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Abstract

Objective: To initiate some new Caristi-type contractions on complete S;-
metric spaces. Methods: Caristi-type contractions of four mappings together
with w-compatibility in S, - metric space used to derive some common coupled
fixed-point theorems. Findings: We obtained new common coupled fixed-
point results in complete S,- metric spaces by using Caristi-type contractions
which generalize some existing results in the literature and validated them with
an appropriate example. Novelty: By defining a new Caristi type contraction,
we have established a common coupled fixed-point result and have given some
applications to integral equations as well as homotopy theory of common

coupled fixed point results in S,- metric spaces.
Keywords: Caristi type mappings; Coupled fixed point; Complete S,-metric
spaces; lower semi continuous mappings; w—compatible mappings

1 Introduction

The notion of Banach contraction principle was introduced by S. Banach in 1922. It
is a fundamental tool in nonlinear analysis and has been extended and generalized
in various types of metric spaces by several researchers. One such most useful and
important generalization of the contraction principle was given by Caristi. Afterwards
this result was improved and extended to various generalized spaces by different authors
(see, e.g., ™).

Recently Sedghi et al. by using the concept of S and b-metric spaces, Sy-metric
space was introduced, and established common fixed point results in Sy -metric spaces.
Subsequently, many authors established so many results on S;-metric spaces (see,
e.g., 7).

In 1987, Guo and Lakshmikantham first developed the idea of coupled fixed points.
Later, employing a weak contractivity type assumption, Bhaskar and Lakshmikantham
developed a novel fixed point theorem for mixed monotone mapping in a metric space
driven with partial ordering. For the first time, weak compatibility was introduced in
1998 by Jungck and Rhoades, and they demonstrated that the inverse is not true, even
though compatible mappings are weakly compatible. Recently, several types of metric
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spaces have been developed, and some coupled fixed point results have been studied (see, e.g., *~1?).

Nowadays, the fixed point theory has been attracting several mathematics researchers due to its applications in the various
fields of mathematics such as differential equations, integral equations, and homotopy theory etc.

Motivated by the work done recently on fixed point theory with different approaches by numerous mathematicians, the
present study is aimed at providing coupled common fixed point theorems in the context of .S, -metric spaces by defining and
using a new type of contraction mapping of the Caristi type which improves several existing results in the literature. We also
gave instances of proper and pertinent applications to homotopy theory and integral equations.

2 Methodology

First, we recall some basic definitions and results.

2.1 Definition(©®:

Given a non-empty set A, let ) > 1 be a real number. Assume the following conditions are met by a mapping ¢, : A — [0, c0) :
(1) 0<gp(a,ce,f) forall a,ce,f € Awith a+ e #+ j,

(§b2) Sb (Oé,(f.‘,ﬁ) =0 a=e= Ba
(§b3) Sh (Oé, 0375) < 7‘9(§b (av 0[79) + Sb ((B, e, 0) +§b (57679)) for all 0[7(B,ﬂ, 0e A
The combination (A, ¢, ) is referred to as a S} -metric space, and the function ¢, is called a S} -metric on A.

2.1.1 Example ©:

Let S, (a,ce, 3) = S(av, e, 3)”, where 7 > 1 is a real number, and let (A4,.5) be an S-metric space. Then, S, with ¢ = 22(7—1)
is a S} -metric.

2.2. Definition(©:

Assume the S, -metric space (A,s;). In A, consider a sequence {a, }.
(1) If thereis a zy € N such that ¢, (o, ,, ov,,,) < € for any w, z > 2, then {«,, } is ¢, -Cauchy sequence.
(2) If, for every € > 0, there exists a positive integer z, such that ¢, (o, a,, ) < e or
S (a,,a,a,) < eforall z > z,, then{a } is ¢, -convergent to a point « € A.

We denote this as lim o, = a.
zZ— 00

(3) If every ¢, -Cauchy sequence is ¢ -convergent in A, then (A, ¢, ) is called a complete S}, -metric space.
2.3.Lemma‘®:
In a S, -metric space, we have
S (aya08) <Yy (e, ce, ) and ¢ (e, 02, ) < Vg (v, ce).
2.4.Lemma‘®:
In a Sy -metric space, we have
(v, r,08) < 20¢, (v, c, B) + 926, (B, B, ce).
2.5Lemma® :

Assuming that {a, } is a g -convergent to « and that (4,,) is a S, -metric space with
¥ > 1. We obtain
(Z) %§b<m7(ﬁ7a) < zlgngolnf Cb((E,(E,OéZ) < 2’l9§b ((B,(B, Oé) and
(i1) 325 (a,a,08) < Zlinozoinf S (g, ) <926, (o, ce)

for all ce € A. In particular, if a = ce, then we have lim ¢, (a,,a,,0e) =0.
zZ— 00
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2.6. Definition”):

Consider the S -metric space (A, ). A pair (X, Z) is called
(a) coupled fixed point of Q: A2 — AifQ(X,2) =X, Q(Z,X)=ZforX,Z € A;
(b) coupled coincident point of Q: A2 — Aand A: A — Aif F(X,Z2) =AX, Q(Z,X)=
(c) coupled common points of Q: A2 — Aand A: A — AifQ(X,Z) = AX =X, Q (Z,X)=AZ=7;
(d) the pair (2, A) is weakly compatible if A(Q(X,Z)) = Q(AX,AZ) and A(Q(Z,X)) = Q(AZ,AX) whenever for all
X,Z € Isuchthat Q(X,2) =AX, Q(Z,X)=AZ.

AZ;

3 Results and Discussion

We derive a coupled fixed-point theorem with the help of a new Caristi-type contraction in this part.

3.1 Theorem:

Consider a complete S, -metric space (A, ¢, ) with coefficient 1 > 1. Let there be four mappings, I',Q2: 42 — A, A, ®: A — A
with

2046, (T (e, 00), T(av, ce), (B, 0)) < 1) ((Aar)) (Aar) — 5 (T (e, 00)) + 1) (p(Ace)) o (Ace) — o (T (ce, ) ()
+9 (V(®5)) 1(®8) =7 (B, 0)) + ¥ (x(Pe)) x(Pe) —x (e, 8))

for all o, ce, 8,0 € Aand »,p,7,x : A — [0, ).
are lower semi-continuous functions and, ¢ : (—o0,+00) — (0, 1) be continuous function and satisfying
(ig) T(A%) C ®(A)and Q(A%) C A(A),
(iy) (T, A) and (9, @) are w-compatible,
(i) either A(A) or ®(A) is a complete subspace of A.
Then, in A, there exists a unique common coupled fixed point of I',{2, A, and ®.
Proof: Let 3, (, € A be arbitrary, and from (i) we construct the sequences {3, },{¢,}, {@,} and {ce,},in A as

F<ﬂ2z7<2z) = q)ﬂ2z+l = Qg F(<2z7ﬂ2z) = ¢C2z+1 =g,

Q (52z+1>C2z+1) =ABg,i0 =09, 1, (C2z+17ﬁ2z+1) =Ao 0 =09, 1, where 2=0,1,2,... .

In A, we now demonstrate that, I, Q, A, and ® have a CCFP(common coupled fixed point). For every z, let us assume that
Sp(Qug,, g, 09, 1) > 0 and g (cey,,05,,05,, 1) > 0. In the absence of this, there is some positive integer z such that
Qg, =0y, 1, @y, =@y, 1,and so on. The proofis finished, and (a5, a5, ) is a coupled fixed point of I", 2, A, ®.
Using Equation (1), we obtain for each z € N
0 <Gp(An,i0,00,10,00,.1) < 2194§b(r(52z+2aC22+2)7F(522+27C2z+2>79(ﬁ22+1v<2z+1)>
l/f( (A52z+2)) (A52z+2) (F<B2z+27<2z+2))
( <A<2z+2 ) A<2z+2 (F<<2z+27ﬂ2z+2))
( ((I)BQZJrl ) (I)ﬁ2z+1 (Q(ﬁ2z+17<2z+1))
(‘I’szﬂ)) (I)C22+1 X(2(C2z41:P2241))
<¢( a22+1 )% a22+1 %(a22+2)
+1(p(e2z+1)) ploen, 1) — o (s,42)
+¢( (Oé2z)>7(a22> 7(a2z+1)
1 (x(en,)) x(0ea,) —x (@2, 41)
<n(Qgy1) = #(Qgai0) F (o, 01) —p (2, 00)

Fy(ag,) =7 (g, 1) +x(e,) —x (e, 1) (2)

By similar arguments, we obtain

Sp(eg,i0,00, 0,00, 1) < H(Qg, 1) — (a2z+2) +plees, 1) —p (Oe2z+2) (3)
+v(ag,) =7 (0422+1) +x(ees,) —x (Oe2z+1) .

https://www.indjst.org/ 3220


https://www.indjst.org/

Swapna & Nagaraju / Indian Journal of Science and Technology 2024;17(31):3218-3227

Combining Equation (2) and Equation (3), we can get

§b<a2z+2aazz+2a 042z+1)» }
mazx < X(a — X(« +
{{ olazmtzm o Xanei)= XKlazens

—p(ea, o) +7(as,) — @)
Y(ag,i1)+ X (ey,) — X(ceg, +1).
and
(#(agzp0) 9 (®azi0)) + (v (Qaar1) Fx (0 11)) < (s, i1) F9(@as0 1)) + (V) +X(ces, ) (5)

It can be seen from this, the sequences ({# (a5 )}, {p(ce5,)}) and ({v(aq, )}, {Xx (ce5,)}) of non-negative real numbers that
are not increasing. As a result, they have to converge to w, ,wq, w5, w, > 0 in turn.
Let w; >0, wy > 0, w3 > 0, or wy > 0. We obtain contradiction by letting z — oo in Equation (5). Thus,

lim n(ag,)=0= lzm p((JeQZ) and lim vy (aq,) =0= lzm X(erZ) (6)

zZ— 00 zZ—00

For every two positive integers z and w with w > z, using Equations (3) and (4),

Splagy, gy, ag,,) <V (§b<a22zva2za Qgpi1) F6p (Ao, oy 1) 63 (A Aoy X st 1)
<206, (g, 0n,, 00, 1) +0 gb(a2z+17a2z+17a2w) .
<206, (ag,,00,,00,11) +20°6, (A4 1, Q01,0 y0) TU5G (A, 10,0040, 00y,
< 29g, gO(Qf’aQZ’ 042z+1) + 2193% (02z+1,042z+1,a2z+2>
o V2RG (g1, Qg1 Vo)

n(ag, 1) —n(ag,) +p(eg, 1)—p(ces,)
< 29

+y(ag,) =7 (agp1) +x(Re,) =X (®2,01)

3 n(Qg,) =% (@) +@(032z>_@<032z+1> ...... 2g-1 #(Qgpp—2) = % (Qgyy_1) + (0, o) =9 (2,,_1)

429 + +

Fy(g, 1) =7 (g, p0) +x(@s, 1) =X (02,1 0) FY(2y—1) =7 (Q2q) + X (002, 1) — X (24,)
as z,w — 00, and from Equation (6) we have lim ¢, (aq,,0q,,05,,) = 0.

Z,W—00

Similarly, we can prove lim ¢, (ceq,,0,,,0e5,,) = 0. Hence, {a5, } and {ce,, } are ¢, -Cauchy sequences in complete
Z,W— 00

G, -metric spaces (A, ). Suppose A(A) is a complete subspace of (A, ), so that {a,, }, {05, } € A(A). Then the sequences
{5}, {ce,, } are convergent to v, ce respectively in A(A) with

Zlmgoauﬂ =a lﬁgoo%zﬂ =® (7)
Since A: A — Aand o, ce € A(A), thereexistl, B € A such that Al = « and A = ce. Since %, ,7, x are lower semi-continuous
functions, hence

zlim %<a22+1) - %(O{), zlim p(CEQerl) p((E)a ZZLTEO,Y(O[Zz) = 7(04)7 zlgngOX((BQz) = X((B>

From Equation (6), we get #(a) = p(ce) = y(a)) = x(ce) = 0. We claim that I'({, §) = a« and I'(3,1) = ce. Suppose I'(1, 5) # «
and I'(B,1) # ce by Lemma (2.5), we have that
ﬁgb (F(Z75)7F(l7ﬂ)7a) S lergoinfgb <F<l7ﬁ)7r(l7ﬁ)aap) .
Now from Equation (1), we have

193gb (F(Z’ﬂ)vr(l75)7a> < zlingoinfgﬁ4§b (F(l ﬂ) F(lvﬁ)aa )
¥ (p(

¥ (s (AD) m (Al) — (I (1, B)) + AB))p (AB)—p (T (8,0))
<zzggomf( 08785 10 (0. 60.) )
((I)CQZD ((I)<2z) ( (<227ﬂ2z))
P (x Al )= (L(1,8)) + ¢ (p(AB)) p(AB) — o (T(B,1))
<Zlﬁgomf( Y (Y(ag,_1))v(ag, 1) —7(as,) )
1) (x(0eg,_1)) x(0ea,_1) — X (ce2,)

<#n(Al) %( lﬁ AB) —p(T'(5,1))
<%(Al) p(AB) =
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Consequently, ¢, (I'(1, 5),T'(1, 5), ) = 0 implies I'(, ) = a = Al. We obtain I'(5,1) = ce = AS in the same manner. We
have I'(«v,ce) = Aavand T'(ce, o) = Ace since {T", A} is a weakly compatible pair. We now establish that Ace = ce and Aav = ua.
We know from Lemma (2.5) that

556 (Ao, Ao, o) < Zliﬂgoinf (Ao, Aa,ag ).

Now from Equation (1), we have
936, (Aa, A, @) < lim in f20%6, (D(a, ), T(a, ), Q(B5, ()

Y (x (Aa)) (Aa) (I, 0e)) + 4 (p(Ace)) p(Ace) — o (I'(ce,ax))
ézlirgoznf ( (@52,2)) ((I)BZZ) ( (52z7§2z>)
Y (n(Aa)) % (Aa) (I (047 )+ ( ( )) (Ace) — o (I'(ce, @)
Szlﬁ?omf +(v(ag,_1))v(ag, 1) —7(as,)
+ (x(0es, 1)) x(0ea, 1) —x(ces,)

<n(Aa)—n(T(a,ce)) +p(Ace)—p (T'(ce,a)) = 0.

In this way, we may demonstrate that Ace = ce and that Acw = «. Consequently, I'(ar,0e) = Ao = avand I'(ce, o) = Ace = e
follow. As a result, (o, ce) is A and I''s CCFP(common coupled fixed point). There exist X, Z € A such that I'(«,0e) = a = X
and I'(ce,a) = ce = ®Z because I'(A2) C ®(A).

Now consider

Sh (a7a’Q(X?Z)):§b( (Oé,(B), (a ’(E> ( Z))

< 20, (T(av,00), T (e, 00), UX, 7))

< (n(Aa)) n(Aa) — . (D(a,)) 15 (p(A

TP (7(2X)) 7 (PX) =7 (X, 2)) + 9 (x(®

<n(Aa) = (D(e, @) +p(Ae) — o (I(ee,a))

+7(@X) =7 (X, 2)) + x(22) = x (22

7 (a) + x (@) =0.
S (a, 0, (X, Z)) = 0 implies (X, Z) = « as a result. In a similar way, we obtain 2(Z,X) = ce. We have Q(a, ) = P

and Q(ce, ) = Poe since {2, P} is a weakly compatible pair. The proofs of P = o and Poe = ce are now given. We know from
Lemma (2.5) that
#gb(avaaq)oo < Zliqz‘oznf §b<a227a2z7©a)
Now from Equation (1), we have
202G, (v, @, @) < zlﬁgomf 206, (T(B22:C22), T (Baz, Caz). e, ce))
,(/)(%(Aﬁzz))%(ABZz)_%(F(ﬁ2z7g2z))
( + (p(AC2.)) p(AG,) — 9 (I'(Caz: Baz)) )

P (v(Pa))y(Pa) =7 (Qa, ) + 9 (x(Pee)) x(Pae) — x (2(ce, )
< lim znf( (g, 1)) mlag, 1) —n(ag,) + ¥ (p(oey, 1)) p(ey, 1) — (032z)>
- +1/J(7(<I> )(Pa) =7 (Qa, ce)) + 1 (x(Poe)) x(Poe) — x (2(ce, )
<y (®Pa) =7 (e, ) + x(Poe) — x (2(ce, @) = 0.

< liminf

Z— 00

P = « is thus implied by ¢ (o, o, Par) = 0. Thus, Q(ar,0e) = Pax = v, Q(ce, ) = Poe = ce, and Poe = ce are obtained in a
similar manner. Hence, («, ce) is the CCFP(coupled common fixed point) for ®,T', 2, and A. We will demonstrate the common
coupled fixed point’s uniqueness in A in the section that follow. Assume that I',{2, A, and ® have another coupled fixed point
(a ,ce ) for this reason. Next, we have from Equation (1),

S (a,a,a ) < 2094, (a,a,a ) =294, (F(a,oe),f‘(a,oe),Q(a ,0e ))

< haf) (ko) (M) £y R b —p(Tlme))
( o)) ¥(@a’) = (Qa’ ) )+ (x(@ee ) ) x(Bee') —x (Qee’,a))
) (e ) x{0) x (e )
(0 Y= (0 e)) +x(@a) —x (e’ a))

Consequently, S (oz, Q, a/) = 0. Similarly, we obtain ¢ (oe, e, oe/) = 0 which indicates o = .

Specifically, ce = ce . Hence, there is only one UCCFP (unique common coupled fixed point)by I', 2, A, and ®.

Sh (Oé, OZ,(E) < 2194(1) (OZ,O(,(E) = 2194§b (F(O[,(E),F(O[,(E), Q((E, Oé))
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¥ ((Aex))

< (Aer) — ( (a ,Oe
+ (y(Pee))y (( )—
7 (

¥ (p(Ace))p(Ace) —p (I'(ce,a))
ce ¥ (X (D)) X (Par) — x (v, &)
I'(a oe)) % Ao{e)—p(ﬂo&q)),

e, )+ x(Pee ) = x (Qce, a)) =0.

,e) = 0 and so the unique common fixed point of I', 2, A, and @ is of the type («, @).

< z(ha) — ,
+v(Pa ) —y (£
Consequently, ¢, (

)

3.2 Corollary:

Consider a complete S, -metric space(A, ¢, ) with coefficient 9 > 1. Given two mappings, A : A — Aand ' : A2 — A, such
that

20, (D, @), D), (L, B)) < 1 (3(Aa)) #(A) — (T (,08)) + 16 (o (Ace)) o (Ace) — o (T(ce,))

0 (5(AD) 7(AD) 7 (D1, B)) 9 ((AB)) X (AB) — x (T(B,0))

for all a,ce,l,5 € A and %,p,v,x : A — [0,00)re lower semi-continuous functions and, ¢ : (—oo,+0c0) — (0,1) is a
continuous function,

(ig) T(A%) C A(A),

(i) pair (I', A) is w-compatible,

(i) A(A) is a complete subspace of A.

Then, in A, there is a unique common coupled fixed point for I and A.

3.3 Corollary:

Consider a complete S, -metric space (A, ¢, ) with coefficient 9 > 1. Given two mappings, A : A — Aand I' : A2 — A, such
that

206, (D), T c2), T(1, B)) < 2 (1 (A, AD)) 5 (Acw, AT) — 8 (T(at,06), D1, B))

+50(6 (Ace, AB)) & (Ace, AB) — b (D(ce,0), T(B,1)

forall a,ce,l,8 € Aand ¢),¢ : A x A — [0,00)are lower semi-continuous functions and,

% : (—00,4+00) — (0,1) is a continuous function,

(i) T(A2) C A(A),

(i) pair (I', A) is w-compatible,

(i) either A(A) is a complete subspace of A.

Then, in A, there is a UCCFP(unique common coupled fixed point) for I" and A.

3.4 Corollary :

Consider a complete Sy -metric space (A, s, )with coefficient ¥ > 1. Assume that there exists a mapping I' : A2 — A such that
G (T(y02), T (@, ), (1, 8)) < 2 (1 (0, 1)) (0, 1) + 2.6 (ce, 3)) b e, B)
forall o, ce,l,8 € Aand 9,0 : A x A — [0,00) are lower semi-continuous functions and,
n: (—o00,4+00) — (0,1) is a continuous function. Then there is a unique coupled fixed point of T" in A.

3.5 Example:

Letg, : A% — [0,00) be a mapping defined as

o (a,08,8) = (e + B— 20| + (e — B]).

So clearly (A,c) is complete S, -metric space with ¢ = 2. Define I', 2 : A2 — A and

A®:A— AbyD(1,8) =8485, Q(1,8) = L42 and Al =&, @l =1

Let ¢ : (—00,400) — (0,1) as ¢(z) < z. Define four lower semi-continuous functions

1,0,7,x : A— (0,00) as u(l) =1, p(I) = 21,y(I) = 4l and x (1) = 8l. Then clearly the (i), (i1 ), (i5) conditions of Theorem
3.1 are fulfilled. Now for any z,7,0,0 € A

L.H.S = 20%(q,(D(1,), T(1,),(d, U))

20%((T (1,7) + Q(8,8) = 2T (1, )| + (T (1,7) = 2 (3,0))*

. 2
=20 (258 — )Y = L (42 +42 -2 —1?))?
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+15(2(20))5(80) 7 (0,05) +  (x(B)) (D) ~ X (2(D,0)
(e (5)) () (5 ) {005 ol o5
FGEE 2 (B + e () (95)

4 92492 _2J

+z 14— 622+5(52 + 404 — 2522 +32

= %(824 +327% + 3264 + 12804 — 322 — 332 — 302 — 302)

Foralle,7,0,0 €, L.H.S < R.H.S. Asaresult, I, 2, A, and ® have a unique common coupled fixed point (0,0), since the
requirement of Theorem (3.1) holds.

3.6. Applications

As an application to Corollary 3.4, we examine the existence of a unique solution to an initial value problem in this section.
Consider the initial value problem

d
é%:ﬂﬁmw@@»,tGI:mJL(mm:ao (8)
whereI': I x R? — Rand x, € R.

3.6.1. Theorem
Consider the initial value problem in Equation (8) with I' € C(I x R?)

Then the initial value problem in Equation (8) has a unique solution in C (I x R?).
Proof: In the case of the initial value problem (Equation (8)), the integral equation is

at) = ag —|—jF(s,a(s),a(s))ds.

Let A= C (I x R?) and let g, (v, ce,3) = |a— |+ |oe— ] for a,ce, 3 € A. Then (A, ) is a complete S, -metric space
with J = 2.
Define ¢,¢ : A x A — [0,00) by ¢ (o, 0e) = | — ce| and p(av, ce) = 2 |av — ce| and

#: (—00,+00) — (0,1) by (t) = 2. Define A : A% — Aby

Ao ) () = ag + jns,a(s),c(s))ds,

Now
%(A(tp, 0)(t),A(p;0 )(t),A(g»V)@)) =2(A(p,0) (1) = A(p,v) (2)]

= Z‘ff(sm ,0(5) ds—fF(s,u(s),u(s))ds‘
0 0

— 9 1mm{fotr(5’p<5)’f’(3))d3’ _ 1max{fotF(s,u(S),u(S))ds,H
’ T (s.0(s),0(5)d ° T (s,0(s),v(s))ds
< 2max{WWS’P(S)aﬂ(5)>ds—fotF(8,u(s)w(s))ds\}
- UOtF(SaQ<5)79(3))d8—f()tf(s,l/(s),V(s))ds‘
lp(t) —p(t)l,
<gmar {0000

< (@ (p,p) Y (pyp) +2(d(0,v)) ¢ (0,v)

Hence, there is only one solution to the Equation (8) in A, based on Corollary 3.4.
We now provide the primary outcome on the application to homotopy theory.
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3.6.2 Theorem:
I and T are two open and closed subsets of A such that I C I. Let (4,c;,) be a complete S,-metric space. Assume that

=2 . . .
Ay : 1" x[0,1] — Ais an operator that satisfies the subsequent requirements:
(to)a# Ap(a, e, x) and ce # Ay (e, x) for each o, ce € 9T and x € [0, 1] (here OI denotes the boundary of I'in A),
(7_1> §b(Ab(a,(ﬁ‘,X),Ab(a7@,X); Ab(hﬁvX)) Ny (1/1(047 l)) 1#(@,1) —¢ (Ab(av(EvX)va (la 67X))
+r (¢((E, ﬂ)) ¢((E, l) - ¢ (Ab (037 Q, X>7 Ab (67 L, X))

Va,eel,Bel,x€[0,1]and 1), ¢ : Ax A — [0,00) are lower semi continuous functions and, % : (—oo, +00) — (0,1) isa
continuous function.

(75) there exists M > 0 such that

o (Ap (L, 8,X), Ap (L, 8, X), A (L, B, 1)) < M |x — pil

forevery l,5 € Tand x, i € [0,1].

Then A, (.,0) has a coupled fixed point < A, (., 1) has a coupled fixed point.

Proof: Consider the set

T={x€[0,1]:a=A,(a,ce,x)and ce = Ay (ce,ax,x) for some a,ce €1}.

We have (0,0) € T2 since A, (.,0) has a coupled fixed point in I. Thus, T is a set that is not empty. We will demonstrate
that T is both open and closed in [0, 1]. Consequently, T = [0, 1] by virtue of connectedness. Consequently, there is a coupled
fixed point for A, (., 1) in I. We first demonstrate the closure of Y in [0, 1]. Using x, — x € [0,1] as z — 00, let (Xz}:i1 cT.
We have to demonstrate that x € Y. Ja,,ce, € Iwith a, = Ap(a,,ce,,x.) and ce, = Ay(ce,,,,x,), since x, € T for
2=1,2,3,

Think About

gb(azvaz7az+1) = Cb(Ab(azv(ﬁzsz)aAb(az’mwx,z),Ab(az+1’(fz+1sz+1))

< 279§b(Ab<O‘z’(EzaXz>vAb<az’&zax,z)7Ab(az+17(Ez+1sz))
+192§b(Ab(az+1’mz+17Xz)’Ab (az-‘rl’mz—o—l?Xz)’Ab (az+1’mz+17Xz+1)>
< 219§b(Ab(az7mzaXz)’Ab(azﬂmzaXz)7Ab(az+l7(Ez+lﬂXz)) + +192M (Xz —Xz+1 | :
Letting z — oo, we get

im L < U A A A
zlgngozrggb(az’az7az+l>7Zl£z/g‘o§b( b(az7(ﬁz7Xz)7 b(az7mz’Xz)’ b(az+1’(ﬁz+l’Xz))+0

< lim ( %(¢<az’az+1>)¢(az’o‘z+1)_¢<Ab(o‘zvoez’Xz)7Ab(o‘z+1a(fz-&-laXz)) )
o +%(¢(mw(fz—o-l))QS((EZ’(E.HJ)7¢<Ab<mz’O‘zvXz)aAb((ez—o—l701.24-10(7.))
< lim ( w(az’az—o-l)*U](Ab(azvmzvXz)aAb<az+1a(Ez+17Xz)>

F oo +¢(0‘3z’wz+1)_d)(Ab(wzvazsz)aAb((Ez+1vaz+1sz))

< lim ( w(awaerl)_¢(Ab(az7wz7Xz)va(az+1v(Ez+17Xz+1)) )
+¢<Oez7wz+1)_(b(Ab(wzaaz7Xz)?Ab((ﬁerl’aerthJrl))

zlingo ("/}(O‘z7az+1) - w(az’aerl)) + Zlirgo <¢((Ez70ez+1) - ¢((EZ, (Eerl))

=0.
So

zZ— 00

zZ— 00

lim ¢, (o, 0,0, 1) =0 and similarly we prove lim ¢, (ce,,ce,,ce, ;) =0. 9)
zZ— 00 Fande el

We now demonstrate that in (A, ), {a, } and {ce,, } are ¢, -Cauchy sequences. Assume, however, that {c, } and {ce,, } are not
- Cauchy. z;, > wy, is the result of monotonic rising sequences of natural numbers {w;, } and {z;, }, when € > 0.

§b<awk?awk7azk) 26’ gb(mwkamwk7mzk) =€ (10)
and
Cb(awk’awk7azk71)<€7 Cb(mwwmwk?wzkfl) <€ (11)

Utilizing the Lemma (2.4) and (Equation (10)), (Equation (11)), we derive
€ S Cb(awkvawk’azk)

< 219§b (O‘wkvawkvawk—o—l) + 192§b (O‘wk+1’awk+17azk)'
Using the Lemma (2.4) and letting k — oo, we have

. 2
€< lim 976, (@11, 0y 11,02, )

; 2
< kliﬂgoﬂ Sb (Ab(awk+1 7(Ewk+1’xwk+1)7Ab (awarl’(Ewarl ’kau)’Ab(azk’mzk’sz))
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< lim 279397 (Ab(a )7Ab(a Cﬁwk » Xw ) Ab( Czpr Xw ))
k— oo +1 k+1 k k+1

+klirgol94§b (Ab<azk703zk7kaH>7Ab(azkv(fzk7ka+1)7Ab(azkamzkasz))

which implies that

llm gb (Ab( wk+1’mwk+1’ka+1>7Ab(awk+1’(Ewarl’kaJrl)7Ab(azk’mzk’xwk+l))

< lim wk+1? zk))w(awk+laazk>_,(/J(Ab(awk+17mwk+l7ka+l)’Ab(azkamzk)ka+1>)
k~>oo wkﬂi(fzk))¢((Ewk+17(fzk)_(b(Ab((ﬁwkﬂaawkﬂ7ka+l)’Ab((ﬁzkvazwxwkﬂ))

< lim w wkﬂﬂ )_1/1(Ab<awk+17(ﬁwk+17ka+1)7Ab(azk7(Ezk7kaﬂ))
+(ce
(a

e
Wi’ wk+1’ka+1 Wi’

k—oo wk+17 k)_(b(Ab(wwk+l7awk+17ka+1)7Ab<03zk7azk7ka+l)

< lzm ( Uy, 7w(awk>1’azk))+kli720 <¢>(0ewk}1,oezk)—d)(oewk‘l,oezk))

Therefore, € < 0, indicating a paradox. Consequently, A ¢, -Cauchy sequence in (4,<, ) is {a,, }. Similarly, by demonstrating
the completeness of (A, ¢, ), we can show that {ce, } is a ¢, -Cauchy sequence in (A4, ) and that «, ce € I exist.

lima,=a= limaoa and lim e, =o0e = lim ce
Andee) zZ— 00 Z+1 zZ— 00 Z— 00 +1 (12)

From Lemma (2.5), we have
ﬁ<b<Ab(aaw7X)vAb(aawaX)aCY) < zliﬂololnf §b<Ab(a7w7X>7Ab(aa(E7X)’Ab(az’me))

< lim an ( x(¢(a?az))¢(a7az)_Q/J(Ab(a?&)x) Ab(az,oez,m) )
+£U((I)((E,z ))¢<(E’(Ez) 7(1)(Ab((E,Ot,I), Ab<mzvaz’x))
: : w(aaaz)iw(aaaz)
< e 007 (wa,az)—w(a,az))

=0.
a = Ay (a,ce,x) follows as a consequence, and in a similar vein, we can demonstrate ce = A (ce, v, x). Consequently,
X € Y. T is therefore closed in [0, 1]. Assume x € Y. After that, g = Ay (g, 080, Xo) and ceg = Ay (ceq, g, Xo) existin L.
Given that T is open, B, (a,6) C T and B, (ceg,d) C Y. Such occurs for § > 0. To ensure that |[x — x| < 5= <€, choose
X € (xo — € X0 +¢). Then, given
a € By(ag,0) ={a e A/p(a,ay) =g (o, a, ) <} and
e € Bb((EO?(s) ={oe € A/q/’(oeﬁ%) = gb<(fa(ev(20> <4}
§b(Ab<O‘7(E7X)7Ab(aa(E7x>va0)
= o (Ag (08, x), Ay (@, 08, ), Ay (g, @0, X0))
< 2191 +79 gb( (O‘avaO)’Ab(av(ﬁvxo)’Ab(aoa(ﬁOaXO))-
Letting Z — 00, we obtain
#gb(Ab(av(EJ()va(a ® X) ) b( (a maXO)?Ab(av(E’XO)’Ab(aov(E07XO>)
< ( n (Y (o, a0)) ¥ () — b (Ay (@, 08,X0) , Ap (g, 0,5 X0)) )
=\ (d (0o 000)) ¢ (0o, 02) — d (Ay (e, 0, X0) Ay (@, 0, X0))
< 7/) (Oé, aO) + ¢((E7(BO)
= Sp(a,a,00) 6@, @, )
<24
and similarly
225 (Ag (e, 00, X), Ay (0o, 0, ), e ) < 26+ (v, g, g ) + 6 (08, 08, )
Therefore, VZZ co(nclude ‘ghag ( ) o)
Sb b, X ), Ap (O, G, X ), g 2
max {gb (Ab (&, avX) 7Ab ((E, avX) 7&0)} = 2070
For any fixed x € (xo —€,Xo+€),thenforeach A, (.,x): Bp(ag,d) = Bp(ag,d)and Ay (., x): By(oeg,d) = By (ceg,d).
Then, Theorem (5) meets all of its requirements. From this, we infer that there is a coupled fixed point for A, (.,x) in L
This connected fixed point, however, needs to be in I. For all x € (xo —€,x0 +¢€), x € Y. Thus, T is open in [0, 1] since
(X0 — € X0 +€) C Y. We employ the identical method for the opposite inference.

https://www.indjst.org/ 3226


https://www.indjst.org/

Swapna & Nagaraju / Indian Journal of Science and Technology 2024;17(31):3218-3227

4 Conclusion

This study has proved common coupled fixed point results in S;-metric space by using Caristi type contractions which
generalize several existing results in the literature and also presented applications to integral equations and to homotopy theory.
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