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Abstract

Objectives: Laceability partition dimension of a connected graph G is the
minimum number of partitions of vertex set such that the subgraph induced
by each partition is laceable in the case of a bipartite graph G and random
Hamiltonian laceable in case of non-bipartite graph G. Methods: Mathematical
Induction method and tracing Hamiltonian path. Findings: This study presents
the laceability partition dimension (Ipd) of some special graphs namely the
Crown graph, Windmill graph, Dutch windmill graph, Cocktail party graph,
shadow graph, and image graph. Novelty: This study discusses the laceability
partition dimension of the graphs through which we discover a Hamiltonian
path within a smaller structure whenever Hamiltonian laceability doesn’t exist
in large networks which has significance in communication networking that
strives for optimal message routing efficiency.

Keywords: Hamiltonian path; Bipartite graph; Laceability; Perfect matching;
Shadow distance graph

1 Introduction

Graph theory, as a branch of mathematics, has emerged as a powerful tool for modeling
and analyzing complex systems across various disciplines, ranging from computer
science to biology, sociology, and beyond.

The concept of laceability has garnered significant attention due to its implications in
diverse fields such as computer graphics, robotics, materials science, and spatial analysis.
Understanding the structural properties and the behavior of laceable graphs provides
valuable insights into the underlying connectivity of complex networks and facilitates
the design and optimization of systems in practical contexts.

The referred graphs here are both connected and finite. Let V' (G) be the set of
vertices and E(G) be the set of edges of the graph G. The diameter of G, diam/(G)
is the longest distance among any two vertices of G. A subgraph H of a graph G is a
graph whose vertexset V (H) C V (G) and theedge set E(H) C FE(G). A graph is
an induced subgraph of G, if u, v € H and uv € E(G), then the edge uv € H as well.

Partitioning denotes the process of partitioning the graph G = (V, E) with V
vertices and E edges into fewer components with specific properties.
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The edge partition dimension of a connected graph and the edge partition dimension of multipartite graphs are discussed
in("). Here, we are eager to study whether there exists a Hamiltonian path between every pair of vertices within each partition.
Matching in a graph G refers to an independent set of edges in GG, where no two edges in the set are adjacent. If a graph G of
order 2k has a matching M of cardinality £, then this matching M is called a perfect matching, as M matches every vertex of
G to some vertex of G.

A graph G is a bipartite graph if V' (G) can be partitioned into two subsets U and V' called partite sets, such that for every
edge of G joins a vertex of U and a vertex of V. A sequence of arcs or edges that passes through each vertex exactly once without
returning to the starting point or vertex is called a Hamiltonian path. A bipartite graph G with its bipartition U, V is called
balanced if |U| = |V and almost-balanced if |U| = |V|+1.

Bipartite graph G with its bipartitions U and V is called Hamiltonian laceable if

a) G is balanced and there exists a Hamiltonian path between every u € U and everyv € V', or

b) G is almost balanced and there exists a Hamiltonian path between every two distinct vertices u, u €U, whereU is the
larger bipartite set.

A connected, simple, non-bipartite graph G(V, E) is random Hamiltonian laceable, if there exists a u — v H-path for every
u, v € V.3,

Hamiltonian laceability and laceable properties of some of the graphs such as star graph, hypercubes, variants of hypercubes,
etc have been discussed. *-®. The graphs which are not laceable motivated us to find the laceability partition dimension of the
graphs. In this paper, we discuss the Ipd of some of the special graphs.

2 Methodology

In this section Crown graph, Windmill graph, Dutch windmill graph, Cocktail party graph, shadow graph and image graph are
considered for the study through Mathematical Induction method and tracing Hamiltonian path.

2.1 Crown graph

Definition 2.1. The crown graph H,, ,, is the graph obtained from the complete bipartite graph K, ,, by removing a perfect
matching .
Consider a crown graph H,, ,, = G(U UV, E) which is a bipartite graph obtained by removing perfect matching edges

(u;, v;) fori = j,whereu; € Uandv; € V.

1 1y 3 1y

Fig 1. Crown graph H, 4

2.2 Windmill graph
Definition 2.2. The Windmill graph W (k, n) is an undirected graph obtained by taking k-copies of the complete graph K,

with a vertex in common .

2.3 Dutch Windmill graph

Definition 2.3. The Dutch Windmill graph D, * is the graph obtained by taking k-copies of the cycle graph C,, with a vertex
in common .
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2.4 Shadow graph

Definition 2.4. The Shadow graph S(G) of a graph G is obtained from G by adding for each vertex v of GG, a new vertex v’
called the shadow vertex of v, and joining v to the neighbors of vin G.

2.5 Shadow distance graph
Definition 2.5. The shadow distance graph of G, denoted by D ; (G, D) is constructed from G with the following conditions:

« consider two copies of G say G itself and G’

« ifu € V (G), then we denote the corresponding vertexasu’ € V (G”)

« thevertexsetof D (G, D,)isV (G) UV (G”)

 Theedge setof D, (G, D,)is E(G) U E(G") UE,, where E is the set of all edges between two distinct vertices
u € V (G)andv” € V (G’) that satisfy the condition d(u, v) € D, in G.®.

In this paper, we have considered the shadow distance graph of the Crown graph H,, ,,.

Fig2. D 4(H3 3,3)

2.6 Cocktail Party Graph

Definition 2.6. The Cocktail Party graph L, is the graph consisting of two rows of paired vertices in which all vertices but the
paired ones are connected with a graph edge ”.

2.7 Image graph

Definition 2.7. The image graph of a connected graph G, denoted by Img(G) is the graph obtained by joining the vertices of
the original graph G to the corresponding vertices of a copy of G ®
In this paper, we have considered the image graph of Crown graph.

&7
VN
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Fig3. Img(Hy 4)

V.
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3 Results and Discussion

Remark 3.1. Forn > 3, diam(H,, ,,) is 3.

Remark 3.2. The graph H,, , is disconnected.

Lemma 3.1. For the graph H3 5 Ipd(Hj 3) is 2.

Proof. The graph Hjz 3 = G(U U V, E) is a bipartite graph such that U NV = ). For every v € U and € V, there does
not exist Hamiltonian path, and hence H3 5 is a non-Hamiltonian laceable graph.

The graph G can be partitioned into two induced subgraphs such that two vertices from one partite and one vertex from the
other partite are considered. Here the partitioned subgraphs are almost balanced graphs and laceable. Hence, Ipd(H3 3) = 2.

Theorem 3.2. For the Crown graph H,, ,, wheren > 4,Ipd(H,, ,,)is 1.

Proof. The graph H,, ,,= G (U UV, E) is balanced bipartite graph such that U | = |V |. Forall u;, € U andv; € V with
1 <, j < n, there exists a u; — v; Hamiltonian path P since such a path can be traversed by moving alternatively between
UandVasd(u;) = d(v;) = n — 1.

Fig4. u; — v; Hamiltonian pathin H,, ,

Remark 3.3. Forn > 3, diam(W  (k, n)) is 2.

Theorem 3.3. For Windmill graph W ;(k, n), the Ipd(W 4(k, n)) isk, fork > 2andn > 3.

Proof . Consider the graph G = W (k, n), having k(n— 1) + 1 vertices. The graph G is non-bipartite and is non-random
Hamiltonian laceable.

We intend to find Ipd(G) by mathematical induction. For n = 3, the result is obvious. For n = 4, the graph G is partitioned
into three subgraphs specifically one copy of K, and two copies of K5. Since the graphs K5 and K, are random Hamiltonian
laceable, Ipd of K5 and K, is one. Therefore, Ipd(W (k, 4)) = 3 for k = 3 which is shown in Figure 5.

Assuming the result is true for n > 5, we need to prove the result is true for n = m. The graph G is partitioned into
two subgraphs, one being the complete graph K, , and the rest being (k — 1) copies of the complete graph K, ;. Since both
K,,and K, ; are random Hamiltonian laceable graphs, Ilpd(W, (k, m))= 14+ (k—1) = k.

Hence, the proof.

9K

Fig 5. Windmill graph W (3, 4)
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Theorem 3.4. For Dutch Windmill graph D,,*, for n > 3

e\ J n forn=3
lpd(D "’>_{07 forn>3

Proof. Consider the graph G = D, * havingk (n— 1)+ 1 vertices.

Forn = 3, structure is almost same as Windmill graph and hence it almost follows same proof as in Theorem 3.3

Forn > 3, the only way graph can be partitioned is all partitions having Py ’s except one or two partitions having isolated
vertex depending on nk being even or odd respectively. Thus making the graph’s ipd =0

Remark 3.4. Forn > 3,diam(S (P, ))isn — 1.

Theorem 3.5. For the Shadow graph S (P,, ),

nd—1 ™ N N 1S even
pa= 0, otherwise

Proof. Consider the graph G = S (P,, )having 2n vertices. The graph G is non-bipartite and is non-random hamiltonian
laceable graph.

Case 1: when n is even.

Forn > 2, the shadow graph of a path P,, can be partitioned into n number of K5’ s making the graph’s Ipd = n.

Case 2: when n is odd.

Forn > 2, the shadow graph of a path P,, can be partitioned into n — 1 number of K,’s and two isolated vertices, thus
making the graph’s [pd = 0.

Observation 3.6. For the Petersen graph, Ipd is 5 whose proof follows from the above theorem.

Theorem 3.7. For the Shadow distance graph, D ,(H,, ,,,3),lpd s 1.

Proof. Let G(U U V, E)and G'(U” U V', E’) be two copies of a bipartite graph H,, ,, with 4n vertices. Then U U U’
and V' U V7 will be the 2 partites of the bipartite graph D, (H,, ,,,3) where U = {u;,uy...,u, },U" ={u;",uy” ...,
u,’ 1,V = (vy,09...,0, Yand V' = (v, 05...,0] }.

We now execute the Hamiltonian path fromu € U U U’ tov € VUV in D4 (H

Case l:u = u; € Uandv =v; € V,1 <4,5,<n

Subcase (i): Fori #+ j

Starting from u, cover all the vertices except v in G by traversing alternatively between sets U and V, forming P; : u —uy,

3) in all possible cases as follows.

n,n’

Hamiltonian path. There exists an edge (u,, U;g), where v, € G’ suchthatapath P, : v, — u’;, where all the vertices of G
is covered. Concatenation of the paths P; and P, along with the edge (u; , vj) forms the required v — v Hamiltonian path.

Subcase (ii): Fori = j

Starting from wu,, reach the vertex v/ by an incident edge, then cover the vertex which is adjacent to v/ in U and reach
a vertex in V' which is adjacent to the vertex in U”. Repeat this process till we reach ;. There exists a path that covers the
remaining vertices of G and G’ forming the required u — v Hamiltonian path.

Case2: u=u; €U andv=0vj €V’ 1<i,j<n

Starting from u, cover all the vertices of G by traversing alternatively between sets U and V' and reach the final vertex vy,
where k # j. Then move to G’ and cover all vertices and reach the destination vertex v = vj’which gives the required u — v
Hamiltonian path.

Case3: u=u, €U andv:vj eV,1<i,5<n

Since the graph is vertex-transitive, the proof follows in similar way as in Case 2.

Case4d: u=u, €U andv:vj eV, 1<,5<n

Since the graph is vertex-transitive, the proof follows in a similar way as in Case 1.

Remark 3.5. Diameter of the graph L,, is 2.

Theorem 3.8. For the Cocktail Party graph L,, forn > 2, Ipd(L,,) =1.

Proof. Consider the graph G(V, E) = L, which is the non-bipartite graph with 2n vertices. The result is obvious for
n = 2. Consider gra;lh L, forn > 3.LetM = (my, mg, mg...m;)and N = (nq, ny, ng...n;), wherei = j, be the two

vertex sets of graphs, L,, . Let H(V;, E; ) be a subgraph of G(V, E) such that V; =V and E; C E obtained by removing edges
which is incident on the vertices of same set. Let e, be the set of edges which is removed.
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Then the subgraph H so obtained is isomorphic to Crown graph. From the theorem (3.2) the Ipd of Crown graph is one. This
proves that the subgraph H (V7 , E; ) haslpd one. Hence, the graph G(V', E) = H(V;, E;)+ e;haslpd one as the connectivity
is increased. Hence, the proof.

Theorem 3.9. For the image graph, I'mg(H,, ) with 4n vertices, Ipd is 1.

Proof. Let G(U U V, E) and G'(U’ U R , E’) be two copies of the bipartite graph H,, ,,. Then U U V ’ and
VU U’ will be the 2 partites of the bipartite graph Img(H,, ) where U = {uj,uy...,u,},U ={u " u.. .,

/} V= {Ul’UQ ) n}andV, _{U17U2 U }

We now execute the Hamiltonian path from uecUUV'tove VUU in Img(H,, ,,)inall possible cases as follows.

Casel: u=u; €U andv:vjEV, 1<4,7<n

Starting from w, cover all the vertices except v in G by traversing alternatively between sets U and V' and reach u,,, where
uy, is adjacent to v. Then move to the vertex u}, in G’ and cover all vertices and reach v" € U’. From v’ finally, reach the
destination vertex v = v; which gives the required u — v Hamiltonian path.

Fig 6. u; —v; Hamiltonian pathin Img(H,, ,)

Case2: u=u; €U andv:u; GU/, 1<4,5<n

Subcase (i): i = j

Starting from u, cover all the vertices of GG by traversing alternatively between sets U and V" and reach the final vertex vy,
Then move to v;, € G and covering all vertices by traversing in reverse order to reach the destination vertex v = u which
gives the required v — v Hamiltonian path.

Fig7.u; — u; Hamiltonian path in Img(H,, ,,)

https://www.indjst.org/ 3188
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Subcase (ii): i # j
Starting from u, cover all the vertices of G by traversing alternatively between sets U and V' and reach vertex v ;. Then move

tov; € G and cover all vertices in G’ and reach the destination vertex v = u; which gives the required v — v Hamiltonian
path.

4

Fig 8. u; — u/j Hamiltonian pathin Img(H,, ,)

Case 3: u =) eV andv:u;- cU 1 <i,j<n

Since the graph is vertex-transitive, the proof follows in a similar way as in Case 1.
Case 4: uzv; eV’ andv=v, €V, 1<4,5<n

Since the graph is vertex-transitive, the proof follows in a similar way as in Case 2.

Conclusion

Many research has been done on finding the Hamiltonian laceability and random Hamiltonian laceability of bipartite and non-
bipartite graphs respectively. This study has found the laceability partition dimension of graphs that were not laceable. The
result could have been improved by algorithmic approach for finding the Hamiltonian paths. This study concludes by posing
the following Open Problem: Laceability partition dimension for generalized shadow distance graph D (G, D,).
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