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Abstract

Objectives: This study deals about tensor product of some cycle related graphs
which admits an IDD. Methods: We have a decomposed a graph into parts in
such a way that the isolate domination number of partitions ranges from 1
to m. We have used basic terms and propositions of isolate domination over
the graph in order to obtain the results. Findings: We have introduced Isolate
Domination Decomposition (IDD) of Graphs(" and is defined as a collection
v ={G{,G,,...,G,,} of subgraphs of G such that every edge of G belongs
to exactly one G,, each G, is connected and it contains atleast one edge and
v, (G;) = 1,1 <1 < m. Also we have found the range of vertices for a graph
under which the conditions of IDD are satisfied along with the converse part.
Novelty: Domination and Decomposition are widely used in networking, block
design, coding theory and many fields. Motivated by the concept of ascending
pendant domination and decomposition®3), we have used here the isolate
domination combined with decomposition to characterize the graphs which
admits this new parameter and to investigate their vertex bounds.

Keywords: Dominating Set; Domination Number; Isolate Dominating Set;
Decomposition; Isolate Domination Decomposition; Tensor Product; Cycle
Related Graph

1 Introduction

Let G = (V, E) be a simple connected graph where n and g denote the number of
vertices and edges of a graph G respectively. All the graphs considered here are finite
and undirected. The concept of isolate domination was introduced by I. Sahul Hamid
and S. Balamuruganand further studied by Benjier H. Arriola. Many concepts related to
domination have introduced and studies related to the bounds of domination number
are existing so far. So many works have done under different types of domination and
the characterization of vertices and edges are analyzed. Decomposition also plays a
vital role in such a way graph is decomposed into subgraphswith every edge of G
belongs to exactly one ;. The theories under the combination of domination and
decomposition ) developed recently but not much applied in graphs. So we planned
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to work with the combination of isolate domination and decomposition and introduced a new concept of Isolate Domination
Decomposition(IDD) of Graphs ). We have already worked with this concept in standard graphs, comb, crown and star related
graphs. On our motive to deal with product graphs, we have obtained here that tensor product of some cycle related graphs
admits an IDD and their vertex bounds.

1.1 Definition

A dominating set for a graph G is a subset D of V' such that every vertex not in D is adjacent to atleast one vertex in D. A
dominating set D is said to be a minimal dominating set if no proper subset of D is a dominating set. The cardinality of a
minimal dominating set of a graph G is called the domination number of G and is denoted by v (G).

1.2 Definition

A decomposition of a graph G is a collection 1 of connected edge disjoint subgraphs G;,G5, ..., G,,, of G such that every edge
of G belongs to exactly one G.

1.3 Definition(®7)

A dominating set S of a graph G is said to be an isolate dominating set of G if (.S) has atleast one isolated vertex. An isolate
dominating set .S is said to be a minimal isolate dominating set if no proper subset of S is an isolate dominating set. The
cardinality of a minimal isolate dominating set of G is called the isolate domination number of G and is denoted by v, (G).

1.4 Definition

Let G; = (V;,E;) and G4 = (V,, E,) be two graphs. The tensor product G = G; A G, is defined as a graph with vertex set
V; x V,. Edge set is defined as follows: w; = (uq,v; ) and wy = (u4,v4) are two vertices of G with u, e V; and v, e Vo (i = 1,2)
then wywqe E(G) iff uyuge Ejand vyvq¢e E,.

1.5 Proposition

My, Mgy, My

For the paths P,, and the cyclesC,,, we have v, (P,,) =7, (C,,) = [ 2]. For a complete k- partite graph G = K
we havey, (G) = Min {mq,m,,...,m;}. In particular, v, (K,,) = 1.

1.6 Definition("

An Isolate Domination Decomposition(IDD) of a graph G is a collection ¢ = {G, G5, ...,G,,, } of subgraphs of G such that
(i) Every edge of GG belongs to exactly one G;.
(ii) Each G, is connected and it contains atleast one edge.
(iii) v, (G;) = 4,1 < i <m.

1.7 Theorem®

A Cyde C,admitsanIDDvy = {Gy,G,,...,G,,}iff 3m2=3mi2 < p < 3mZim gy > 2 . In particular
C,, admitsan IDD ) = {G} iff n =3

2 Methodology

The graph is decomposed into m- partitions in such a way every edge is in exactly one partition.

Each partition must be connected and it contains no isolated vertices

Finally isolate domination number of partitions is from 1to m. It can be derived by using 1.5. proposition.
If so a graph admits these above conditions, we conclude that the graphs admits an IDD.

Gk L

Also here we have found the bounds of vertices by usingg = Z:z 14(G;)
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3 Results and Discussion

3.1 Theorem

For a graph C,, A K5,n > 3 and n = 1 (mod 2)admitsan IDD as m- parts iff

3m2:i3m+2 S n S 3mi+m ,m 2 2.

Proof Obviously, C,, A K, = Cy, for n = 1 (mod 2). Since a cycle C,, ,n > 3 admits an IDD as m- parts if f3m*=3m+2 <
n < W,m > 2 by 1.7. Theorem. Hence the theorem follows.
Illustration For m = 3, C'» A K, admits an IDD as 3- parts. The following Figures 2, 3 and 4 represents an IDD of C» A K.

Here v, (G;) =14,1 <i<3.

L1

Uz Ug Uy Ug Ug
vz g Y4 Vs Vs
Fig 1. C7 N K2

iy
Fig 2. Gl
D T
L] Usz y Ug Ve
Fig 3. G,
. 2 . . » ® . O
Ve Us Ty Uz 5] Uy [ Ug
Flg 4. G3

Py
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3.2 Theorem

For a graph C,, A K5,n > 3 admits an IDD as 4m- parts iff

12m2 —3m+1<n<12m?2+m, m > 1.

Proof Let C,, = v, v, ...v,,v; be a cycle with ¢ = n edges. On taking tensor product of C',, with K, we get C,, A K, with
q = 2n edges.

Suppose n = 12m? —3m +1,m > 1 be the minimum possible number of vertices.

To prove C, A K, admits an IDD as 4m- parts.

It is enough to prove that v, (G,;) = ¢, 1 <i < 4m.

Let V(C,, NKy) = {tq,Ug, o Uy, U, Vg ee Uy }

Define the decomposition G, (1 <4 < 4m) as follows:

G, =P,

G, = P,
Gym-3="Pirom-11,m>2
Gam—o2="Pioy g, m>2

Gam—1="Piopm-s5m=>1

Gum =Prom-—o.m=>1

Clearly, each G, (1 < < 4m) is connected and it contains at least one edge.
Each C,, A K,can be decomposed into 4m- paths as

(P25P57P77P10’P137P16’P197P227"'aP12m—117P12m—85P12m—57P12m—2}7 m 2 2

By using 1.5. Proposition, we have

Y0 (G1) =70 () = {Q =1.
Y0 (G2) =70 (Ps) = {g—‘ =2
Y0 (Gam—3) =% (Pram_11) = {?

Y0 (Gam—2) =Y (Piom_g) = 3 {
Yo (G4m—1) =% (P12m—5) = ’7%—‘ =4m— {
J

Y0 (Gam) =70 (Pram 2) = {%—‘ =4m— L;
It is clear that v, (G;) =i, 1 < i < 4m.

Hence, C,, A K, admits an IDD as 4m- parts.
Suppose n = 12m?2 +m,m > 1 be the maximum possible number of vertices.
To prove C, A K, admits an IDD as 4m- parts.

It is enough to prove that v, (G;) = ¢, 1 <i < 4m.

Let V(O A Ky) = {tq,Ug;s e s Uy, U, Vg, e, U }

https://www.indjst.org/ 3148
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Define the decomposition G, (1 < ¢ < 4m) as follows:

Gym-—3=Piom-gm=>1
Gum-2="Piom-gm=>1
Gam-1="Piopm-3m=>1

Gym =Propy,m=>1

Clearly, each G, (1 < i < 4m) is connected and it contains atleast one edge.
Each C,, A Kycan be decomposed into 4m- paths as

{PBaPG’P97P127P157P18vP21’P24’"'7P12m79’P12m76’P12m73’P12m}>m >1
By using 1.5. Proposition, we have

Yo (Gam—3) =70 (Pram—9) =

N
Y0 (Gam—2) =70 (Pram-6) = {w—‘ =4m—2,m>1

Y0 (Gam-1) =7 (Pram-3) = { —‘

Y0 (Gam) =70 (Pram) = [T-‘ =4m,m > 1.

Itis clear that v, (G,;) =4, 1 < i < 4m.

Hence, C,, A K5 admits an IDD as 4m- parts.

Conversely, Suppose that C,, A K, admits an IDD as 4m- parts. Theny, (G;) =4, 1 <i < 4m. Also each G, (1 <i < 4m)
is connected and it contains atleast one edge.

To provel?m2 —3m+1<n<12m? +m,m > 1.

Fori = 1, we find the possible connected non-isomorphic subgraphsG ofC,, A K,such that v, (G) = 1. Hence G;is
anyone of { Py, P }.

Fori = 2, we find the possible connected non-isomorphic subgraphsG,ofC,, A K5 such that v, (G5) = 2. Hence G, is
anyone of { Py, P, Pg }.

Fori = 3, we find the possible connected non-isomorphic subgraphsG50fC,, A Kysuch that v, (G5) = 3. Hence G4 is
anyone of { P, Py, Py }.

Fori = 4, we find the possible connected non-isomorphic subgraphsG ,ofC',, A Kysuch that v, (G,) = 4and G; UG, U
G35 UG,isC,, AN K5.Hence G4 is anyone of { P, o, Py, P;5}.

On continuing in this way,

In general, we can conclude the following for each G, (2 <14 < 4m),

Gym-sisanyone of { P15, 11, P19 10, Prom o}, m =2

Gym oisanyone of {Py,, &, P19, 7, P19 6}, m 21

Gy 1isanyone of {Pyg,, 5, P1op, 4, Prom g}, m=1

Gymisanyone of { P13, 5, Piom_1,Prom}, m>1.

On taking the minimum possibility of paths as G; (1 < ¢ < 4m), we construct the following table.

Since G, (1 < i < 4m)are decomposition of C,, A K5, we have ¢ = Zj:bl q(G;).

g =(1444+6+9)+124+ - +12m—12+12m—9+12m—6+12m—3,m > 2

2n =20+3(4+5+6+...+4m—1)
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Gy =Ps G3 =Py Gg =Pi¢ G7=Pig Gam—2 = Gum-1 =
Piom—g Piom-—s

G1=P, G4=Pig G5 =Pi3 Gg=Pyy Gym—3 = Gygm=Prom—2
Piom—_11

n=12m%2—-3m+1,m>1

On taking the maximum possibility of paths as G; (1 < ¢ < 4m), we construct the following table.

Go=Pg G3 =Py Gg = P13 G7 =Py, Gym—2 = Gam-1 =
Piom—6 Piom—3

Gi=P; G4=Pio G5 =Pi5 Gg=Pyy G4ym—3 = Gym=Piom
P12m—9

Since G, (1 < i < 4m)are decomposition of C,, A K5, we have ¢ = Zj:; q(G;).

q =24+5+8+114+14++12m—-104+12m -7+ 12m—-4+12m—-1,m>1

2n =2m(4+ (4m—1)3)

n = 12m2+m,m2 1

Hence, 12m? —3m+1<n <12m?+m,m > 1.

Ilustration For m = 1, C;5 A K, admits an IDD as 4- parts. The following Figures 6, 7, 8 and 9 represents an IDD of
Cia NK,.

Here v, (G;) =1i,1 <i<4.

Flg 5. 012 /\K2

® » *
L T Uy L]
Fig 6. Gl
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F F)
. ® . . ® o
Uya ™y Uz Ly Uy L 1
Fig7. Gy
O L
Ve g L] Ug ] Uyg & 1 Uz
Fig 8. G3
. . . . . ] . » . . .
¥ ug Ty Ug 1= u g Uy 1o gy L
Fig9.Gy4

3.3 Theorem

For a graph W,, . A K5,n > 3 admits an IDD as 4m + 2- parts if

12m24+9m—+1<n< 12m2—|—3m7 m > 1.
Proof Let W,, ., be a wheel with ¢ = 2n edges. On taking tensor product of W, ; with K, we get W, . ; AK, withg=4n

edges.
Suppose n. = 12m?2 +9m +1,m > 1 be the minimum possible number of vertices.

To prove W, . ; A K, admits an IDD as 4m + 2- parts.
It is enough to prove that 7, (HJ) =j,1<j<2and~v,(G;)=1i+2,1<i<4m.

LetV (W, 1 ANKy) = {(umj) - 2,(ui,vj)/1 <i <mandj= 1,2}
J=1,
Define the decomposition H;(1 < j < 2) and G;(1 <14 < 4m) as follows:

Hy = (N[(uw,v1)])

Hy = (N [(u,v3)]) U ((ug,02), (ty,,v1))In W, 3 AK,

Set H = (W,, 11 ANEK)\(H, JH>)
We define G, = Py

Gam-3="Piom_5,m>2
Gam—2="Piopm-o,m=>1
Gym-1= Piopi1sm2>1

Gym = Piopig,m>1inH

https://www.indjst.org/ 3151
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Clearly, each H;(1 < j <2) and G;(1 <i < 4m) are connected and it contains atleast one edge.
Each W, ; A Kycan be decomposed into 4m 4 2- parts as

{H17H27P87P10’P137P16’P197P227P25ap28 "'7P12m—53P12m—27P12m+1aP12m+4}vm Z 2

By using 1.5. Proposition, we have
Yo (H1) =0 (Kl,n) =min{l,n} =1,n>3
The minimal isolate dominating set of Hy is {(u,v5),(uq,v4)} = Do (say)
Thus 7o (Hy) = |Dy| = 2.

Yo (G1) =70 (Pg) = {g-‘ =3.

Il
~
i

3
|

Yo (Gam—3) =70 (P12m_5) =

R

Yo (G4m72) =% (Plszz) = {%-‘ =4
|
2

W= Wl Wl ot

[
=~
E
3
\Y
_

12m+1
Y0 (Gam-1) =0 (P12m+1) = 3 —‘ =4m+ =4m+1,m > 1.
12m+4 4
Y0 (Gam) = (P12m+4) = [T—‘ =4m+ {g—‘ =4dm+2,m>1
It is clear that 7, (HJ) =7j,1<j<2and~,(G;)=i+2,1<i<4m

Hence, W,,  ; A K, admits an IDD as 4m 4 2- parts.
Suppose n = 12m? + 13m,m > 1 be the maximum possible number of vertices.
To prove W, ; A K, admits an IDD as 4m + 2- parts.

It is enough to prove that 7, (HJ) =7,1<j<2and~v,(G;)=1i+2,1<i<4m.

Let V/(W,, 1 AKy) = {(u,v;) ) 2,(ui,vj)/1 <i<mandj=1,2}
3=1,
Define the decomposition H;(1 < j < 2) and G, (1 <7 < 4m) as follows:

Hy = (N[(u,v,)])
Hy = (N [(u,v3)) U((uy,v3), (ty,,v1)) in W, 3 AR,

Set H= (W,

n

w1 NG\ (H UH,)
We define

Gam-3="Piom-3.m=>1
Gym—o="Pioy,m=>1
Gam—1="Piomyizm=>1

Gy =Prop.g,m>1in H.

Clearly, each H;(1 < j <2)and G, (1 <i < 4m) are connected and it contains atleast one edge.
Each W, ; A Kycan be decomposed into 4m 4 2- parts as

{1—117}127P97P12’P157P187P217P24L7PZ7,P30"'’P12m73’P12'm7P12'm+37P12m+6}’777‘Z 1

By using 1.5. Proposition, we have
Yo (H1) =0 (KLn) =min{l,n} =1,n>3

https://www.indjst.org/ 3152
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The minimal isolate dominating set of Hy is {(u,v5), (u1,v5)} = Do(say).
Thus 7o (Hy) = |Dy| = 2.

12m—3
Yo (G4m—3) =% (P12m—3) = {

3
12m
Y0 (Gam—2) =70 (Pram) = [Tw =4m,m > 1.

-‘ =dm—1,m>1.

12m+3
Y0 (Gam—1) =70 (Pramy3) = [ 3 -‘ =4m+1,m=>1.
12m—+6
Y0 (Gam) =70 (Pramie) = [——‘ =4m+2,m2>1.

It is clear that (HJ) =4,1<j<2and~v,(G;)=i+2,1<i<4dm.
Hence, W,, ; A K, admits an IDD as 4m 4 2- parts.

(uy,vy)  (upwy)  (ugwy)  (ugw)  (us,vy) (ugpvy)  (vy)

(ug,vy)  (ugvy)  (ugwy)  (ug,v)  (ugvp) (uz,vy)  (u,vy)

Fig 10. W22+1 A K2

(1{. Vg,)
(uy, v2) (ug,vy) (ug,v2)  (ugvy)  (ug,vy) v (w3, v2)
Fig11. H;
(upv)  (ugwy)  (ugw)  (ugwm)  (ugw) - (ugq,vy)
(uy,v2) (u,v)
Fig12. Hy

Ilustration Form =1, Wyy A Ky admitsanIDD {H,, H,,G,G4,G5,G, } as 6- parts. The following Figures 11 and 12
represents an IDD of Wyq 1 A Ky .Set H = (Wyo, 1 ANKy)\(Hy | JH>)

Let Gy = P;,G5 = P,y,G3 =P5and G, = P,,in H.

Here v, (Hj) =7j,1<j<2andv,(G;)=i+2,1<i<A4.

https://www.indjst.org/ 3153
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4

Conclusion

Thus we have found the range of vertices for the tensor product of cycle related graphs under which the conditions of IDD
are satisfied along with the converse part.We will extend our future research for the graphs which not admits an IDD also to
compare the theories with the existing graphs and examine their necessary and sufficient condition for which it admits an IDD.
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