔∅ (𝜇1,𝜇2) =
Λ2𝑔𝑔 (𝜇1,𝜇2)− 1

𝜇𝑛1
1

Λ𝑔ℎ0
(𝜇2)− 1

𝜇𝑛2
2

Λ𝑔𝑓0
(𝜇1)

−𝑝(𝜇1)−𝑞 (𝜇2)−𝜆 𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔𝜓 (𝜇1,𝜇2)

∅(𝑡1, 𝑡2) = −1
2𝑔

⎡
⎢⎢
⎣

Λ2𝑔𝑔 (𝜇1,𝜇2)− 1
𝜇𝑛1

1
Λ𝑔ℎ0

(𝜇2)− 1
𝜇𝑛2

2
Λ𝑔𝑓0

(𝜇1)

−𝑝(𝜇1)−𝑞 (𝜇2)−𝜆 𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔𝜓 (𝜇1,𝜇2)
⎤
⎥⎥
⎦

(9)
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Consider one example

𝜕∅(𝑡1, 𝑡2)
𝜕𝑡1

+ 𝜕∅(𝑡1, 𝑡2)
𝜕𝑡2

= −1+𝑒𝑡1 +𝑒𝑡2 +𝑒𝑡1+𝑡2 +
𝑡1

∫
0

𝑡2

∫
0

∅(𝑡1 −𝑥,𝑡2 −𝑦)𝑑𝑥𝑑𝑦 (10)

with conditions

∅(0, 𝑡2) = 𝑒 𝑡2 = ℎ0 (𝑡2) ∅(0, 𝑡2) = 𝑒 𝑡2 = ℎ0 (𝑡2) (11)

Taking a single general range integral transform of Equation (11) and applying the D. G. R. I. transform to both sides of
Equation (10),

Λ𝑔𝑓0
(𝜇1) = 1

𝜇1
𝑛1

1
𝑝(𝜇1)+1 , Λ𝑔ℎ0

(𝜇2) = 1
𝜇2

𝑛2

1
𝑞(𝜇2)+1 ,

Λ2𝑔𝑔 (𝜇1,𝜇2) = −1
𝜇𝑛1

1 .𝜇𝑛2
2

1
𝑝(𝜇1)𝑞 (𝜇2) + 1

𝜇𝑛1
1 .𝜇𝑛2

2
1

[𝑝(𝜇1)+1]𝑞 (𝜇2) + 1
𝜇𝑛1

1 𝜇𝑛2
2

1
[𝑞(𝜇2)+1]𝑝(𝜇1)

+ 1
𝜇𝑛1

1 𝜇𝑛2
2

1
[𝑞(𝜇2)+1][𝑝(𝜇1)+1]

Substitute,
In Equation (9), we simply get the solution to Equation (10).

∅(𝑡1, 𝑡2) =−1
2𝑔 [ 1

𝜇𝑛1
1 𝜇𝑛2

2
1

[𝑞(𝜇2)+1][𝑝(𝜇1)+1]]
= 𝑒𝑡1+𝑡2

3.1.3. Partial Integro-Differential Equations
Consider the linear partial-integro differential equation of the form

𝜕2∅(𝑡1, 𝑡2)
𝜕𝑡2

2
− 𝜕2∅(𝑡1, 𝑡2)

𝜕𝑡2
1

+∅(𝑡1, 𝑡2)+
𝑡1

∫
0

𝑡2

∫
0

𝜓(𝑡1 −𝑥,𝑡2 −𝑦)∅(𝑥,𝑦)𝑑𝑥𝑑𝑦 = 𝑔(𝑡1, 𝑡2) (12)

with conditions

∅(𝑡1,0) = 𝑓0 (𝑡1) , 𝜕∅(𝑡1,0)
𝜕𝑡2

= 𝑓1 (𝑡1) ,∅(0, 𝑡2) = ℎ0 (𝑡2)&𝜕∅(0, 𝑡2)
𝜕𝑡1

= ℎ1 (𝑡2) (13)

Applying double general Rangaig integral transform to both sides of Equation (12) & single general Rangaig integral transform
to Equation (13) we get,

Λ2𝑔∅ (𝜇1,𝜇2) =
Λ2𝑔𝑔 (𝜇1,𝜇2)− 1

𝜇𝑛2
2

Λ𝑔𝑓1
(𝜇1)+ 𝑞 (𝜇2)

𝜇𝑛2
2

Λ𝑔𝑓0
(𝜇1)+ 1

𝜇𝑛1
1

Λ𝑔ℎ1
(𝜇2)− 𝑝(𝜇1)

𝜇𝑛1
1

Λ𝑔ℎ0
(𝜇2)

[𝑝(𝜇1)]2 +[𝑞 (𝜇2)]2 +1+ 𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔𝜓 (𝜇1,𝜇2)

∅(𝑡1, 𝑡2) =−1
2𝑔

⎡
⎢⎢⎢
⎣

Λ2𝑔𝑔 (𝜇1,𝜇2)− 1
𝜇𝑛2

2
Λ𝑔𝑓1

(𝜇1)+
𝑞 (𝜇2)
𝜇𝑛2

2
Λ𝑔𝑓0

(𝜇1)+ 1
𝜇𝑛1

1
Λ𝑔ℎ1

(𝜇2)−
𝑝(𝜇1)
𝜇𝑛1

1
Λ𝑔ℎ0

(𝜇2)

[𝑝(𝜇1)]2 +[𝑞 (𝜇2)]2 +1+ 𝜇𝑛1
1 .𝜇𝑛2

2 Λ2𝑔𝜓 (𝜇1,𝜇2)

⎤
⎥⎥⎥
⎦

(14)

Consider one example

𝜕2∅(𝑡1, 𝑡2)
𝜕𝑡2

2
− 𝜕2∅(𝑡1, 𝑡2)

𝜕𝑡2
1

+∅(𝑡1, 𝑡2)+
𝑡1

∫
0

𝑡2

∫
0

𝑒(𝑡1−𝑥)+(𝑡2−𝑦)∅(𝑥,𝑦)𝑑𝑥𝑑𝑦 = 𝑒𝑡1+𝑡2 +𝑡1𝑡2𝑒𝑡1+𝑡2 (15)
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with conditions ∅(𝑡1,0) = 𝑒𝑡1 = 𝑓0 (𝑡1)
𝜕∅(𝑡1,0)

𝜕𝑡2
= 𝑒𝑡1 = 𝑓1 (𝑡1) ,∅(0, 𝑡2) = 𝑒𝑡2 = ℎ0 (𝑡2)&𝜕∅(0, 𝑡2)

𝜕𝑡1
= 𝑒𝑡2 = ℎ1 (𝑡2) (16)

D. G. R. I. transform applied to both sides of Equation (15); Consider only one general Rangaig integral transform of
Equation (16).

Λ𝑔𝑓0
(𝜇1) = Λ𝑔𝑓1

(𝜇1) = 1
𝜇𝑛1

1

1
[𝑝(𝜇1)+1]

Λ𝑔ℎ0
(𝜇2) = Λ𝑔ℎ1

(𝜇2) = 1
𝜇2

𝑛2

1
𝑞(𝜇2)+1

Λ2𝑔𝑔 (𝜇1,𝜇2) = 1
𝜇𝑛1

1 𝜇𝑛2
2

1
[𝑞(𝜇2)+1][𝑝(𝜇1)+1]

+ 1
𝜇𝑛1

1 𝜇𝑛2
2

1
[𝑞(𝜇2)+1]2 [𝑝(𝜇1)+1]2

substitute, in Equation (14), we simply get the solution to Equation (15).

∅(𝑡1, 𝑡2) =−1
2𝑔 [ 1

𝜇𝑛1
1 𝜇𝑛2

2

1
[𝑞(𝜇2)+1][𝑝(𝜇1)+1]

] = 𝑒𝑡1+𝑡2

Fig 4. Contour graph for exact solution of example 4, 6, 7

4 Discussion
The double general Rangaig integral transform was effectively employed to solve linear integral and partial-integro differential
equations, yielding an exact solution. View the exact solution graph in Figures 1, 2 and 3 and Figure 4. The double general
Rangaig integral transform is defined on a novel domain in comparison to other double general integral transforms that are
currently in use. Therefore, in comparison to the current double general Rangaig integral transform, we may simply change an
integral equation into an algebraic equation to obtain an exact solution with less processing effort.

5 Conclusion
This study has successfully defined the existence condition for the convolution theorem and the double general Rangaig integral
transform in this study.This study effectively applies the double general Rangaig integral transform to partial integro-differential
equations and linear volterra integral equations, achieving accurate solutions. Compared to other integral transforms previously
in use, it is found that employing the double general Rangaig integral transform made it easier to acquire exact solutions for
integral differential equations.
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