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Abstract
Objective: To initiate some new Caristi-type contractions on complete S𝑏-
metric spaces. Methods: Caristi-type contractions of four mappings together
with 𝜔-compatibility in S𝑏- metric space used to derive some common coupled
fixed-point theorems. Findings: We obtained new common coupled fixed-
point results in complete S𝑏- metric spaces by using Caristi-type contractions
which generalize some existing results in the literature and validated themwith
an appropriate example. Novelty: By defining a new Caristi type contraction,
we have established a common coupled fixed-point result and have given some
applications to integral equations as well as homotopy theory of common
coupled fixed point results in S𝑏- metric spaces.
Keywords: Caristi type mappings; Coupled fixed point; Complete S𝑏-metric
spaces; lower semi continuous mappings; 𝜔−compatible mappings

1 Introduction
The notion of Banach contraction principle was introduced by S. Banach in 1922. It
is a fundamental tool in nonlinear analysis and has been extended and generalized
in various types of metric spaces by several researchers. One such most useful and
important generalization of the contraction principle was given by Caristi. Afterwards
this result was improved and extended to various generalized spaces by different authors
(see, e.g., (1–4)).

Recently Sedghi et al. by using the concept of 𝑆 and 𝑏-metric spaces, 𝑆𝑏-metric
space was introduced, and established common fixed point results in 𝑆𝑏-metric spaces.
Subsequently, many authors established so many results on 𝑆𝑏-metric spaces (see,
e.g., (5–7)).

In 1987, Guo and Lakshmikantham first developed the idea of coupled fixed points.
Later, employing a weak contractivity type assumption, Bhaskar and Lakshmikantham
developed a novel fixed point theorem for mixed monotone mapping in a metric space
driven with partial ordering. For the first time, weak compatibility was introduced in
1998 by Jungck and Rhoades, and they demonstrated that the inverse is not true, even
though compatible mappings are weakly compatible. Recently, several types of metric

https://www.indjst.org/ 3218

https://doi.org/10.17485/IJST/v17i31.1792
https://doi.org/10.17485/IJST/v17i31.1792
https://doi.org/10.17485/IJST/v17i31.1792
swapnadharpally@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
www.iseeadyar.org.
https://www.indjst.org/


Swapna & Nagaraju / Indian Journal of Science and Technology 2024;17(31):3218–3227

spaces have been developed, and some coupled fixed point results have been studied (see, e.g., (8–10)).
Nowadays, the fixed point theory has been attracting several mathematics researchers due to its applications in the various

fields of mathematics such as differential equations, integral equations, and homotopy theory etc.
Motivated by the work done recently on fixed point theory with different approaches by numerous mathematicians, the

present study is aimed at providing coupled common fixed point theorems in the context of 𝑆𝑏-metric spaces by defining and
using a new type of contraction mapping of the Caristi type which improves several existing results in the literature. We also
gave instances of proper and pertinent applications to homotopy theory and integral equations.

2 Methodology
First, we recall some basic definitions and results.

2.1 Definition (6):

Given a non-empty set 𝐴, let 𝜗 ≥ 1 be a real number. Assume the following conditions are met by a mapping 𝜍𝑏 ∶ 𝐴 → [0, ∞) ∶

(𝜍𝑏1) 0 < 𝜍𝑏 (𝛼,œ,𝛽)𝑓𝑜𝑟 𝑎𝑙𝑙 𝛼,œ,𝛽 ∈ 𝐴 𝑤𝑖𝑡ℎ 𝛼 ≠ œ ≠ 𝛽,

(𝜍𝑏2) 𝜍𝑏 (𝛼,œ,𝛽) = 0 ⇔ 𝛼 = œ = 𝛽,
(𝜍𝑏3) 𝜍𝑏 (𝛼,œ,𝛽) ≤ 𝜗(𝜍𝑏 (𝛼,𝛼,𝜃)+𝜍𝑏 (œ,œ,𝜃)+𝜍𝑏 (𝛽,𝛽,𝜃)) for all 𝛼,œ,𝛽,𝜃 ∈ 𝐴.
The combination (𝐴,𝜍𝑏) is referred to as a 𝑆𝑏-metric space, and the function 𝜍𝑏 is called a 𝑆𝑏-metric on 𝐴.

2.1.1 Example (6):
Let 𝑆𝑎(𝛼,œ,𝛽) = 𝑆(𝛼,œ,𝛽)𝜗, where 𝜏 > 1 is a real number, and let (𝐴,𝑆) be an 𝑆-metric space. Then, 𝑆𝑎with 𝜗 = 22(𝜏−1)

is a 𝑆𝑏-metric.

2.2. Definition (6):

Assume the S𝑏-metric space (𝐴,𝜍𝑏). In 𝐴, consider a sequence {𝛼𝑧}.
(1) If there is a 𝑧0 ∈ 𝑁 such that 𝜍𝑏(𝛼𝑧,𝛼𝑧,𝛼𝑤) < 𝜖 for any 𝑤,𝑧 ≥ 𝑧0, then {𝛼𝑧} is 𝜍𝑏-Cauchy sequence.
(2) If, for every 𝜖 > 0, there exists a positive integer 𝑧0 such that 𝜍𝑏(𝛼𝑧,𝛼𝑧,𝛼) < 𝜖 or
𝜍𝑏(𝛼, ,𝛼,𝛼𝑧) < 𝜖 for all 𝑧 ≥ 𝑧0, then{𝛼𝑧} is 𝜍𝑏-convergent to a point 𝛼 ∈ 𝐴.
We denote this as 𝑙𝑖𝑚

𝑧→∞
𝛼𝑧 = 𝛼.

(3) If every 𝜍𝑏-Cauchy sequence is 𝜍𝑏-convergent in 𝐴, then (𝐴,𝜍𝑏) is called a complete 𝑆𝑏-metric space.

2.3. Lemma (6):

In a S𝑏-metric space, we have
𝜍𝑏(𝛼,𝛼,œ) ≤ 𝜗𝜍𝑏(œ,œ,𝛼) and 𝜍𝑏(œ,œ,𝛼) ≤ 𝜗𝜍𝑏(𝛼,𝛼,œ).

2.4. Lemma (6):

In a S𝑏-metric space, we have
𝜍𝑏(𝛼,𝛼,œ) ≤ 2𝜗𝜍𝑏(𝛼,𝛼,𝛽)+𝜗2𝜍𝑏(𝛽,𝛽,œ).

2.5 Lemma (6) :

Assuming that {𝛼𝑧} is a 𝜍𝑏-convergent to 𝛼 and that (𝐴,𝜍𝑏) is a 𝑆𝑏-metric space with
𝜗 ≥ 1. We obtain
(𝑖) 1

2𝜗 𝜍𝑏(œ,œ,𝛼) ≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 𝜍𝑏(œ,œ,𝛼𝑧) ≤ 2𝜗𝜍𝑏(œ,œ,𝛼) and
(𝑖𝑖) 1

𝜗2 𝜍𝑏 (𝛼,𝛼,œ) ≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 𝜍𝑏 (𝛼𝑧,𝛼𝑧,œ) ≤ 𝜗2𝜍𝑏(𝛼,𝛼,œ)
for all œ ∈ 𝐴. In particular, if 𝛼 = œ, then we have 𝑙𝑖𝑚

𝑧→∞
𝜍𝑏(𝛼𝑧,𝛼𝑧,œ) = 0.
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2.6. Definition (7):

Consider the S𝑏-metric space (𝐴,𝜍𝑏). A pair (𝑋, 𝑍) is called
(a) coupled fixed point of Ω ∶ 𝐴2 → 𝐴 if Ω(Χ,𝑍) = Χ, Ω(𝑍,Χ) = 𝑍 for Χ,𝑍 ∈ 𝐴 ;
(b) coupled coincident point of Ω ∶ 𝐴2 → 𝐴 and Λ ∶ 𝐴 → 𝐴 if 𝐹 (Χ,𝑍) = ΛΧ, Ω(𝑍,Χ) = Λ𝑍 ;
(c) coupled common points of Ω ∶ 𝐴2 → 𝐴 and Λ ∶ 𝐴 → 𝐴 if Ω(Χ,𝑍) = ΛΧ = Χ, Ω(𝑍,Χ) = Λ𝑍 = 𝑍;
(d) the pair (Ω,Λ) is weakly compatible if Λ(Ω(Χ,𝑍)) = Ω(ΛΧ,Λ𝑍) and Λ(Ω(𝑍,Χ)) = Ω(Λ𝑍,ΛΧ) whenever for all

Χ,𝑍 ∈ Ι such that Ω(Χ,𝑍) = ΛΧ, Ω(𝑍,Χ) = Λ𝑍 .

3 Results and Discussion
We derive a coupled fixed-point theorem with the help of a new Caristi-type contraction in this part.

3.1 Theorem:

Consider a complete 𝑆𝑏-metric space (𝐴,𝜍𝑏) with coefficient 𝜗 > 1. Let there be four mappings, Γ,Ω ∶ 𝐴2 → 𝐴, Λ,Φ ∶ 𝐴 → 𝐴
with

2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Ω(𝛽,𝜚)) ≤ 𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)−℘(Γ(œ,𝛼))
+𝜓(𝛾(Φ𝛽))𝛾(Φ𝛽)−𝛾 (Ω(𝛽,𝜚))+𝜓(𝜒(Φ𝜚))𝜒(Φ𝜚)−𝜒(Ω(𝜚,𝛽)) (1)

for all 𝛼,œ,𝛽,𝜚 ∈ 𝐴 and 𝜘,℘,𝛾,𝜒 ∶ 𝐴 → [0, ∞).
are lower semi-continuous functions and, 𝜓 ∶ (−∞,+∞) → (0,1) be continuous function and satisfying
(i0) Γ(𝐴2) ⊆ Φ(𝐴) and Ω(𝐴2) ⊆ Λ(𝐴),
(i1) (Γ,Λ) and (Ω,Φ) are 𝜔-compatible,
(i2) either Λ(𝐴) or Φ(𝐴) is a complete subspace of 𝐴.
Then, in 𝐴, there exists a unique common coupled fixed point of Γ,Ω,Λ, and Φ.
Proof: Let 𝛽0, 𝜁0 ∈ 𝐴 be arbitrary, and from (i0) we construct the sequences {𝛽𝑧},{𝜁𝑧}, {𝛼𝑧} and {œ𝑧}, in 𝐴 as

Γ(𝛽2𝑧, 𝜁2𝑧) = Φ𝛽2𝑧+1 = 𝛼2𝑧, Γ(𝜁2𝑧,𝛽2𝑧) = Φ𝜁2𝑧+1 = œ2𝑧

Ω(𝛽2𝑧+1, 𝜁2𝑧+1) = Λ𝛽2𝑧+2 = 𝛼2𝑧+1, Ω(𝜁2𝑧+1,𝛽2𝑧+1) = Λ𝜁2𝑧+2 = œ2𝑧+1, 𝑤ℎ𝑒𝑟𝑒 𝑧 = 0,1,2,… .

In 𝐴, we now demonstrate that, Γ, Ω, Λ, and Φ have a CCFP(common coupled fixed point). For every 𝑧, let us assume that
𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑧+1) > 0 and 𝜍𝑏(œ2𝑧,œ2𝑧,œ2𝑧+1) > 0. In the absence of this, there is some positive integer 𝑧 such that
𝛼2𝑧 = 𝛼2𝑧+1, œ2𝑧 = œ2𝑧+1, and so on. The proof is finished, and (𝛼2𝑧,œ2𝑧) is a coupled fixed point of Γ,Ω,Λ,Φ.

Using Equation (1), we obtain for each 𝑧 ∈ 𝑁
0 < 𝜍𝑏(𝛼2𝑧+2,𝛼2𝑧+2,𝛼2𝑧+1) ≤ 2𝜗4𝜍𝑏(Γ(𝛽2𝑧+2, 𝜁2𝑧+2),Γ(𝛽2𝑧+2, 𝜁2𝑧+2),Ω(𝛽2𝑧+1, 𝜁2𝑧+1))
≤ 𝜓(𝜘(Λ𝛽2𝑧+2))𝜘(Λ𝛽2𝑧+2)−𝜘(Γ(𝛽2𝑧+2, 𝜁2𝑧+2))
+𝜓(℘(Λ𝜁2𝑧+2))℘(Λ𝜁2𝑧+2)−℘(Γ(𝜁2𝑧+2,𝛽2𝑧+2))
+𝜓(𝛾(Φ𝛽2𝑧+1))𝛾(Φ𝛽2𝑧+1)−𝛾 (Ω(𝛽2𝑧+1, 𝜁2𝑧+1))
+𝜓(𝜒(Φ𝜁2𝑧+1))𝜒(Φ𝜁2𝑧+1)−𝜒(Ω(𝜁2𝑧+1,𝛽2𝑧+1))
≤ 𝜓(𝜘(𝛼2𝑧+1))𝜘(𝛼2𝑧+1)−𝜘(𝛼2𝑧+2)
+𝜓(℘(œ2𝑧 +1))℘(œ2𝑧+1)−℘(œ2𝑧+2)
+𝜓(𝛾(𝛼2𝑧))𝛾(𝛼2𝑧)−𝛾 (𝛼2𝑧+1)
+𝜓(𝜒(œ2𝑧))𝜒(œ2𝑧)−𝜒(œ2𝑧+1)
< 𝜘(𝛼2𝑧+1)−𝜘(𝛼2𝑧+2)+℘(œ2𝑧+1)−℘(œ2𝑧+2)

+𝛾(𝛼2𝑧)−𝛾 (𝛼2𝑧+1)+𝜒(œ2𝑧)−𝜒(œ2𝑧+1) (2)

By similar arguments, we obtain

𝜍𝑏(œ2𝑧+2,œ2𝑧+2,œ𝑧+1) < 𝜘(𝛼2𝑧+1)−𝜘(𝛼2𝑧+2)+℘(œ2𝑧+1)−℘(œ2𝑧+2)
+𝛾(𝛼2𝑧)−𝛾 (𝛼2𝑧+1)+𝜒(œ2𝑧)−𝜒(œ2𝑧+1) . (3)
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Combining Equation (2) and Equation (3), we can get

𝑚𝑎𝑥{{ 𝜍𝑏(𝛼2𝑧+2,𝛼2𝑧+2, 𝛼2𝑧+1),
𝜍𝑏(œ2𝑧+2,œ2𝑧+2, œ2𝑧 +1) } < 𝑋(𝛼2𝑧+2)− 𝑋(𝛼2𝑧+2)+

−℘(œ2𝑧+2)+𝛾(𝛼2𝑧) −
𝛾(𝛼2𝑧+1)+ 𝑋 (œ2𝑧)− 𝑋(œ2𝑧 +1).

(4)

and

(𝜘(𝛼2𝑧+2)+℘(œ2𝑧+2))+(𝛾 (𝛼2𝑧+1)+𝜒(œ2𝑧+1)) < (𝜘(𝛼2𝑧+1)+℘(œ2𝑧+1))+(𝛾(𝛼2𝑧)+𝜒(œ2𝑧)) (5)

It can be seen from this, the sequences ({𝜘(𝛼2𝑧)},{℘(œ2𝑧)}) and ({𝛾 (𝛼2𝑧)},{𝜒(œ2𝑧)}) of non-negative real numbers that
are not increasing. As a result, they have to converge to 𝑤1,𝑤2,𝑤3,𝑤4 ≥ 0 in turn.

Let 𝑤1 > 0, 𝑤2 > 0, 𝑤3 > 0, or 𝑤4 > 0 . We obtain contradiction by letting 𝑧 → ∞ in Equation (5). Thus,

𝑙𝑖𝑚
𝑧→∞

𝜘(𝛼2𝑧) = 0 = 𝑙𝑖𝑚
𝑧→∞

℘(œ2𝑧) 𝑎𝑛𝑑 𝑙𝑖𝑚
𝑧→∞

𝛾 (𝛼2𝑧) = 0 = 𝑙𝑖𝑚
𝑧→∞

𝜒(œ2𝑧) (6)

For every two positive integers 𝑧 and 𝑤 with 𝑤 > 𝑧, using Equations (3) and (4),
𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑤) ≤ 𝜗(𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑧+1)+𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑧+1)+𝜍𝑏(𝛼2𝑤,𝛼2𝑤,𝛼2𝑧+1))
≤ 2𝜗𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑧+1)+𝜗2𝜍𝑏(𝛼2𝑧+1,𝛼2𝑧+1,𝛼2𝑤)
≤ 2𝜗𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑧+1)+2𝜗3𝜍𝑏(𝛼2𝑧+1,𝛼2𝑧+1,𝛼2𝑧+2)+𝜗4𝜍𝑏(𝛼2𝑧+2,𝛼2𝑧+2,𝛼2𝑤)
≤ 2𝜗𝜍𝑏 (𝛼2𝑧,𝛼2𝑧,𝛼2𝑧+1)+2𝜗3𝜍𝑏 (𝛼2𝑧+1,𝛼2𝑧+1,𝛼2𝑧+2)
+⋯+𝜗2𝑞−1𝜍𝑏 (𝛼2𝑤−1,𝛼2𝑤−1,𝛼2𝑤)
< 2𝜗 ( 𝜘(𝛼2𝑧−1)−𝜘(𝛼2𝑧)+℘(œ2𝑧−1)−℘(œ2𝑧)

+𝛾(𝛼2𝑧)−𝛾 (𝛼2𝑧+1)+𝜒(œ2𝑧)−𝜒(œ2𝑧+1))

+2𝜗3 ( 𝜘(𝛼2𝑧)−𝜘(𝛼2𝑧+1)+℘(œ2𝑧)−℘(œ2𝑧+1)
+𝛾(𝛼2𝑧+1)−𝛾 (𝛼2𝑧+2)+𝜒(œ2𝑧+1)−𝜒(œ2𝑧+2))+⋯⋯+𝜗2𝑞−1 (𝜘(𝛼2𝑤−2)−𝜘(𝛼2𝑤−1)+℘(œ2𝑤−2)−℘(œ2𝑤−1)

+𝛾(𝛼2𝑤−1)−𝛾 (𝛼2𝑤)+𝜒(œ2𝑤−1)−𝜒(œ2𝑤) )
as 𝑧,𝑤 → ∞, and from Equation (6) we have 𝑙𝑖𝑚

𝑧,𝑤→∞
𝜍𝑏(𝛼2𝑧,𝛼2𝑧,𝛼2𝑤) = 0.

Similarly, we can prove 𝑙𝑖𝑚
𝑧,𝑤→∞

𝜍𝑏(œ2𝑧,œ2𝑧,œ2𝑤) = 0. Hence, {𝛼2𝑧} and {œ2𝑧} are 𝜍𝑏-Cauchy sequences in complete

𝜍𝑏-metric spaces (𝐴,𝜍𝑏). Suppose Λ(𝐴) is a complete subspace of (𝐴,𝜍𝑏), so that {𝛼2𝑧}, {œ2𝑧} ⊆ Λ(𝐴). Then the sequences
{𝛼2𝑧}, {œ2𝑧} are convergent to 𝛼,œ respectively in Λ(𝐴) with

𝑙𝑖𝑚
𝑧→∞

𝛼2𝑧+1 = 𝛼 𝑙𝑖𝑚
𝑧→∞

œ2𝑧+1 = œ (7)

SinceΛ ∶ 𝐴 → 𝐴 and𝛼,œ∈ Λ(𝐴), there exist 𝑙,𝛽 ∈ 𝐴 such thatΛ𝑙 = 𝛼 andΛ𝛽 =œ. Since𝜘,℘,𝛾,𝜒 are lower semi-continuous
functions, hence

𝑙𝑖𝑚
𝑧→∞

𝜘(𝛼2𝑧+1) = 𝜘(𝛼), 𝑙𝑖𝑚
𝑧→∞

℘(œ2𝑧+1) = ℘(œ), 𝑙𝑖𝑚
𝑧→∞

𝛾(𝛼2𝑧) = 𝛾(𝛼), 𝑙𝑖𝑚
𝑧→∞

𝜒(œ2𝑧) = 𝜒(œ).

From Equation (6), we get 𝜘(𝛼) = ℘(œ) = 𝛾(𝛼) = 𝜒(œ) = 0. We claim that Γ(𝑙,𝛽) = 𝛼 and Γ(𝛽, 𝑙) = œ. Suppose Γ(𝑙,𝛽) ≠ 𝛼
and Γ(𝛽, 𝑙) ≠ œ by Lemma (2.5), we have that

1
2𝜗 𝜍𝑏 (Γ(𝑙,𝛽),Γ(𝑙,𝛽),𝛼) ≤ 𝑙𝑖𝑚

𝑧→∞
𝑖𝑛𝑓𝜍𝑏 (Γ(𝑙,𝛽),Γ(𝑙,𝛽),𝛼𝑝).

Now from Equation (1), we have
𝜗3𝜍𝑏 (Γ(𝑙,𝛽),Γ(𝑙,𝛽),𝛼) ≤ 𝑙𝑖𝑚

𝑧→∞
𝑖𝑛𝑓2𝜗4𝜍𝑏 (Γ(𝑙,𝛽),Γ(𝑙,𝛽),𝛼2𝑧)

≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 ⎛⎜
⎝

𝜓(𝜘(Λ𝑙))𝜘(Λ𝑙)−𝜘(Γ(𝑙,𝛽))+𝜓(℘(Λ𝛽))℘(Λ𝛽)−℘(Γ(𝛽, 𝑙))
+𝜓(𝛾 (Φ𝛽2𝑧))𝛾 (Φ𝛽2𝑧)−𝛾 (Ω(𝛽2𝑧, 𝜁2𝑧))
+𝜓(𝜒(Φ𝜁2𝑧))𝜒(Φ𝜁2𝑧)−𝜒(Ω(𝜁2𝑧,𝛽2𝑧))

⎞⎟
⎠

≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 ⎛⎜
⎝

𝜓(𝜘(Λ𝑙))𝜘(Λ𝑙)−𝜘(Γ(𝑙,𝛽))+𝜓(℘(Λ𝛽))℘(Λ𝛽)−℘(Γ(𝛽, 𝑙))
+𝜓(𝛾(𝛼2𝑧−1))𝛾(𝛼2𝑧−1)−𝛾 (𝛼2𝑧)
+𝜓(𝜒(œ2𝑧−1))𝜒(œ2𝑧−1)−𝜒(œ2𝑧)

⎞⎟
⎠

< 𝜘(Λ𝑙)−𝜘(Γ(𝑙,𝛽))+℘(Λ𝛽)−℘(Γ(𝛽, 𝑙))
< 𝜘(Λ𝑙)−℘(Λ𝛽) = 0.

https://www.indjst.org/ 3221

https://www.indjst.org/


Swapna & Nagaraju / Indian Journal of Science and Technology 2024;17(31):3218–3227

Consequently, 𝜍𝑏 (Γ(𝑙,𝛽),Γ(𝑙,𝛽),𝛼) = 0 implies Γ(𝑙,𝛽) = 𝛼 = Λ𝑙. We obtain Γ(𝛽, 𝑙) = œ = Λ𝛽 in the same manner. We
have Γ(𝛼,œ) = Λ𝛼 and Γ(œ,𝛼) = Λœ since {Γ,Λ} is a weakly compatible pair. We now establish that Λœ = œ and Λ𝛼 = 𝑢𝛼.
We know from Lemma (2.5) that

1
2𝜗 𝜍𝑏(Λ𝛼,Λ𝛼,𝛼) ≤ 𝑙𝑖𝑚

𝑧→∞
𝑖𝑛𝑓 𝜍𝑏(Λ𝛼,Λ𝛼,𝛼2𝑧).

Now from Equation (1), we have
𝜗3𝜍𝑏 (Λ𝛼,Λ𝛼,𝛼) ≤ 𝑙𝑖𝑚

𝑧→∞
𝑖𝑛𝑓2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Ω(𝛽2𝑧, 𝜁2𝑧))

≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 ⎛⎜
⎝

𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)−℘(Γ(œ,𝛼))
+𝜓(𝛾(Φ𝛽2𝑧))𝛾(Φ𝛽2𝑧)−𝛾 (Ω(𝛽2𝑧, 𝜁2𝑧))
+𝜓(𝜒(Φ𝜁2𝑧))𝜒(Φ𝜁2𝑧)−𝜒(Ω(𝜁2𝑧,𝛽2𝑧))

⎞⎟
⎠

≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 ⎛⎜
⎝

𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)−℘(Γ(œ,𝛼))
+𝜓(𝛾(𝛼2𝑧−1))𝛾(𝛼2𝑧−1)−𝛾 (𝛼2𝑧)
+𝜓(𝜒(œ2𝑧−1))𝜒(œ2𝑧−1)−𝜒(œ2𝑧)

⎞⎟
⎠

< 𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+℘(Λœ)−℘(Γ(œ,𝛼)) = 0.
In this way, we may demonstrate that Λœ = œ and that Λ𝛼 = 𝛼. Consequently, Γ(𝛼,œ) = Λ𝛼 = 𝛼 and Γ(œ,𝛼) = Λœ = œ

follow. As a result, (𝛼,œ) is Λ and Γ’s CCFP(common coupled fixed point). There exist Χ,𝑍 ∈ 𝐴 such that Γ(𝛼,œ) = 𝛼 = ΦΧ
and Γ(œ,𝛼) = œ = Φ𝑍 because Γ(𝐴2) ⊆ Φ(𝐴).

Now consider
𝜍𝑏 (𝛼,𝛼,Ω(Χ,𝑍)) = 𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Ω(Χ,𝑍))
≤ 2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Ω(Χ,𝑍))
≤ 𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)−℘(Γ(œ,𝛼))
+𝜓(𝛾(ΦΧ))𝛾(ΦΧ)−𝛾 (Ω(Χ,𝑍))+𝜓(𝜒(Φ𝑍))𝜒(Φ𝑍)−𝜒(Ω(𝑍,Χ))
< 𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+℘(Λœ)−℘(Γ(œ,𝛼))
+𝛾(ΦΧ)−𝛾 (Ω(Χ,𝑍))+𝜒(Φ𝑍)−𝜒(Ω(𝑍,Χ))
< 𝛾 (𝛼)+𝜒(œ) = 0.
𝜍𝑏 (𝛼,𝛼,Ω(Χ,𝑍)) = 0 implies Ω(Χ,𝑍) = 𝛼 as a result. In a similar way, we obtain Ω(𝑍,Χ) = œ. We have Ω(𝛼,œ) = Φ𝛼

and Ω(œ,𝛼) = Φœ since {Ω,Φ} is a weakly compatible pair.The proofs ofΦ𝛼 = 𝛼 and Φœ = œ are now given.We know from
Lemma (2.5) that

1
𝜗2 𝜍𝑏(𝛼,𝛼,Φ𝛼) ≤ 𝑙𝑖𝑚

𝑧→∞
𝑖𝑛𝑓 𝜍𝑏(𝛼2𝑧,𝛼2𝑧,Φ𝛼)

Now from Equation (1), we have
2𝜗2𝜍𝑏(𝛼,𝛼,Φ𝛼) ≤ 𝑙𝑖𝑚

𝑧→∞
𝑖𝑛𝑓 2𝜗4𝜍𝑏 (Γ(𝛽2𝑧, 𝜁2𝑧),Γ(𝛽2𝑧, 𝜁2𝑧),Ω(𝛼,œ))

≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 ⎛⎜
⎝

𝜓(𝜘(Λ𝛽2𝑧))𝜘(Λ𝛽2𝑧)−𝜘(Γ(𝛽2𝑧, 𝜁2𝑧))
+𝜓(℘(Λ𝜁2𝑧))℘(Λ𝜁2𝑧)−℘(Γ(𝜁2𝑧,𝛽2𝑧))

+𝜓(𝛾(Φ𝛼))𝛾(Φ𝛼)−𝛾 (Ω(𝛼,œ))+𝜓(𝜒(Φœ))𝜒(Φœ)−𝜒(Ω(œ,𝛼))
⎞⎟
⎠

≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 (𝜓(𝜘(𝛼2𝑧−1))𝜘(𝛼2𝑧−1)−𝜘(𝛼2𝑧)+𝜓(℘(œ2𝑧−1))℘(œ2𝑧−1)−℘(œ2𝑧)
+𝜓(𝛾(Φ𝛼))𝛾(Φ𝛼)−𝛾 (Ω(𝛼,œ))+𝜓(𝜒(Φœ))𝜒(Φœ)−𝜒(Ω(œ,𝛼)) )

< 𝛾(Φ𝛼)−𝛾 (Ω(𝛼,œ))+𝜒(Φœ)−𝜒(Ω(œ,𝛼)) = 0.

Φ𝛼 = 𝛼 is thus implied by 𝜍𝑏(𝛼,𝛼,Φ𝛼) = 0. Thus, Ω(𝛼,œ) = Φ𝛼 = 𝛼, Ω(œ,𝛼) = Φœ = œ, and Φœ = œ are obtained in a
similar manner. Hence, (𝛼,œ) is the CCFP(coupled common fixed point) forΦ, Γ,Ω, andΛ. We will demonstrate the common
coupled fixed point’s uniqueness in 𝐴 in the section that follow. Assume that Γ,Ω,Λ, and Φ have another coupled fixed point
(𝛼′ ,œ′) for this reason. Next, we have from Equation (1),

𝜍𝑏 (𝛼,𝛼,𝛼′) ≤ 2𝜗4𝜍𝑏 (𝛼,𝛼,𝛼′) = 2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Ω(𝛼′ ,œ′))
≤ 𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)−℘(Γ(œ,𝛼))
+𝜓(𝛾(Φ𝛼′))𝛾(Φ𝛼′)−𝛾 (Ω(𝛼′ ,œ′))+𝜓(𝜒(Φœ

′))𝜒(Φœ
′)−𝜒(Ω(œ′ ,𝛼′))

< 𝛾(Φ𝛼)−𝛾 (Ω(𝛼,œ))+𝜒(Φœ)−𝜒(Ω(œ,𝛼))
+𝛾(Φ𝛼′)−𝛾 (Ω(𝛼′ ,œ′))+𝜒(Φœ

′)−𝜒(Ω(œ′ ,𝛼′))
= 0.
Consequently, 𝜍𝑏 (𝛼,𝛼,𝛼′) = 0. Similarly, we obtain 𝜍𝑏 (œ,œ,œ′) = 0 which indicates 𝛼 = 𝛼′

.
Specifically, œ = œ

′
. Hence, there is only one UCCFP (unique common coupled fixed point)by Γ,Ω,Λ, and Φ.

𝜍𝑏 (𝛼,𝛼,œ) ≤ 2𝜗4𝜍𝑏 (𝛼,𝛼,œ) = 2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Ω(œ,𝛼))
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≤ 𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)−℘(Γ(œ,𝛼))
+𝜓(𝛾(Φœ))𝛾(Φœ)−𝛾 (Ω(œ,𝛼))+𝜓(𝜒(Φ𝛼))𝜒(Φ𝛼)−𝜒(Ω(𝛼,œ))
< 𝑥(∧𝛼) − 𝑥(Γ(𝛼,œ))+ ℘ (∧œ)−℘(Γ(œ,𝛼))
+𝛾(Φ𝛼′)−𝛾 (Ω(œ,𝛼))+𝜒(Φœ

′)−𝜒(Ω(œ′ , 𝛼′)) = 0.
Consequently, 𝜍𝑏 (𝛼,𝛼,œ) = 0 and so the unique common fixed point of Γ,Ω,Λ, and Φ is of the type (𝛼,𝛼).

3.2 Corollary:

Consider a complete 𝑆𝑏-metric space(𝐴,𝜍𝑏) with coefficient 𝜗 > 1. Given two mappings, Λ ∶ 𝐴 → 𝐴 and Γ ∶ 𝐴2 → 𝐴, such
that

2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Γ(𝑙,𝛽)) ≤ 𝜓(𝜘(Λ𝛼))𝜘(Λ𝛼)−𝜘(Γ(𝛼,œ))+𝜓(℘(Λœ))℘(Λœ)− ℘(Γ(œ,𝛼))
+𝜓(𝛾(Λ𝑙))𝛾(Λ𝑙)−𝛾 (Γ(𝑙,𝛽))+𝜓(𝜒(Λ𝛽))𝜒(Λ𝛽)−𝜒(Γ(𝛽, 𝑙))
for all 𝛼,œ, 𝑙,𝛽 ∈ 𝐴 and 𝜘,℘,𝛾,𝜒 ∶ 𝐴 → [0,∞)re lower semi-continuous functions and, 𝜓 ∶ (−∞,+∞) → (0,1) is a

continuous function,
(i0) Γ(𝐴2) ⊆ Λ(𝐴),
(i1) pair (Γ,Λ) is 𝜔-compatible,
(i2) Λ(𝐴) is a complete subspace of 𝐴.
Then, in 𝐴, there is a unique common coupled fixed point for Γ and Λ.

3.3 Corollary:

Consider a complete 𝑆𝑏-metric space (𝐴,𝜍𝑏) with coefficient 𝜗 > 1. Given two mappings, Λ ∶ 𝐴 → 𝐴 and Γ ∶ 𝐴2 → 𝐴, such
that

2𝜗4𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Γ(𝑙,𝛽)) ≤ 𝜘(𝜓(Λ𝛼,Λ𝑙))𝜓(Λ𝛼,Λ𝑙)−𝜓(Γ(𝛼,œ),Γ(𝑙,𝛽))
+𝜘(𝜙(Λœ,Λ𝛽))𝜙(Λœ,Λ𝛽)−𝜓(Γ(œ,𝛼),Γ(𝛽, 𝑙))

for all 𝛼,œ, 𝑙,𝛽 ∈ 𝐴 and 𝜓,𝜙 ∶ 𝐴×𝐴 → [0,∞)are lower semi-continuous functions and,
𝜘 ∶ (−∞,+∞) → (0,1) is a continuous function,
(i0) Γ(𝐴2) ⊆ Λ(𝐴),
(i1) pair (Γ,Λ) is 𝜔-compatible,
(i2) either Λ(𝐴) is a complete subspace of 𝐴.
Then, in 𝐴, there is a UCCFP(unique common coupled fixed point) for Γ and Λ.

3.4 Corollary :

Consider a complete 𝑆𝑏-metric space (𝐴,𝜍𝑏)with coefficient 𝜗 > 1. Assume that there exists a mapping Γ ∶ 𝐴2 → 𝐴 such that
𝜍𝑏 (Γ(𝛼,œ),Γ(𝛼,œ),Γ(𝑙,𝛽)) ≤ 𝜘(𝜓(𝛼, 𝑙))𝜓(𝛼, 𝑙)+𝜘(𝜙(œ,𝛽))𝜙(œ,𝛽)

for all 𝛼,œ, 𝑙,𝛽 ∈ 𝐴 and 𝜓,𝜙 ∶ 𝐴×𝐴 → [0,∞) are lower semi-continuous functions and,
𝜘 ∶ (−∞,+∞) → (0,1) is a continuous function. Then there is a unique coupled fixed point of Γ in 𝐴.

3.5 Example:

Let𝜍𝑏 ∶ 𝐴3 → [0,∞) be a mapping defined as
𝜍𝑏 (𝛼,œ,𝛽) = ((œ+𝛽 −2𝛼|+(œ−𝛽|)2.
So clearly (𝐴,𝜍𝑏) is complete 𝑆𝑏-metric space with 𝜗 = 2. Define Γ,Ω ∶ 𝐴2 → 𝐴 and
Λ,Φ ∶ 𝐴 → 𝐴 by Γ(𝑙,𝛽) = 𝑙2+𝛽2

25 , Ω(𝑙,𝛽) = 𝑙2+𝛽2

27 and Λ𝑙 = 𝑙2
2 , Φ𝑙 = 𝑙2

4 .
Let 𝜓 ∶ (−∞,+∞) → (0,1) as 𝜓(𝑧) < 𝑧. Define four lower semi-continuous functions
𝜘,℘,𝛾,𝜒 ∶ 𝐴 → (0,∞) as𝜘(𝑙) = 𝑙,℘(𝑙) = 2𝑙, 𝛾(𝑙) = 4𝑙 and𝜒(𝑙) = 8𝑙.Then clearly the (𝑖0), (𝑖1), (𝑖2) conditions ofTheorem

3.1 are fulfilled. Now for any 𝚤, 𝚥,ð,℧ ∈ 𝐴

𝐿.𝐻.𝑆 = 2𝜗4(𝜍𝑏(Γ(𝑙, 𝑗), Γ(𝑙, 𝑗),Ω(ð, ℧))

2𝜗4((Γ(𝚤, 𝚥)+Ω(ð,℧)−2Γ(𝚤, 𝚥)|+(Γ(𝚤, 𝚥)−Ω(ð,℧)|)2

= 2𝜗4 (2∣ 𝚤2+𝚥2

25 − ð2+℧2
27 ∣)

2 = 1
27 ((4𝚤2 +4𝚥2 −ð2 −℧2∣)2
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𝑅.𝐻.𝑆 = 𝜓(𝑥(∧𝑙))𝑥(∧𝑙)− 𝑥(Γ(𝑙,𝑗))+ 𝜓(℘(∧1)) ℘(∧𝑗)−℘(Γ(𝑗, 𝑙))

+𝜓(𝛾(Φð))𝛾(Φð)−𝛾 (Ω(ð,℧))+𝜓(𝜒(Φ℧))𝜒(Φ℧)−𝜒(Ω(℧,ð))
= 𝜓(𝜘( 𝚤2

2 ))𝜘( 𝚤2
2 )−𝜘( 𝚤2+𝚥2

25 )+𝜓(℘( 𝚥2
2 ))℘( 𝚥2

2 )−℘( 𝚥2+𝚤2

25 )
+𝜓(𝛾( ð2

4 ))𝛾( ð2
4 )−𝛾( ð2+℧2

27 )+𝜓(𝜒( ℧2
4 ))𝜒( ℧2

4 )−𝜒( ℧2+ð2
27 )

< 𝚤4
4 − 𝚤2+𝚥2

25 +𝚥4 − 𝚥2+𝚤2

24 +ð4 − ð2+℧2
25 +4℧4 − ℧2+ð2

24

= 1
25 (8𝚤4 +32𝚥4 +32ð4 +128℧4 −3𝚤2 −3𝚥2 −3ð2 −3℧2)

For all 𝚤, 𝚥,ð,℧ ∈, 𝐿.𝐻.𝑆 < 𝑅.𝐻.𝑆. As a result, Γ,Ω,Λ, and Φ have a unique common coupled fixed point (0,0), since the
requirement of Theorem (3.1) holds.

3.6. Applications

As an application to Corollary 3.4, we examine the existence of a unique solution to an initial value problem in this section.
Consider the initial value problem

𝑑𝛼
𝑑𝑡 = Γ(𝑡,𝛼(𝑡),𝛼(𝑡)), 𝑡 ∈ 𝐼 = [0,1], 𝛼(0) = 𝛼0 (8)

where Γ ∶ 𝐼 ×𝑅2 → 𝑅 and 𝜒0 ∈ 𝑅.

3.6.1. Theorem
Consider the initial value problem in Equation (8) with Γ ∈ 𝐶(𝐼 ×ℝ2)

∫
𝑡

0
Γ(𝑠, 𝛼(𝑠), 𝜁(𝑠))𝑑𝑠 = 1

5𝑚𝑎𝑥{ ∫𝑡
0 Γ(𝑠, 𝛼(𝑠), 𝛼(𝑠))𝑑𝑠,

∫𝑡
0 Γ(𝑠, 𝜁(𝑠), 𝜁(𝑠))𝑑𝑠

Then the initial value problem in Equation (8) has a unique solution in 𝐶 (𝐼 ×ℝ2).
Proof: In the case of the initial value problem (Equation (8)), the integral equation is

𝛼(𝑡) = 𝛼0 +
𝑡

∫
0

Γ(𝑠,𝛼(𝑠),𝛼(𝑠))𝑑𝑠.

Let 𝐴 = 𝐶 (𝐼 ×𝑅2) and let 𝜍𝑏 (𝛼,œ,𝛽) = |𝛼−𝛽| + |œ−𝛽| for 𝛼,œ,𝛽 ∈ 𝐴. Then (𝐴,𝜍𝑏) is a complete 𝑆𝑏-metric space
with 𝜗 = 2.

Define 𝜓,𝜙 ∶ 𝐴×𝐴 → [0,∞) by 𝜓(𝛼,œ) = |𝛼−œ| and 𝜙(𝛼,œ) = 2|𝛼−œ| and
𝜘 ∶ (−∞,+∞) → (0,1) by 𝜘(𝑡) = 2

5 . Define Λ ∶ 𝐴2 → 𝐴 by

Λ(𝛼,𝜁)(𝑡) = 𝛼0 +
𝑡

∫
0

Γ(𝑠,𝛼(𝑠),𝜁(𝑠))𝑑𝑠,
Now
𝜍𝑏(Λ(𝜌,𝜚)(𝑡),Λ(𝜌,𝜚)(𝑡),Λ(𝜇,𝜈)(𝑡)) = 2(Λ(𝜌,𝜚)(𝑡)−Λ(𝜇,𝜈)(𝑡)|
= 2∣

𝑡
∫
0

Γ(𝑠,𝜌(𝑠),𝜚(𝑠))𝑑𝑠−
𝑡

∫
0

Γ(𝑠,𝜇(𝑠),𝜈(𝑠))𝑑𝑠∣

= 2∣ 1
5 𝑚𝑎𝑥{∫𝑡

0 Γ(𝑠,𝜌(𝑠) ,𝜌 (𝑠))𝑑𝑠,
∫𝑡
0 Γ(𝑠,𝜚(𝑠) ,𝜚 (𝑠))𝑑𝑠}− 1

5 𝑚𝑎𝑥{∫𝑡
0 Γ(𝑠,𝜇(𝑠) ,𝜇(𝑠))𝑑𝑠,
∫𝑡
0 Γ(𝑠,𝜈 (𝑠) ,𝜈 (𝑠))𝑑𝑠 }∣

≤ 2
5 𝑚𝑎𝑥{∣∫𝑡

0 Γ(𝑠,𝜌(𝑠) ,𝜌 (𝑠))𝑑𝑠−∫𝑡
0 Γ(𝑠,𝜇(𝑠) ,𝜇(𝑠))𝑑𝑠∣

∣∫𝑡
0 Γ(𝑠,𝜚(𝑠) ,𝜚 (𝑠))𝑑𝑠−∫𝑡

0 Γ(𝑠,𝜈 (𝑠) ,𝜈 (𝑠))𝑑𝑠∣}

≤ 2
5 𝑚𝑎𝑥{|𝜌(𝑡)−𝜇(𝑡)| ,

|𝜚 (𝑡)−𝜈 (𝑡)| }
≤ 𝜘(𝜓(𝜌,𝜇))𝜓(𝜌,𝜇)+𝜘(𝜙(𝜚,𝜈))𝜙(𝜚,𝜈)
Hence, there is only one solution to the Equation (8) in 𝐴, based on Corollary 3.4.
We now provide the primary outcome on the application to homotopy theory.
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3.6.2 Theorem:
Ι and Ι are two open and closed subsets of 𝐴 such that Ι ⊆ Ι. Let (𝐴,𝜍𝑏) be a complete 𝑆𝑏-metric space. Assume that
Α𝑏 ∶ Ι2 ×[0,1] → 𝐴 is an operator that satisfies the subsequent requirements:

(𝜏0)𝛼 ≠ Α𝑏(𝛼,œ,𝜒) and œ ≠ Α𝑏(œ,𝛼,𝜒) for each 𝛼,œ ∈ 𝜕Ι and 𝜒 ∈ [0,1] (here 𝜕Ι denotes the boundary of Ι in 𝐴),
(𝜏1) 𝜍𝑏(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼,œ,𝜒),Α𝑏(𝑙,𝛽,𝜒)) ≤ 𝜘(𝜓(𝛼, 𝑙))𝜓(𝛼, 𝑙)−𝜓(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝑙,𝛽,𝜒))

+𝜘(𝜙(œ,𝛽))𝜙(œ, 𝑙)−𝜙(Α𝑏(œ,𝛼,𝜒),Α𝑏(𝛽, 𝑙,𝜒))
∀ 𝛼,œ, 𝑙,𝛽 ∈ Ι, 𝜒 ∈ [0,1] and 𝜓,𝜙 ∶ 𝐴×𝐴 → [0,∞) are lower semi continuous functions and, 𝜘 ∶ (−∞,+∞) → (0,1) is a

continuous function.
(𝜏2) there exists 𝑀 ≥ 0 such that

𝜍𝑏(Α𝑏(𝑙,𝛽,𝜒),Α𝑏(𝑙,𝛽,𝜒),Α𝑏(𝑙,𝛽,𝜇)) ≤ 𝑀 |𝜒−𝜇|
for every 𝑙,𝛽 ∈ Ι and 𝜒,𝜇 ∈ [0,1].
Then Α𝑏(.,0) has a coupled fixed point ⇔ Α𝑏(.,1) has a coupled fixed point.
Proof: Consider the set

Υ = {𝜒 ∈ [0,1] ∶ 𝛼 = Α𝑏(𝛼,œ,𝜒) and œ = Α𝑏(œ,𝛼,𝜒) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼,œ ∈ Ι}.
We have (0,0) ∈ Υ2 since Α𝑏(.,0) has a coupled fixed point in Ι. Thus, Υ is a set that is not empty. We will demonstrate

that Υ is both open and closed in [0,1]. Consequently, Υ = [0,1] by virtue of connectedness. Consequently, there is a coupled
fixed point for Α𝑏(.,1) in Ι. We first demonstrate the closure of Υ in [0,1]. Using 𝜒𝑧 → 𝜒 ∈ [0,1] as 𝑧 → ∞, let (𝜒𝑧}∞

𝑧=1 ⊆ Υ.
We have to demonstrate that 𝜒 ∈ Υ. ∃𝛼𝑧,œ𝑧 ∈ Ι with 𝛼𝑧 = Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧) and œ𝑧 = Α𝑏(œ𝑧,𝛼𝑧,𝜒𝑧), since 𝜒𝑧 ∈ Υ for
𝑧 = 1,2,3,⋯.

Think About
𝜍𝑏(𝛼𝑧,𝛼𝑧,𝛼𝑧+1) = 𝜍𝑏(Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧+1))

≤ 2𝜗𝜍𝑏(Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧))
+𝜗2𝜍𝑏(Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧+1))

≤ 2𝜗𝜍𝑏(Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧))++𝜗2𝑀 (𝜒𝑧 −𝜒𝑧+1| .
Letting 𝑧 → ∞, we get
𝑙𝑖𝑚

𝑧→∞
1

2𝜗 𝜍𝑏(𝛼𝑧,𝛼𝑧,𝛼𝑧+1) ≤ 𝑙𝑖𝑚
𝑧→∞

𝜍𝑏(Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧))+0

≤ 𝑙𝑖𝑚
𝑧→∞

( 𝜘(𝜓(𝛼𝑧,𝛼𝑧+1))𝜓(𝛼𝑧,𝛼𝑧+1)−𝜓(𝐴𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),𝐴𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧))
+𝜘(𝜙(œ𝑧,œ𝑧+1))𝜙(œ𝑧,œ𝑧+1)−𝜙(𝐴𝑏(œ𝑧,𝛼𝑧,𝜒𝑧),𝐴𝑏(œ𝑧+1,𝛼𝑧+1,𝜒𝑧)))

< 𝑙𝑖𝑚
𝑧→∞

( 𝜓(𝛼𝑧,𝛼𝑧+1)−𝜓(Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧))
+𝜙(œ𝑧,œ𝑧+1)−𝜙(Α𝑏(œ𝑧,𝛼𝑧,𝜒𝑧),Α𝑏(œ𝑧+1,𝛼𝑧+1,𝜒𝑧)))

< 𝑙𝑖𝑚
𝑧→∞

( 𝜓(𝛼𝑧,𝛼𝑧+1)−𝜓(Α𝑏(𝛼𝑧,œ𝑧,𝜒𝑧),Α𝑏(𝛼𝑧+1,œ𝑧+1,𝜒𝑧+1))
+𝜙(œ𝑧,œ𝑧+1)−𝜙(Α𝑏(œ𝑧,𝛼𝑧,𝜒𝑧),Α𝑏(œ𝑧+1,𝛼𝑧+1,𝜒𝑧+1)))

𝑙𝑖𝑚
𝑧→∞

(𝜓(𝛼𝑧,𝛼𝑧+1)−𝜓(𝛼𝑧,𝛼𝑧+1))+ 𝑙𝑖𝑚
𝑧→∞

(𝜙(œ𝑧,œ𝑧+1)−𝜙(œ𝑧,œ𝑧+1))
= 0.

So

𝑙𝑖𝑚
𝑧→∞

𝜍𝑏(𝛼𝑧,𝛼𝑧,𝛼𝑧+1) = 0 𝑎𝑛𝑑 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑙𝑖𝑚
𝑧→∞

𝜍𝑏(œ𝑧,œ𝑧,œ𝑧+1) = 0. (9)

We now demonstrate that in (𝐴,𝜍𝑏), {𝛼𝑧} and {œ𝑧} are 𝜍𝑏-Cauchy sequences. Assume, however, that {𝛼𝑧} and {œ𝑧} are not
𝜍𝑏- Cauchy. 𝑧𝑘 > 𝑤𝑘 is the result of monotonic rising sequences of natural numbers {𝑤𝑘} and {𝑧𝑘}, when 𝜖 > 0.

𝜍𝑏(𝛼𝑤𝑘
,𝛼𝑤𝑘

,𝛼𝑧𝑘
) ≥ 𝜖, 𝜍𝑏(œ𝑤𝑘

,œ𝑤𝑘
,œ𝑧𝑘

) ≥ 𝜖 (10)

and

𝜍𝑏(𝛼𝑤𝑘
,𝛼𝑤𝑘

,𝛼𝑧𝑘−1) < 𝜖, 𝜍𝑏(œ𝑤𝑘
,œ𝑤𝑘

,œ𝑧𝑘−1) < 𝜖. (11)

Utilizing the Lemma (2.4) and (Equation (10)), (Equation (11)), we derive
𝜖 ≤ 𝜍𝑏(𝛼𝑤𝑘

,𝛼𝑤𝑘
,𝛼𝑧𝑘

)
≤ 2𝜗𝜍𝑏(𝛼𝑤𝑘

,𝛼𝑤𝑘
,𝛼𝑤𝑘+1)+𝜗2𝜍𝑏(𝛼𝑤𝑘+1,𝛼𝑤𝑘+1,𝛼𝑧𝑘

).
Using the Lemma (2.4) and letting 𝑘 → ∞, we have

𝜖 ≤ 𝑙𝑖𝑚
𝑘→∞

𝜗2𝜍𝑏(𝛼𝑤𝑘+1,𝛼𝑤𝑘+1,𝛼𝑧𝑘
)

≤ 𝑙𝑖𝑚
𝑘→∞

𝜗2𝜍𝑏 (Α𝑏(𝛼𝑤𝑘+1
,œ𝑤𝑘+1

,𝜒𝑤𝑘+1
),Α𝑏(𝛼𝑤𝑘+1

,œ𝑤𝑘+1
,𝜒𝑤𝑘+1

),Α𝑏(𝛼𝑧𝑘
,œ𝑧𝑘

,𝜒𝑧𝑘
))
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≤ 𝑙𝑖𝑚
𝑘→∞

2𝜗3𝜍𝑏 (Α𝑏(𝛼𝑤𝑘+1
,œ𝑤𝑘+1

,𝜒𝑤𝑘+1
),Α𝑏(𝛼𝑤𝑘+1

,œ𝑤𝑘+1
,𝜒𝑤𝑘+1

),Α𝑏(𝛼𝑧𝑘
,œ𝑧𝑘

,𝜒𝑤𝑘+1
))

+ 𝑙𝑖𝑚
𝑘→∞

𝜗4𝜍𝑏 (Α𝑏(𝛼𝑧𝑘
,œ𝑧𝑘

,𝜒𝑤𝑘+1
),Α𝑏(𝛼𝑧𝑘

,œ𝑧𝑘
,𝜒𝑤𝑘+1

),Α𝑏(𝛼𝑧𝑘
,œ𝑧𝑘

,𝜒𝑧𝑘
))

which implies that
𝜖

2𝜗3 ≤ 𝑙𝑖𝑚
𝑘→∞

𝜍𝑏 (Α𝑏(𝛼𝑤𝑘+1
,œ𝑤𝑘+1

,𝜒𝑤𝑘+1
),Α𝑏(𝛼𝑤𝑘+1

,œ𝑤𝑘+1
,𝜒𝑤𝑘+1

),Α𝑏(𝛼𝑧𝑘
,œ𝑧𝑘

,𝜒𝑤𝑘+1
))

≤ 𝑙𝑖𝑚
𝑘→∞

( 𝜘(𝜓(𝛼𝑤𝑘+1
,𝛼𝑧𝑘

))𝜓(𝛼𝑤𝑘+1
,𝛼𝑧𝑘

)−𝜓(Α𝑏(𝛼𝑤𝑘+1
,œ𝑤𝑘+1

,𝜒𝑤𝑘+1
),Α𝑏(𝛼𝑧𝑘

,œ𝑧𝑘
,𝜒𝑤𝑘+1

))
+𝜘(𝜙(œ𝑤𝑘+1

,œ𝑧𝑘
))𝜙(œ𝑤𝑘+1

,œ𝑧𝑘
)−𝜙(Α𝑏(œ𝑤𝑘+1

,𝛼𝑤𝑘+1
,𝜒𝑤𝑘+1

),Α𝑏(œ𝑧𝑘
,𝛼𝑧𝑘

,𝜒𝑤𝑘+1
)))

< 𝑙𝑖𝑚
𝑘→∞

( 𝜓(𝛼𝑤𝑘+1
,𝛼𝑧𝑘

)−𝜓(Α𝑏(𝛼𝑤𝑘+1
,œ𝑤𝑘+1

,𝜒𝑤𝑘+1
),Α𝑏(𝛼𝑧𝑘

,œ𝑧𝑘
,𝜒𝑤𝑘+1

))
+𝜙(œ𝑤𝑘+1

,œ𝑧𝑘
)−𝜙(Α𝑏(œ𝑤𝑘+1

,𝛼𝑤𝑘+1
,𝜒𝑤𝑘+1

),Α𝑏(œ𝑧𝑘
,𝛼𝑧𝑘

,𝜒𝑤𝑘+1
)))

< 𝑙𝑖𝑚
𝑘→∞

(𝜓(𝛼𝑤𝑘+1
,𝛼𝑧𝑘

)−𝜓(𝛼𝑤𝑘+1
,𝛼𝑧𝑘

))+ 𝑙𝑖𝑚
𝑘→∞

(𝜙(œ𝑤𝑘+1
,œ𝑧𝑘

)−𝜙(œ𝑤𝑘+1
,œ𝑧𝑘

))
= 0.
Therefore, 𝜖 < 0, indicating a paradox. Consequently, A 𝜍𝑏-Cauchy sequence in (𝐴,𝜍𝑏) is {𝛼𝑧}. Similarly, by demonstrating

the completeness of (𝐴,𝜍𝑏), we can show that {œ𝑧} is a 𝜍𝑏-Cauchy sequence in (𝐴,𝜍𝑏) and that 𝛼,œ ∈ Ι exist.

𝑙𝑖𝑚
𝑧→∞

𝛼𝑧 = 𝛼 = 𝑙𝑖𝑚
𝑧→∞

𝛼𝑧+1 𝑎𝑛𝑑 𝑙𝑖𝑚
𝑧→∞

œ𝑧 = œ = 𝑙𝑖𝑚
𝑧→∞

œ𝑧+1. (12)

From Lemma (2.5), we have
1

2𝜗 𝜍𝑏(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼,œ,𝜒),𝛼) ≤ 𝑙𝑖𝑚
𝑧→∞

𝑖𝑛𝑓 𝜍𝑏(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼𝑧,œ𝑧,𝜒))

< 𝑙𝑖𝑚 𝑖𝑛𝔣 ( 𝑥(𝜓(𝛼,𝛼𝑧))𝜓(𝛼,𝛼𝑧)−𝜓(𝐴𝑏(𝛼,œ,𝑥) 𝐴𝑏(𝛼𝑧,œ𝑧,𝑥)
+𝑥(Φ(œ,𝑧 ))Φ(œ,œ𝑧)−Φ(𝐴𝑏(œ,𝛼,𝑥), 𝐴𝑏(œ𝑧,𝛼𝑧,𝑥)))

< lim𝑘→∞ 𝑖𝑛𝔣 (𝜓(𝛼,𝛼𝑧)−𝜓(𝛼,𝛼𝑧)
𝜓(𝛼,𝛼𝑧)−𝜓(𝛼,𝛼𝑧))

= 0.
𝛼 = Α𝑏(𝛼,œ,𝜒) follows as a consequence, and in a similar vein, we can demonstrate œ = Α𝑏(œ,𝛼,𝜒). Consequently,

𝜒 ∈ Υ. Υ is therefore closed in [0, 1]. Assume 𝜒0 ∈ Υ. After that, 𝛼0 = Α𝑏(𝛼0,œ0,𝜒0) and œ0 = Α𝑏(œ0,𝛼0,𝜒0) exist in Ι.
Given that Υ is open, 𝐵𝜍𝑏

(𝛼0, 𝛿) ⊆ Υ and 𝐵𝜍𝑏
(œ0, 𝛿) ⊆ Υ. Such occurs for 𝛿 > 0. To ensure that |𝜒−𝜒0| ≤ 1

𝑀𝑧 < 𝜖, choose
𝜒 ∈ (𝜒0 −𝜖,𝜒0 +𝜖). Then, given

𝛼 ∈ 𝐵𝑏(𝛼0, 𝛿) = {𝛼 ∈ 𝐴/𝜓(𝛼,𝛼0) = 𝜍𝑏(𝛼,𝛼,𝛼0) ≤ 𝛿} and
œ ∈ 𝐵𝑏(œ0, 𝛿) = {œ ∈ 𝐴/𝜓(œ,œ0) = 𝜍𝑏(œ,œ,œ0) ≤ 𝛿}
𝜍𝑏(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼,œ,𝜒),𝛼0)

= 𝜍𝑏(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼0,œ0,𝜒0))
≤ 2𝜗

𝑀𝑛−1 +𝜗2𝜍𝑏(Α𝑏(𝛼,œ,𝜒0),Α𝑏(𝛼,œ,𝜒0),Α𝑏(𝛼0,œ0,𝜒0)).
Letting 𝑧 → ∞, we obtain
1

𝜗2 𝜍𝑏(Α𝑏(𝛼,œ,𝜒),Α𝑏(𝛼,œ,𝜒),𝛼0) ≤ 𝜍𝑏(Α𝑏(𝛼,œ,𝜒0),Α𝑏(𝛼,œ,𝜒0),Α𝑏(𝛼0,œ0,𝜒0))
≤ ( 𝜘(𝜓(𝛼,𝛼0))𝜓(𝛼,𝛼0)−𝜓(𝐴𝑏 (𝛼,œ,𝜒0) ,𝐴𝑏 (𝛼0,œ0,𝜒0))

+𝜘(𝜙(œ,œ0))𝜙(œ,œ0)−𝜙(𝐴𝑏 (œ,𝛼,𝜒0) ,𝐴𝑏 (œ0,𝛼0,𝜒0)))
< 𝜓(𝛼,𝛼0)+𝜙(œ,œ0)

= 𝜍𝑏 (𝛼,𝛼,𝛼0)+𝜍𝑏(œ,œ,œ0)
≤ 2𝛿

and similarly
1

𝜗2 𝜍𝑏(Α𝑏(œ,𝛼,𝜒),Α𝑏(œ,𝛼,𝜒),œ0) ≤ 2𝛿 +𝜍𝑏(𝛼0,𝛼0,𝛼0)+𝜍𝑏(œ0,œ0,œ0)
Therefore, we conclude that

𝑚𝑎𝑥{𝜍𝑏 (Α𝑏 (𝛼,œ,𝜒) ,Α𝑏 (𝛼,œ,𝜒) ,𝛼0)
𝜍𝑏 (Α𝑏 (œ,𝛼,𝜒) ,Α𝑏 (œ,𝛼,𝜒) ,œ0)} ≤ 2𝜗2𝛿

For any fixed𝜒 ∈ (𝜒0 −𝜖,𝜒0 +𝜖), then for each Α𝑏(.,𝜒) ∶ 𝐵𝑏(𝛼0, 𝛿) → 𝐵𝑏(𝛼0, 𝛿) and Α𝑏(.,𝜒) ∶ 𝐵𝑏(œ0, 𝛿) → 𝐵𝑏(œ0, 𝛿).
Then, Theorem (5) meets all of its requirements. From this, we infer that there is a coupled fixed point for Α𝑏(.,𝜒) in Ι.
This connected fixed point, however, needs to be in Ι. For all 𝜒 ∈ (𝜒0 − 𝜖,𝜒0 + 𝜖), 𝜒 ∈ Υ. Thus, Υ is open in [0, 1] since
(𝜒0 −𝜖,𝜒0 +𝜖) ⊆ Υ. We employ the identical method for the opposite inference.
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4 Conclusion
This study has proved common coupled fixed point results in S𝑏-metric space by using Caristi type contractions which
generalize several existing results in the literature and also presented applications to integral equations and to homotopy theory.
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