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Abstract

Objectives: The purpose of this research is to take the lead in comprehending
the fuzzy idea of cubic structure on soft Gamma-m normed linear space.
According to the theory of Soft m-Normed Linear Space (SMNLS), we offer
the conviction of Cauchy's sequence and convergence in cubic Soft Gamma-
m Normed Linear Space (CSGMNLS). We have obtained certain results like
the concept of completeness in CSGMNLS. Methods: In this paper we defined
the soft gamma ring, soft gamma ideals and soft gamma vector space which
are used to introduce the notion of soft gamma-2-normed linear space,
Soft Gamma-m-Normed Linear Space (SGMNLS) and its properties. Also, the
CSGMNLS can be analyzed by using the SGMNLS. Findings: In this research
from CSGMNLS construct a norm function that satisfies the properties of
SGMNLS, and additionally given that example with proofin which a sequence is
cauchy sequence and convergence in SGMNLS if it is cauchy and convergence
sequence in CSGMNLS. Also, provided theorem and its proof for completeness
of a sequence in CSGMNLS. Novelty: Already gamma ring and fuzzy n-normed
linear space has been defined. We introduced the concept of SGMNLS using
this also initiated the CSGMNLS and some results obtained from its properties.
We suggested a necessary conditions for completeness of a sequence in
CSGMNLS.

Keywords: Soft Gamma ring; Soft gamma vector space; Soft gamma normed
linear space; Soft m-norm; Soft m-normed linear space; 2-Normed and
m-normed right soft gamma linear space

1 Introduction

In 1999, D. Molodtsov'!) spearheaded the use of soft sets to address uncertainty-
filled problems in fields including economics, environmental science, medicine, and
so forth. Complex problems involving probability theory cannot be resolved by
classical methods, and Vagus set theory and soft set theory are specific cases of Lotif
Aliasker Zadeh’s® fuzzy sets. Intact set theory Molodtsov took various examples into
consideration to demonstrate this point.
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Subsequently, Maj. et al.®) presented some useful operations on soft sets® and widely it has been applied to the solutions in
decision-making problems ®. H. Aktos and N. Camgmas proposed the definition of the soft group and its features ®”). Soft semi
rings were developed and studied by Feng et al. ® as soft ideals over a semi group that characterize generalized fuzzy ideals®.
Initial concepts of soft rings and definitions of softsub-ring were introduced by Acar et al.'). Sen and Saha in 1986 have
proposed the Gamma semi-group and Gamma-group !V, The definition of a gamma ring and several novel ideas related to it,
including prime and primary ideals, gamma-homomorphism, and the m-system created by Barnas'>!*), Nobusawa presented
the idea of a gamma-ring, which is more broadly defined than a ring.

Gahler ™ introduced 2-metric and proposed the mathematical structure known as 2-normed spaces as a generalization
of normed linear spaces Interval valued fuzzy sets make up the notation cubic set theory that Jun et al. 1>!¢) established 7).
The theory of intuitionistic n-normed linear space, interval valued fuzzy linear space, fuzzy n-normed linear and soft normed
spaces introduced in"*!19). Reddy, B.S.??) proposed fuzzy-anti-n-norm on linear space. Fuzzy-anti-2-norm was investigated,
and certain results were established in cubic gamma n-normed linear space?". The study also examined the Cauchy and
convergent sequence conviction in fuzzy-anti-n-normed linear space. Vijaya Balaji®? created left gamma linear spaces that
are both 2-normed and n-normed and provided some results on it ®®.

Motivated by the aforementioned theory, we present the concept of cubic structure in soft gamma-m-normed linear spaces
and delineate the convergent and cauchy sequences inside them.

2 Methodology

2.1. Definition: Let U be a universe and M be a set of parameters. Let P(U) represents the power set of U and S is the non-empty
subset of M. A pair (X, S) is called a soft set over U, where X is a mapping given by X:S — P(U). That is a soft set over U is a
parameterized family of subsets of the universe U. For §€S, X(d) may be considered as the set of § — approximate elements of
the P(U) soft set (X, S).

As an illustration, let us consider the following example.

Example: Let (X, S) be the soft set which describes the simplicity of the houses which Mr. Ramaswamy is going to purchase.
U is the set of all houses and M be the set of parameters {high price, simple furnishing, wooden, in low price, modern, in good
looking, in bad repair}. In this case, to define a soft set means to point out the high price, modern, simple houses, and so on. It
denotes that the sets X(§) may be empty for some §€S.

2.2. Definition: For two soft sets (X;, S;) and (X5, S5) over a common universe U, then (i) (X;, S;) is a soft subset of (X5,
S5) if §; CS, and for all 6€S, X5 () CX5 (). We write (X, S;) C d (X5, Sy) (ii) (X5, So) is said to be a soft superset of (X4, S;)
if (X5, S5) is a soft subset of (X, S;) We denote it by (X;, S;) D(X,, S,) (iii) If (X;, S1) is a soft subset of (X5, S5) and (X,
S,) is a soft subset of (X;, S; ), then two soft sets (X;, S;) and (X5, S5) over a common universe U are equivalent.

2.3. Definition: A soft set (X, S) has a complement represented by (X, S),

Where X©:S — P(U) is a mapping such that X© (s) = U — X(s) for all s €S.

2.4. Definition: The union of two soft sets (X, S;) and (X5, S5) with the common universe U is the soft set (X, S), where
S=§,US,. For everys € S,

X (s) =X (s),if s €Sy — S,

=X5(s),if s €55-S,

=X, (s) UX, (), if s €S, S2.

We express it as (X1, S1) U (X5, S5) = (X, S).

2.5. Definition: Let U is the common universe of two soft sets (X;, S;) and (X5, S5) and intersection of these two sets is
the soft set (X, S), if (i) S =S;N Sy, (ii) X (s) = X; (s) N X, (s), for all s €S; N S,. This relation is denoted by (X4, S;) N (X5, S)
=(X,9)

Remark: The fact that (X;, S;) N (X5, S5) = (X, S) does not exist in many circumstances was highlighted as evidence that
the concept of intersection of soft sets is not well-defined. For this, the following example is given.

Example : Let (S;, M;) and (S5, M,) be two soft sets, and let (S, M) be the soft set which is intersection of two sets (S,
M, ), (S5, M5) where U is a set of cars; U = {C!, C?, C*, C*, C*, C®} and M; = {Luxurious, Attractive color, Driving comfort},
and M, = {Fuel efficiency, Driving comfort, More safety} two parameter sets. Noticing the -approximate elements may differ
from person to person, we assume that S; (Luxurious) = {C2, C?, C*}, S; (Driving Comfort) = {C!, C2, C*, C®}, S; (Attractive
color) = {C!, C2, C%}, S, (Fuel efficiency) = {C!, C?, C°} S,, (Driving comfort) = {C?, C?, C°, C%}, S,, (more safety) = {C?, C*, C°},
we have “Driving comfort” € M; N M, then S; (Driving Comfort) = {C!, C?, C*, C®}, S (Driving Comfort) and S, (Driving
comfort) = {C?, C?, C°, C%}= S, (Driving comfort) which is a contradiction to the fact that (S;, M) N (S5, M5) does not exist
in many cases makes it is not possible to check the validity of some of the assertions.
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2.6. Definition: Assume that M is any nonempty set with an arbitrary binary relation of o between a member of M and an
element of G. As a result, ¢ is a subset of (M,G) and, unless otherwise indicated by a set valued function S: M—P(G), which
is defined as follows: S (m)={n €G/n cxm<>(n, m) €o for all m €M}. Consequently, if the pair (S M) is a soft set over G that
is generated from the relation o.

2.7. Definition: Support of a set is indicated by supp(S, M) and it is defined as for any m € M such that S, (m) is nonempty,
that is supp(S> M)={m €M / S (m) :4(2)}.

2.8. Definition: Suppose that G is group and P(G) collection of subsets of G and let M be the set of parameters. We denote
the identity element in G by the symbol e.

2.9. Definition: Let (S, M) be a soft set over G then (S, M) is called a soft group over G if and only if S, (m) is a sub
group of G for allm € M.

Let (S1 > M;) and (S, 5, M5) be two soft subgroups over G then (S; &, M ) is a soft sub group of (S5, M) if (i) M; C M,
(ii) S (m) < S5 (m) it is denoted by (S; 5> M1) < (Sa@> Ms).

Example: Let S={1,2,3,4,5} then Sy is the symmetry group of all permutations with elements of S. let A/ be any subgroup
of S5, the subgroup Mis cyclic and it is generated by an element of order 5, since 5 is prime number M = {m_, = (1), m; =
(12354), mqy = (13425), my = (15243), m, = (14532)}. Consider the function:

Sg (mq) = {me> my, Mg, Mgz, m4}7 Sg (m2> = {mev my, Mg, M3, m4}’ S?} (mg) = {me7 my, Ma,

mg, my}, So (my) ={mg, my, my, mg, my}. Allare subgroup of MP.

2.10. Definition: Let (S, M) be a non-null soft set in R then (S 5, M) is called a soft ring over Rift Sy (M) is a sub-ring of
R for all me M.

Example: Let R=7,-,=({0,1,2,3,4,5,6,7,8,9,1},+1 5,X; o) be a ring under modulo 17.

S gr(m)={r € R /r x; ,m=0},then the following all are soft sub-ring of R

SR0)=Sr()= Sp(3)= Sp(= SpD={0}, SE2)= Sr(10)={06}, Sp(3)= Sp(9)={048}, Sp(4)= SH(8)=(3,69),
Sr(6)=1{0,2,4,6,8,10}, S 5 (8)={0,3,8,9}.

2.11. Definition: Let S, is soft additive abelian group (SAAG), and I be any additive group the mapping: s X I'x 54 —
s anditisdefinedas (s q,7,542) = 8,41-7-8 42 such that S; is a soft Gamma I'-ring if it is satisfying the following properties
let forany s 1,842,543 € Sgand v1,7, €T

(Sy=1)&(sg1+8g2:71:593) =&(Sg1,71,893) TE(Sg2,71,593)

(54 =2)&(sg1,71 +71:8g2) =&(841:71,5g2) TE€(841:72,5¢2)

(54 =3)&(sg1,71:5g2 +8g3) =&(Sg1,71:5g2) €(Sg1,71:543)

(S'y 74) 5((3917713892)3727 393) = §<8g1371 ) (5927723 SQS)) )

2.12. Definition: Let S' ; be any subset of the soft Gamma-ring S, is right ideal or left ideal of S if §'  is abelian additive
soft subgroup of Si; and Sy St = {sg’ysig/sg €Sqg,s', €8 gandy e}

59

or SySq = s €S8q,8', €S gandy € F} is contained in S'; if S'¢; is both a left and right soft ideal of S5
and S'; is called an 1deal or two s1ded ideal of S.

2.13. Definition: If the soft Gamma-ring S ;, contains an identity element and its only non-zero ideal itself then it represents
a division soft Gamma-ring.

2.14: Definition: Let V be a vector space over the FCR field, and let M be the real number set as the parameter set. Let a
soft set over V be (Sy,, M). If exactly one meM such that V(m)={v}, then the soft set (Sy,, M) is a soft vector. In other words,
let V is a vector space in the field FCR, and let M be the real number set as the parameter set. Let Sy, be a soft set over (V, M).
If Sy, (m) is a vector subspace of V for any meM, then Sy, be the soft vector space or soft linear space of Vin F.

Example: suppose R is an Euclidean n-dimensional space over R, let D={1,2,3,....... ,r} be the set of parameters
let Sy:D—P(R") be defined as follows Sy (v)={veR", k" co-ordinate of Sy is zero, k=1,2,3,...,n}, sv(k)=(1,1,1,. ....0-
Kk 1,1,....1)€R", k=1,2,3,...,r then s, ® is soft vector.

2.15. Definition: Let (S, +) be a soft abelian group and let S, be a soft division Gamma-ring with identity element and
the function ¢ : s X I' X sy, — sy, and is defined as ¢(s,,,7,$4) = S,-7-S4 then Sy, be a right soft Gamma-vector space over
S p if the following properties holds for all s,,;,5,5 € Sy, 541,592 € Sp and v;,7, €T

(SV - 1) < Su1 + Sv27’y>8d1) = w(svlvfyasdl) +w(8v277’5d1>

(SV - 2) ( 551,Y:841 t Sd2) = ¢(5u1 NE 3d1) +1/)(8v17'7’ 5d2)

(Sy—=3) ¥(541,71: (841,72, 8a2)) = V(41,715 841), V25 Saz2)

(SV 4)Y(sy1,7:1) = 841, for somey €T

The elements s,,;, s, are called soft vectors in Sy,,s 41, S 4o are called soft scalars in S ;5.
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2.16. Definition: Let Sy, be a is a right soft Gamma-vector space over Spfor any v € I' then set of vec-
tors {s*,;/j is positive integer} is called a Gamma-independent over Sp, if for each finite subset of vectors

VS 41+ 8t 0VS g0 + 5L 3 VS ga +, ...+ ST vs =0
(Stv175tv275tv3ﬂ"'astvm—lﬂstvm}SuChthat Ult a1 t v2 52 v3 d3 t'um_l dm=1
w1 =8 =8l = =50 g =5, 0
2.17. Definition: Let Sy is a linear space over a soft field F a real valued function
Iy |I: Sy X Sy X Sy X Sy (mtimes) — {0,1} and it has the following properties
(SN™-1) || Sp15S02: 5035 s Svm_1»Som ||=0ifand onlyif s, 1,5,2:S43; s Spm_1sSwm aL€ linearly independent over E

(SN™-2) || $4155025S03s s Sum_1sSum || i invariant under any permutation $,,1,5,9,843; s Sum_1s Svm-

(Sm 3) || Su155v2:503) - Sum— 17k8vm ||_k|| Sy1,502:5035 - Sum—1>5um ||

(SN '4)“51;1781;2’ Sv3sSum—1> vm+svm H<||3v175v25 Sv3r+Sum—12S5um ||+|| 5v1a3v275v35""5vm—173vmH
the pair

(Sv, |l -, ||)is referred to as the soft m-normed linear space and is called the soft m-norm on Sy,

2.18. Definition: A sequence {svk}:il in a SMNLS (Sy., || -,....,. ||) is said to convergence to s, € Sy if. klim I

- — 00

Su15502:5035 - Suk—1+5vk — Su ||: 0

A Cauchy sequence is defined as {5, } 32, in a SMNLS ((Sy/, || ooy []) i limy, s oo | 841580255035+ Spr Ly Spp —
Sup ||= 0.

2.19. Definition: If every Cauchy sequence in a SMNLS (S, ]| .,....,. ||)]|) is convergent, then the space is a complete.

2.20. Definition: A binary operation S : [0,1] x [0,1] — [0,1] is continuous triangular norm if it satisfies the following
axioms for every ty, t,, t5, & t, € [0,1]

(A —1)S 4 is associative and commutative,

(A —2) 5 is continuous,

(A=3)t1SA1 =14,

(A—4)t;Saty <tgSaty whenevert; <tgandty, <t, .

2.21. Definition: A binary operation Sx. : [0,1] % [0,1] — [0, 1] is continuous triangular co-norm if it satisfies the following
axioms for every t;, ty, t5, & t, € [0,1]

(A°—1)S . is associative and commutative,

(A°—1) S is continuous,

(A°—=3)t1Sa-1 =14,

(A°—4)t;Spcty <tgSacty whenevert; <tgandty, <t, .

Example: For any tq, ty, t5€ [0,1] then 1 Saty = min{ty,to} andt;Sacty = maz{ty,ts}.

2.22. Definition: Let Sy, linear space over a soft field E A soft subset N g of S,xSy, x...... SvxSy - (m-times)xR and the pair
(Sy/» Ng) is called SMNLS. A soft m-norm on Sy, if and only if

(Spr—1) Ng(Sy15S02:Su3s s Spm—15SvmsS¢) = 0 forall s, <0and s, €R

(SM 2) NS( Sv1:50215031 9 Sym—1+Svm> St) =1 Zf and Only ifs'ul?‘sv% Sv3rSum—115vm

are linearly dependent if forall s, > 0ands, € R.

(Spr=3) Ng(Sp155025Su3s++s Svm—1sSvms St )zsmuamantunderanypermutatwnofsvl, Sp25 5035 Spm_1sSvm-
(SM_4>NS( Sv1150v2:50u3s 9 Sum— 17Spsvm7 ) NS( Sv115v2:5035 3 Sym—1-95 'um" )’ p7/:0
/

(SM 5)NS< Sv115v2:5v3s 3 Sym—155 'u’rn—"_S'u'rrwstl—i_StZ)2 ,
mzn{NS( Sv155v2:50v3y -3 Sym—139 'Um75tl> NS( vl’sv27sv3’"'7Svm717svm7st2)}
(SM 6>NS( Sv1550v2:5v3y 3 Sym—1:9 Um78t)
is a left continuous and non- decreasmgfunctlon ofste[RsuchthathL%Ns( 0195025035 s Somm—13Svms S¢) = 1.
Example: let (S, || ,- ||) be a SMNLS define

— 54— [1501+502,8035 -+ Spm-15Sumll
NS( vl’ ”UQ’ v37° vm l’Svm’St) St+”sulvsv2vs’u3r'"7S'um—135va

=1,ifs, > 0and s, G[R foralls,; € Sy
=0,if s; <Oand s, €R, forall 5,,; € Sy,. Then (Sy,, Ng) is a SMNLS.

2.23. Definition: Let Sy, linear space over a soft field F a soft subset N¢© of S1,xSy, x....... SvxSy - (m-times)xR and the pair
(Sy/» Ng) is called soft anti m-normed linear space and Sy xSy, x....... Sv/xSy - (m-times)xR is called as a soft anti m-norm on
Sy if and only if

(Spre — 1) Ng(S4y15,502: 50353 Sum—11SwmsS¢) = 1 foralls, <0and s, €R
(SM°72> NSC( Sv1,5v215v3s- "7svmflvsvmast) :Olf and OTLly Zf
541553215031 Spm_11Sum 0re linearly dependentif forall

sy > Qwith s, E[R
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(Sare—3) Ngc(Sy1,502,5030 Som—11Svms St )zsmvamantunderanypermutatwnofsvl, Sp25S035 s Spm_1s Svm-

(SMC_4)NSC< Sv1350v2:503s 1 Sym— 178p5vm7 ) NSC( Sv1150v2:5v35 3 Sym—1+9 vm" ) 7&0

(SMC_5)NSC( Su155v2:5035 - Sum—155 Um+svm78t1+st2)< ,

max{NSC(s'uh Sv2,50355Sum—1:9 'um’stl)’NSC( Sv15502:5035 - Sum—155 Um78t2)}

(Spre —6)Ngc(Sy1s8p2Sp3s s Spmm—13Sum s S¢) 1S @ non- decreasmg and right continuous function s, €R such that
WQ%NSC( v1:59255031 -3 Sum—1-5 'um’st):O‘

Example: let (S, | -,-.,- ||)be a SMNLS define

— _2[[841,542:5031>Sum-1>Sumll — — i
Nge(S41+502:5031 S um—1>Svm»S¢) = ettt LR L (), if s; > Owith s, €R, for all s,,; € Sy =1, if

sy < 0with s, €R, forall s,,; € Sy,
Then (Sy,, Ngc) is a soft anti m-normed linear space.

3 Results and Discussions

3.1. Definition: Let Sy, be a Gamma linear space in S, any real valued function || ..,.. ||: Sy, X Sy, — [0, 00) is a soft Gamma-2-
normed linear space over S ;, and isrepresentedas (Sy/,|| ., .., ||) if each of the following properties is met forall 5,1, 8,5 € Sy,
S541:5q2 €ESpandy el
(S, 2-D) |l 5178415 S02Y542 [|= 04 8,1, 8,olinearly independent over S,
(53_2) [ 80175415 T(Sp278a2) 1= 171 | 5175415502784z || foranyT €T
(52=3) [l 5517515 50275a2 + 5037543 1< 817541 S02Y5a2 | + | 8017541 503754a3 |
3.2. Definition: Let Sy, is a right Gamma linear space in Sj, a real valued function|| ...,... ||z Sy, x Sy....Sy X
Sy (mtimes) — [0,00) is referred to be soft right Gamma-m-normed linear space over S if it meets the following criteria,
fOfan}’Svp%zv 037 Sym—1, vaSV’5d175d275d37 »Sdm— 1?Sdm€SD and’yEF ItiSdeHOtede(SV7” N ”)
(ST '1) || Sv17Y8d1,50275d2:50375d3) - Svm—175dm—1'SvmVSdm ||_ 0= Sv1:5v2:5031 3 Sum—1:5um hnearly
independent over S .
Sy ™-2) || Sp175d1:S02YSd2,S03VSd3: s Svm—1YSdm—1>Svm VSdm |/is invariant under any permutation of
Sv155v2:5035 - Sum—15Svm-
(S‘I‘ m_3) ” $0175d1,50275d2,50375d3) > Sum— 175dm 1’7—( vm’ysdm> ”
|T| || Sv17Y8d1,50v278d2)S v378d37 58um—175dm—15umVSdm || foranyT el
(Sm ) H Sv178d1,5027542,5 U378d33 58um—17Sdm—1- vm/ysdm +svm78dm ||<
| $v1Y8d155027Sa2: Sv8Y5d35 > Sum—1VSdm—1>SvmVSam || +

/
|| Sv175d1,5v275d2,50375d3) - Sum—1V5dm—1:5vmVSdm H
In the similar way, we define soft left Gamma m-normed linear space over S 5.

3.3. Definition: Let Sy, is a right or left Gamma linear space in S, and a real valued function || ..., ... [|: Sy, X Sy,....Sy, X
Sy (mtimes) — [0,00) is said to be soft Gamma m-normed linear space (SGMNLS) over S if it is either soft right Gamma
m-normed linear space or soft left Gamma-m-normed linear space over S5

3.4. Definition: Let S be a non-empty set, a cubic set Cinaset Sisstructure C' = {< s, u(s),0(s) > /s € S}itiselliptically
denoted by C =< e, 0 >where i € [, i+ ] is an interval valued fuzzy setin Sand o : S — {0,1} is soft set in S.

3.5. Definition: Let Sy, is a soft linear space in a field F and (S, ;1) be the interval valued soft linear space and (S, 11”) be
a soft linear space of Sy,. A cubic set C' =< i, 1’ > in Sy, is represents a cubic linear space of Sy, if for every 5,1, 5,5 € Sy, and
Ty, To€EF

(i) (1541 SAT2Sy) = Min{my $y1, TS yo}

(ii) 1/ (181 SAcTaSya) < maz{mys,1, T80}

3.6. Definition: In a SGMNLS, (S, || .,....,. ||) a sequence {s,,7S45 } 22, is convergence to s,,vs 4, for any s,vs,4 € Sy
if kli”go [ $u175d155027Sd2>S03V5a3: -+ Suk-1V5dk—1SvkVSak — Su¥Sa =0

3.7 Definition: A sequence {s,,VSqy } 7o in SGMNLS, (Sy, || -, ..., ||) is a Cauchy sequence if

kllZToo | $0178d1>Sv2YSa2: Su8VSd3s -+ Svk-1VSdk—15SukVSdk — Sv1VSa1 [|=0

3.8 Definition: If every Cauchy sequence in a SGMNLS (S, | .,....,. ||) is convergent, the space is complete.

3.9. Definition: Let Sy, be a SGMNLS over S, a real valued function IV, : Sy, X Sy, x Sy..... x Sy (mtimes) — {0,1}
and N_. : Sy, x Sy x Sy..... x Sy (mtimes) — {0,1} is soft set and an interval valued fuzzy set, and the cubic structure
(Sy, N, N, ) is a cubic soft Gamma m-normed linear space and it is elliptically CSGMNLS is called if it meets the following
requlrements, forany s,,1,5,2:543+5pm—11Svm € Ov> Sd1>5d2:5d3++Sdm—1:5dm € Spandy €T
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(SMV_1)N'y(8'u1’78d178v2’78d27 03Y5d35 5 Sum—1Y5dm—1>SvmYSdm»5t) = 1
(SM’Y_Q)N'y(Svlfysdl’ v275d255v375d35 3 Sum—17YSdm—1>SvmVSdm> S t)zllfandonlylf
Su115025 503y 3 Spm_155 arehnearlydependent
(Spy—3) Nv( 21 YSq1:S v2'ysd2, 23Y5d3s s Svm_1YSdm—1sSvm YSdm» S¢ )18 invariant under any permutation of
81}1781)2381)3’"'ﬂsvmflasvm
(Sprr—4) N»y(svl’YSdlvs 275d2,50375d3> -1 Svm—17V5dm—1:5 ( omYSdm)sSt) =
N'y<8vl’78d178v2’78d27 v375d35 s Svm—17Sdm—1> 'um,ysd'rrw‘ ) #Oands el
(SMv—5)N»y(5v175d1a5v275d2a v378d3> - Svm—17T8dm—1> umVSdm‘Fsvm’stmastl +549) 2
{ny<5v175d1’5v275d2’ ©v375d37 5 Sum— 1’}/Sdm 159 vmfysdmvstl)
SAN'V(Svl’ySthvQ’ySdZ? v378d37 Som—-175dm—1,5 'um’ysdm’st2)}
(Sprr—6) Ny (54178415 50275428 375d3, Som—1YSdm—1sSvm YSdmS¢) is non-increasing and right continuous of
function St E[RSllCh that lzm N’y(s'ulfysd17 1)275(127 0378435+ S Um—175dm—17$vm’ysdm7st):1
(SM“V_’?)NW ( vl’ysdl’ v275d2:50v375d31 - Som—17YSdm—155 vmﬁysdmﬂst)zo'
(Sarr = 8) Noye (8417541550275 d2> S03V5a3: -+ Sum-1YS5dm—1>Svm VSdm-5¢) =0
ifand only of $,,1,5,9,5435 > Svm—1sSum are llnearlydependent.
(Spry—9) ch(svlvsdl, U275d2, U375d3, Som—1YSdm—1sSvmYSdm, St )is invariant under any permutation of
Sv155v2:5035 3 Svm—11Svm:
(SM“V*]'O)N ( Sp178d1,5v27Sd2,S v3pysd37 Som—175dm— 1?Sp( vmfysdm) St):
N’y ( Sv17Y8d1,50275d2:50v375d3y ) Svm— 1lysdm 1> 'um’ysdm’| ) #Oands er
(SMW_l]')N ( Sv17Y5d1,5v275d2:50v3VSd31 3 Svm—-17VSdm—1-5 vmvsdm+8vm78dmﬂstl+st2)
S{NWC(SUI’ySdl’ 0v2Y5d2:55375d3) s Sum— 175dm 1>S0mYSdm>S¢1)
/
SACN—yC<Sv1'VSd1ﬂSv2'VSd2ﬂ v375d3a Spm-1VSdm—11SvmYSdm» St2)}
(SM“/_12)N’yﬂ(8v178d178v278d27 v378d37 Sovm—-175dm—1-5 'um’ysdm’st>
is left continuous and non-decreasing function of 54 € Rsuch that
ngl_fréoN ( S0v178d1,5v275d2,5v37Sd3s 1 Svm—1T5dm—1>5 vmfysdnmst)zo‘
3.10. Definition: Let (Sy/,| -,....,. ||)be a SGMNLS over Sy, define that For any t,, t5 € [0,1] then
t1Saty =min{ty,t, bandt, SAct2 =max{ty,ts} . Also define
N’y(svlfysdl’SUQ’stQ’ $0378d3s 1 Svm—17"8dm—1>S vmrysdmvst) and
— 5[5 YSa1,802Y5 42,803V 4z, - '-7svm—1’ysdrn—l7 vm VS dm|| >
S H18u1Y5a11 802 Y5d2:503YSd3s -+ Sum—1YSdm—1>SvmYSdmll
Nyc(3v173d1a3v273d2a 03Y5d3: s Sum—1YSdm—1sSvm YSdm:5t)
— 201851 YSd15502YSd2,803YSd3,- '~asvm—lﬂysdm—l’ SvmYSamll
Se 801751, 50275a2:503YSd31- - 1S um—1YSdm—11Svm YSamll
Then we prove that the cubic structure (Sy,, N, V.. ) isa CSGMNLS
(Sasv—1) for every s, > 0, with s, €R, such that
N7(8U178d178U2’78d27 50378435 Svm—1YSdm—11Svm VSdm:5t) =0
St—[1S01YSa1:802YSd2: 513 YSass- --,Svm 1YSdm-1:5vmYSdm| — =1
S¢H18u1 7815802 Y5d2:503YSd35 -+ Sum-1YSdm—1>Svm Y Sdmll
(SMV_Z)N (Svlfysdla $0278d2,5v378d3s 3 Svm—17V5dm—1,9S vmfysd'rn?St):l
<:>[ || Sv17Y8d1,50278d2:50375d3) - Svm—17Sdm—1'SvmVSdm ”]
[St+” Sup17YSd1:50278d2:Sv3V5d3s s Svm—1VSdm—1> vm’YSdm Il
<:>|| Sv17Y8d1:5v275d2:5v375d31 s Svm— 173dm 115vmVSdm |H
S 54135025 503y s Som_13Svm A€ hnearlydependent.
(SM’Y_?))N’y( v178d1’ UQ’YSdQ; v375d35 3 Sum—17V5dm—1>5 vm’ysdm’st)
= StiHSvl"Y‘Sdl’SvQ’YSdzﬂsvS’ySdS:"-asvm—l’ysdm—l’ wm YSdmll
Se 801751, 50275a2:503YSd31- 1S um—1YSdm—15Svm YSamll
S1—[1Sp1 V541,502 V542,503 YSd3> -3 Som YSdm>Svm-1YSdm-1ll —
S¢t180175a1,5v275a2:503YSd3:- 1S um YSdm > Svm-1YSdm— 1|l
N,y(sylysdl,svzwsdQ,sygysdg,...,svm'ysdm,svmflfysdmfl,st) = .. .SOON,
This proves the invariance under any permutation of
81}1781)2381)3’"'ﬂsvmflasvm'
(Spzv —4) Now we consider LHS
N’y( v1 V541550275425 5v375d3s 3 Sum—17VSdm— 17Sp(5'um/75dm)75t)
— St—11Sp1YSa1+502YSd2>503Y5a3>- "7$Um,—1’y$dm,—l7 o (Sum Y am)|l
St+HS’U1’ySd1’Sv2’ySd27Sv3’ysd37"'7Sv'rnflrysd7n—1’Sp<sv"t,’ysd1n>H
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= St*SpHsvl’YSdlasz’YSdz:Svs’YSds,u~75vm71’75dm71a5vm’Y3de
sgt""spHsul’Ystﬂv$v2’73d2a3u3’ysd37---:sum—1’73dm—1vsvm’stmH
o %*Hsmﬁs,ﬂ:Sz;Q’YSdzaSvs’YSdsw-~’Sum 1YSdm—11Svm YSam |l
j*tJrHsm’YS(ua5v275d275v373d3:~~'7Svm 1Y8dm—1+Svm YSdm |l
N ( Sv175d1:5v275d2:5v375d3: 1 Svm—175dm—1> vm’YSdmv‘ ‘):RH& SpGF
S —5) Without loss of eneraht . we consider
M
N. ( 5517541, 50275d2 Su37Sd3: -+ Sum—1VSdm—1+5 vm VSdm» St2) <
N"y( 017Y5d1, 5027542, 50375d3s > Svm-1VSdm—1sSvm YSdm>St1)
12— 118017Y5d1,502Y5d2:503YSd3s-->Sum-1YSdm-1,3 vmW%mH
S42[53175d1,502754d2:503YSd35- 1S um—1YSdm—1>Svm YSdm]
< S41=118017Y5d1,5b2Y5a2:503YSd3s---sSum—1YSam-—1:Svm YSa m”
= s tl501754155027542:503YSd35 - s Sum—1YSdm—1>Svm YSdm|l
& [s12— 1 5175415502752+ 503V5d3s -+ Sum—1VSdm—1>Som VS dm I
[8t1+” S0178d1,5v278d2,50375ad3) - Svm—175dm—1"5vmVSdm H]
<[s Il $,17s s s s Sqm)
t1 v1V5d155v275d2:5v375d3s -1 Sum—17V5dm—15SvmVSdm
[St2+” Sv17YS5d195v275d2:50375d3s 3 Svm—-1TVSdm—1>Svm VSdm H]
< 8415¢2 — S¢1 || Sv17YS5d1rSv27VS5d2,S v373d37 Som—175dm—1s Um’ysdm ”
+512 | S0175d1:S0275d2:50375azs -+ Svm— 1’75dm 1:SvmYSam |l
v PE) s Su yoe Sym— m—1>Svm m
— | $v178d1+ 80275 a2:503V5as3 175dm—1 y VSam |
|| S0175d1:850v278d2:5v375d3s 1 Sum—17VSdm—1SvmVSdm ||
< 841840+ 841 || Sp1778 s s s Sam |l
#15t2 541 || 0175415027542 50375435+ Swm—1YSdm—1+Svm VSdm
=52 | Su17Sd1:S02VSd2:503V5dzs -+ Svm— 175dm 1 Sum YSdm |l
|| Sv17Y8d1r5v2Y5d2,5v37Sd3s + Svm—17S5dm— lvlvmpysdm ||
|| Sv17Y8d1:5v275d2:50375d3y - Svm—175dm—1:SvmVSdm ||
‘i’” 5v1’73d1» v278d2,S v3’73d3» Som—178dm—1> vmV/sdm |
<34 | 8,178 s s s s
= v17V5d1150275d2:50375d31 - Sum—175dm—1>5vmVSdm
<:;>|| Svl’ysdl? v27V8d2:5v3784d3s - Svm—-175dm—1> };mfysdm ”
+|| S0178d1r5v2Y5d2,5v378d3s 1 Svm—175dm—1>SvmVSdm ||
<(224+1) | sp178 s s s st YSam |
= v1V5d11502754d2s v3’7 a3 5um—175dm—1> umW’ dm
__(S41ts8
*( “51:2 12) Hsvlﬂysdl’ $0275d2)50375d3) - Sum—17Sdm—1> vm’ysdm ||
2N [501YSd1:802Y58d2:5u3YSd3s-- 1 Sum-1YSdm-1,3 1/m,’ysd7n,+s'l)7n’y$dm,H
! St1HS¢2 , i
< 150178d1,50275d2,503Y a3 2 Svm-1Ydm=-1:5vmVSdm
St2
=1+ Hsul’YS(n,51)2'st2751;3’Y5d37-~751m 1Y Sdm-1>8vm Y8 dm+8om VS dmll
St1TS¢2
<1+|\Su175d1y v2YSd2,8 vS’YSdSSa;é 1 Sum 1Y Sdm 1>Sum YSdm
= S41+840+ (1801541582842, UBFYSdS"_;_'5Sum—l’ysdmfl7Sumfysdm+si)mﬂysde
St1TS¢2
< S12H]S01 V541,502 V542,508 Y535+ 3 Sum 1 VS dm 15 Svm YSdml
- St2
= (541+542)—[1S01YSa1>502 754255035 d35+ > Swm-1YSdm-1>Svm VS dm+Sum VS dm|
(5¢11542) 1801 7Y8a1,502Y5a2:503 Y5z »Svm-1YSgm—11Svm YSdmTSom YSaml
> St2—1S01YSd15502 V542,503 YSd3s 1 Sum1YSdm1:Sym Y Sdm|
T 5o H5517541:502754d25503VSd35 -+ 1 Sum—1YSdm—1>Svm YSdml
N (85175415 502Y5d2 50375431 Svm—1V5dm—15Svm YSdm> TSvm VS dm» St1 + 5t2) =
mZ’n{N’y( v175d1>5v275d25S 1;3751137 Svm—175dm—15 Umﬂysdmvstl)a
N’y(svl’ysdl’ S50275d2,50b375d3) - Sum— l’ysdm 1,8 vm’ysdm’StQ)}

(S —6) To prove right contlnulty, suppose that
S40>841 > Owiths,q, s, €10,1)

St2=[1S41YSd1>5u2YSd2:5u3YSdss -3 Sum—1YSdm—1>Sum YSdml|
Seot(8,17541,502784d2:503YSd35 -3 Sum-1YSdm—1>Svm YSdm||
541 |[8017841,8027542,853YSa35 - > Sum-1YSdm-1:Sum YSam|l
S11H50175415502754d2:503YSd35 -+ 3 Sum—1YSdm—1>Svm YSdm|
— (542=541)1S01Y5d15502Y5d2:503YSd30 - Svm-1YSdm—1>SvmYSamll 0
(s42H150175415502YSd2:503YSd3> > Sum-1YSdm-1>Som YSdm ) (Se1 (501 75a1,502754d2:503VSdss- -3 Svm-17YSdm-1>Svm YSamll)
2N S42—[1Su1Y5d1,502YSa2,503YSdss -3 Sum—1YSdm—1:Sum YSdml|
StotSv175d1>502YSd2:503YSds5 3 Sum—1YSdm—1>Svm YSdm]|
> St1—1801Y5d1:5b2 V52,803 Y5481 +1 Sum 1Y Sdm 1731;m’YSde
= s tlsv1vSa155027S42:503YSds5 -3 Sum—1YSdm-1>Svm YSdmll
<:>N'y<5v175d1’5'u275d2’ v378d3s - Svm—-178dm—1,5 vm’ysdm’StQ)
ZN’y(svl’ysdlﬂst’ysdQ’ v375d35 3 Sym—17Y5dm—-1>5 vm’ysdmﬂstl)
Hence N’y(svlfysdl’SUZ’ysdQ’ US’ySdS""’ vmflf}/sdm*l"gvm’ysdm’st)
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is right continuous and non-increasing function of s, €R

:>'n{,7£>n N. ( S0178d1,50275d2,50375d3) -+ Svm—175dm—1-9 vmrysdmﬂgt)

= Iim St 8501 Y8d15802YSa2:503YSd35+ s Svm-1YSdm—13Svm YSdmll =1
m—00 St+|\5v175d17 Sp2Y5d2,5037Y5d3) 1 Sum-1YSdm—11Svm YSdm |

(Spp —7) Obviously

ch( v178d1:50v275d2:5v375d3s s Svm—-17Y8dm—1,5 vm’ysdm78t):0

(Spsv —8) we have

ch(svlvsdl’sv275d2’ v378d3s - Svm—-178dm—1,5 vm’ysdm’st)

— 201851 YSd1,5v2YSd2,503YS a3, - ~',Svm71’stm71a SvmYSamll
Set[8017Y5a1,50275a2:503Y5d3:- 1S um—1YSdm—15Svm YSamll

Such that

ch(svlf}/sdl’s'uQ’ysdQ’ v375d35 3 Svm—17V5dm—-1>5 vm’ysdm’st)zo
2”Svl’ysdl7Sv2’st2’Sv3’ySd35"'asvm—l’ysdm717 wm YSamll =0
S¢t+8017Y5a1,5v2YSa2:503VSass - - 7Svm 1YSdm-11Svm YSdm |l

<:>|| Sv178d1:50278d2:50375d3y - Sovm—175dm—1'SvmVSdm ”_

Hence, 5,,1,5,9;54,3,--,$
(Sarr —9) we have

wrm—1s svm are linearly dependent.

N’yc (50175d1550275d25 50375435 Sum—1VSdm—1>Svm VSdm»5t) =
2”‘5111’7‘Sdl73112’st278113’ysd35"'1Svm—lﬂy‘sdm—1? om YSam|l
S¢HSu17Y5a1,502YSd2:503YSds5 -3 Sum—1YSdm—1>Svm YSdml|
— Su1YS5d15552Y5d25553Y5d3s s Sum YSdm>Svm-1YSdm—1l

S¢H180175a1,50275a2:503YSd31- 1S um YSdm > Svm—-17YSdm—1 |l
Noe (55175415 502Y5d25 503Y5d3s 5 Som VS dms Svm—1VSdm—1>5t) = wrvvveeen $0 on
Hence,

N’yc (Svl’ysdl »50275d2,50375d3) - SumVSdm s Svm—175dm—1> st)
is invariant under any permutation of

Sv155v2:5v3y 3 Sum—1:5vm
(Sp —10) We have
N'yc(svl’ysdl’SUQ’ysdQ’ v375d3s 3 Svm—175dm—1>5 ( 'umfysdm)’st)
— 2[[S41YSd15502YSd2,Sv3YSd3s - --,Svm 1YSdm-1,5,(8 vm’Y&im)H
3t+|‘3u173d173v273d273u3’73d3a~--7sum—1’73dm—17$p($um’73dm>H
’Sp2H’Svl’ySdl7Sv2’ysd27sv3’ysd3!"‘7Svm—1"ysdmfl’svmvsde
st""spHsul’YS(ﬂv$v2’73d2a3u3’ysd37---:sum—1’73dm—1vsvm’stmH
PEN S2|‘Su1’ysd1’Sv2wsd2’sv3’ysd37"~asvm—1’YSdm71’Svm’YSde
s‘%"'”svlwsdl7302'ysd2vsu3’73d37~--7sum 1YSdm-1+Suvm YSdm
:N76<8v178d178v278d27 v375d35 s Svm—178dm—1> Um’)/sdm,‘ ‘) s, el
(S pzv — 11) Without loss of generality, we assume that
nyc(svlrysdl’Serysd% v375d3> 3 Svm—175dm—1-5 vm’ysdm’st1>
/
SN»y (54178d15502784d2:8 u373d3» Svm-1V8dm—1+SvmYSdm: St2)
2]15,1Y5d15512Y5d2:503YSd30 > Sum-1YSdm-1>SvmYSamll
st1+“su173d1751;278d2vs1/375d3a---7Svnz—1’ysdm—1;sv7n’ysd7nH
< 2]1811Y5d15502Y5d2:503YSd3s - Sum-1YSdm—1SvmYSdmll
= S H5u175a1:50275d2:503VSd35 -1 Sum-1YSdm-—15Som YSamll Y
<:>[‘91524>|| Sp17Y5d195v275d2:5037V5d3s s Som—-1TVSdm—11Svm VSdm |H
[2 || Sv17Y8d1:5v275d2,50v375d3) > Svm— 1'stm 1SvmVSdm |H
<[s¢1+ | Su1Y8a15S02YSa2, 3’75d3»~~ m—178dm—1,5 SpmYSdm)
[2 || 0175413027542, 50v375d3) 3 Sum— 1’78dm 1> vmfysdm |H
< S¢2 || Sv178d1,5v27VS5d2»S 378d37 Svm— 178dm 1SvmVSdm || +
|| S0178d1785v278d2:5v375d3) 3 Sum— lfysdm 1> Um’ysdm ||
” Sv175d1,5v278d2,S v373d37 Som—-175dm—1>» vm'ysdm ”
< 541 || S017Sd155027542, v3’73d37 Sym— 178d17} 15 80mYSam |l +
[ Su1YSa1sS0v27YSd2:Sv37Sd3: - Svm— 1’)’5dm 15 Sum YSam |l
|| Sv178d1585v278d2,S v378d37 Som—-175dm—1:5vmVSdm ||
<:>81&2 ” Sp175d195v275d2,5v3VSd3s -1 Svm—17VSdm—1> ,vmﬂysdm H (1)
<1 |l $u178a1sSv2YSa2:8 v375d37~-~v om—1Y5dm—1+5umYSam |
we have
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/7
2[1801Y5d15802Y5d2:503Y 5313 Svm-1YSdm—11Svm Y SdmTSvm Y Samll

(s41+542) 180178 a1,502V8a2,503VSazs - -
2|8417Y5415502YSd2:543YSd3s -3 Sym—

7
7$Um—1’y$d71,—17$Uw175d7n+svm'ysdwz“
1YSdm-1Svm YSdmll

7
812501 75415502784d2:503YSd31-+ 1 Sum—1YSdm-—1>Svm VSdm

2181 Y8d15802Y58d2:503YSd3s -3 Sum-17

Sdm-—1> Si)'m YSdm H

SiatlSv1YSa15502YSa2:503 VS a3y -3 Sum-_1

YSdm-—1 732)771'75(1771”

’
S4ollS41YS41,802Y542,553Y5d3> - Sum-1YSdm-1:Svm YSdm | =S11115417Y5d1,502Y5425543VSds5 -3 Sum—1YSdm-15Svm YSdmll

[(s41+5e2)H[80175a1,502YSa2:503VSags---»

l;y Equation (1)

Som-1YSdm—1:5vm YSdmt5om VSam NSt 180175 a1,5027Y5d2:50375a3,- -3 Svm—-1YSdm—1+5pm VS dm ]

7
2|8417Y5415502YSd2:503YSd35 -3 Sum—1YSdm-1>Svm YSdm T Svm YSamll

(s41+842)+18017Sa1,50278a2,503VSazs - -+

7
asvmflﬁysdn}.fl’Svm’ysdm+svmfysdm‘l

< 2[841v8415502YS42:803YSd35- -1 Sum-1YSdm—1>Svm YSdm

i 7/
SeotSu17Y5d1,502Y5d25563YSdss -3 Sum-17YSdm-1>Svm YSdmll

Nyc(svﬂsdla v275d2>5v3754d3)

Svm—-175dm—1>5 vmvsdm+8vm78dm’8t1+st2> <

max{N’y ( Sv17Y8d1,5v278d2)8 v3’ysd37 Som—175dm—1+5 Um’ysdmﬂstl)?

N’yc (Svl’ysdlv S0v27Y5d2)5v375d3s -+
(Sprr —12) we have clearly

N»yc(svl’ysdlasvz’ysdza v375d3y -

Svm— lvsdm 1,5 vm’}/sdm’st2>}

Sovm—-17Y5dm—1>5 Um’ysdmﬂst)

— 201851YSd1:502YSd2,803YSd3,- '~asvm—lﬂysdmfl’ SvmYSamll
. 3t+H3ru1'st.17$v273d273u.3’73d37~--73U7rf—1’73dm—17$vm’73de
is non-decreasing left continuous function of s,.
rrlLZlT;oN ( S0178d1,50v278d2ySv37VSd3y 3 Svm—17VSdm—15S vm’ysdm’st)zo
<= lim 2(|831Y5d1,802Y5d2,503YSd3s- - ,Svm71’YSdm71,Sum’YSde =0
m—oo StT18u17Y841,5027Y5a2,5037YSazs- > Svm-—1YSdm—1+Svm YSam |

3.11. Definition: A sequence {SkaSdk}:il in CSGMNLS (S, N, V... ) is said to be convergent into s,,7s 4 if
for every given w € (0,1),s, > 0, there exist an integer n €N such that

ny (Sv178d135v278d23 50375435+ S

nyc (55175d1>502V5d2, 5537543+ 5

Theorem 3.1 .1:

Let a sequence {s,, kwsdk}oi in CSG

(D) Ny (85175a1: 50275 a2 503753 -

(i) Nye (89178415 S02V5a2:8 v3’78d37

Proof : Let a sequence {svk'ysdk}k
given w € (0,1) there exist an integer n
SuVSdsS¢) > 1—w

Nye (85178415 502Y5a2: 503 VSd3: -

Therefore, 1 — N (s,,175 41 U273d2a

and N e (5,17541:50275a2:50375as

-178dm—-1SvmVSdm _SU’YSd:St) >1—wand
1Y dm—11Svm YSdm — SuVSq,S¢) <w forallm>n

MNLS (Sy,, N, N, ) is convergent into s,,7s ;<

Som—-17Y5dm—1>5 Um’ysdm_sv’ysdﬂst):]'asm%oo
Som—-175dm—1-9 vmvsdm—syvsd7st)20a3m—>oo.

:lln CSGMNLS (Sy,, N.,, N.,c) is convergent to s,vs, and fix s, > 0 then for every

€ N such that Nw(sv175d175v275d27 v375d3> 5 Svm—178dm—1>SomVSdm —

Som—175dm—1:5SvmVSdm — vlysdﬂst) <w fO?" allm Z n.
Sv378d3y - 1%um—178dm—1SvmVSdm _Sv’ysd78t) <w,
yoes Sym— 1’}/Sdm 1 SvmYSdm —SvVSds St) <w

Hence (I)N ( Sv175d1>5v27Sd2:S y375d37 Som—-175dm—159 vmrysdm_sv’ysd78t)—>1a5m_>ooand

(il) Noye (Sy17Sa1+50275d2:S03V5a3, -

Svm— 175dm 1,5 vmﬁysdmisv’ysdvst)ﬁoasméoo

Conversely, we have for each s, >0 such that

N'y<8v1’78d178v2’78d27 v378d3; -
Nyc(5u175d1a5u275d27 v378d3s -
then if for every given w € (0, 1),8t>
1*N7<5u175d1a5v275d2a v375d3; -
SN, (85175415 50275a2: Su3V5d3: -
Nyc(svﬂsdl’ v278d2:50v375d35 -

Som—175dm—1:SvmVSdm — S275d> St) — lasm — oo, and
Som—178dm—155 vm’ysdm_svr}/sd78t) —0asm — o0
0, there exist an integer n €N such that
Som—-175dm—15vmVSdm — U75d75t> <w
Som—175dm—1:SvmVSdm — v’ysd7st> >1—w.and
Som—175dm—1:5vmVSdm — vlysdﬂst) <wf07“allm2n.

Hence, a sequence {svk’ysdk}kzlm (SV, N, N..) CSGMNLS is s convergence into 5,75 -
3.12. Definition: A sequence {svk'ysdk}:ilin CSGMNLS (Sy,, N, N,c) is a Cauchy sequence if for a given every
6 € (0,1)and s, > 0, there is an integer n €N such that

Ny(5u173d1»5u2’73d2» v3754d3s
and

ch (80178415 50275d2: 503753 s
Theorem 3.1.2:

Som—175dm—1-5 vmpysdm_svl,ysdl7st)>]‘_9

Som—178dm—1>SvmYSdm _Svl’ysdl’st) < Qfor all l7m >n

In CSGMNLS (Sy,, N.,, N...) every convergent sequence is Cauchy sequence.

Proof: Let a sequence {s,,VSax} o,

in CSGMNLS (Sy,, N.,, N..) and is s convergence to 5,75 4in

https://www.indjst.org/
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(Sy, N, N.ye). If s, > 0and 6 € (0,1). Consider w € (0,1) such that (1 —w)Sx (1 —w) > 1—60abndwSp.w < 6
Since a sequence {Suk’YSdk}Zilin (Sy, N, N, ) and it is convergence to 5,75 ;.
There is an integer n €N such that

N'y<8vl’78d178v2’78d27 v375d35 3 Svm—178dm—1>SvmVSdm — SvVSa» 2 ) >1—w. And

ch (S'ulfysdl’s'UQ’ysdQ’ Sv378d3r 3 Sum—17VS5dm—-1Som VSdm — SvVSd>» 2 ) <w, for all m > n.

Nw(5v1’78d175v2’78d27 v378d3y 3 %um—17Y8dm—-1SvmVSdm — vl’ysdlvst) =

N’y( v1V8d1,5v2Y8d2,5v37Sd3s 1 Suvm—17V5dm—1>SvmVSdm — Sv 75d+5ﬂ75d75vl75d17%+%)

2N~y< v175d155v275d25S US’ysd.?)? Som—175dm—1:SvmVSdm — ’Vsd?%)

N ( 55175d115027842550375d35 ) Som—1YS5dm—11Svm VSdm T 5,V8q — uﬂsdza%)

WehaveN (5017841, 50275 a2 373d3> Sum—1YSdm—1:SumYSdm — Sv1VSa1:5¢) =

Nw( v175d1550275d2:50375d3s - Sum— 178dm 1SumY8dm — SuV8a T 8,VSq — vlrysdl’i‘/ + %) 2
N, (51;1’75(117 S0v275d2y5v375d3s -y Sum—175dm—11SvomVSdm — S U’Y’Sd’%>SA

N’y( v17V5d1>5v27542:S 1;375(13, Sum—1Y5dm—1>SomVSdm T 5,78q — vlpysdlv%> > (1_w)SA(1 —’U)) >1-6,
for all , m>nw. And we have

N ((Svlfysd17sv2’ysd27 S5v378d3s 1 Svm—-175dm—1+5 vm’ysdm_svl’ysdl’st) =

N C( S0178d1,50275d2,50375d3) - Svm—17S5dm—1> Umfysdm_Sv’ysd+sv73d_svl73dl7%+%>

SN'y ( S0175d1,5027542,8 v375d37 Som-175dm—1SvmVSdm — fu’Yde%)SAC

N’y ( U178d1? U278d23 U378d33 vm 178dm 1> vmfysdm+s 78(1 vl"ysdh )<wSAcw<9foralll m>n

Therefore, a sequence {s,,VS gk o o, iIn CSGMNLS (Sy,, N, N ) is a Cauchy sequence.
3.13. Definition: A CSGMNLS (Sy,, N, N.,c) is called complete if every Cauchy sequence is convergent in it.

Remark: In following example we prove that there may exist Cauchy sequence in a (Sy,, N.,, V., ) which is not convergent.

Example: Let a CSGMNLS (S, N.,, N...) as in the previous example Let {s,,, 754} -, be sequence in (Sy,, N, N.;c)
then
(D) {SurV5ak} ., is a Cauchy sequence in (Sy, || «s-ers- [|) S{SukV5ak} o, s Cauchy sequence in (Sy,, N.,, N. )
(ii){svk'ysdk}:‘ilis a convergence sequence in (S, || ., ..., - ||)<:>{svk'ysdk}2°:1 is convergence sequence (Sy,, N, N..).
Proof: (i) Suppose {svk'ysdk}io L s aCauchy sequence in (Sy/, || -yeeers- |])
@ml%m || Sv175d1:50275d2:50375d35 1 Svm—17V5dm—1SvmVSdm — Sv1V5dl ||:0
©ml2l"z;l N ( S017Y8d1,5v278d2,50375d3) > Svm—17S5dm—1-5 Um’ysdm_svlrysdl’st)
< lim 1801 ¥541:802YSa2,803YSazs s Sum-1YSdm-—1>Svm VSam =S YSalll =1
m,l— oo St+HSvl'ySd17 S42YSd25503YSa3s+++rSum—1YSdm-11Svm YSdm—Sv1YSaill
& N (55175415 502Y5d2:503Y5d35 - Sum—1V5dm—1>Som VSdm — Sv1VSa1:5¢) = Lasm,l — oo
<:>N (Svlfysdl’ 50275d2,50375d3) - Sum—175dm—15 vm’ysdm_svl’ysdl’st) > 1—’11) w e (O 1) foralll m>n
Andml%TooN ( Sv175d1,5027542,5 'u3’ysd3’ Som—175dm—1:5vmVSdm — 95 'ul’ysdl’st)
< lim 201841 Y5a1:832YSd2:853Y a3 > Sum-1YSdm-1:Sum YSdm =S YSalll =0
m,l—oo SIS 01 Y5d1,502 V542,503 YSd3s 1S um—1YSdm—1>Svm YSam—SuYSaill
<:>N'yc( 01Y8d1 5027542 503Y5d3: +» Svm—1YSdm—1+Svm YSdm — SuiV8a1,5¢) — 0asm,l — oo
<:>N'yﬂ(svlfysdl’sv2fysd2’ v378d3s > Svm—-175dm—1,5 vm’ysdm_svl,ysdl’st)<w7w€(0’1) foralll,m>n
Hence, {svk'ysdk}zil is Cauchy sequence in (Sy, N, N..)
(i) Suppose {S, 1k VSar 221 isaconvergent sequence in (Sy/, || -y-ees- |])
<:>'rrlle || Sv178d1,50275d2,5v375d3) 1 Svm—1T5dm—115vm YSdm — S075d ||:0
‘i’né@ooN (50175d15 5027525 503Y5d35 -+ Svm—1V5dm—1>Som VSdm — Su7V5d,5¢)
< Iim St— [501Y8d158u2Y8d2,:8 vdfysddﬂ'"7S1fm,—1'ysd7nfl7Svm’73dm_s17’ysdu =1
m—oo St TI1S017Y8d1,502VSa2,5038YSd35 > Sum-1YSdm—1>Som YSdm—SuYSall
<:>ny( v1Y8d1:5v278d2:5v375d3s - Svm—-175dm—1:9 vm’ysdmisv'}/sdvst)ﬁlasmﬁoo
<N ( Sv17Y5d1,5v2754d2> 1)375513)"' Sum—-175dm—1-9 vmfysdmisufysd’st) > liwvwe (071) forallm>nand
W{ZjﬁooN e ($017541,502Y542>503V5d3 > Svm-1VSdm—15Svm VSdm — 5S> 5¢)
< lim 2(18,1Y841,802Y842,8 vdfysddﬂ'"7svm,—1'ysd7nfl7Svm’ysdm_sv’ysdu =0
m—oo St TI1S017Y8d1,502V5a2:508YSd35 > Sum-1YSdm-1>Som YSdm—SvYSall
<:>ny ( Sv17Y8d1:5v275d2,50375d3y - Svm—175dm—1-5 vmﬁysdmisvvsdvst)ﬁoasm%oo
<:>ch< v17Y8d1:50278d2,50378d3s - Som—175dm—1>5 'umfysdm_svrysd78t><w7we(071) forallm>n
Hence, {5,754}, is convergence sequence in (Sy, N, N..)
Thus, if there is a soft m-normed right Gamma-linear space
https://www.indjst.org/ 2942
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(Svs|l <y~ ||)is not complete then the CSGMNLS such a crisp soft m-norm on an incomplete CSGMNLS Sy, is an
incomplete cubic soft m-normed right Gamma-linear space.

Theorem 3.1.3:

A CSGMNLS (S, N, N, ) is complete if in which every cauchy sequence has a convergence sub sequence.

Proof : A sequence {s,,¥5qx},_,in CSGMNLS (Sy,, N, N..c) and {5,754} ,_, be a subsequence of {s,,¥5qs},_,
that convergence to s,vs, in (Sy,, N, N, ). We need to prove that {svkvsdk}zilis convergence to s,,7vs,if s, > Oand
6 € (0,1). Choose w € (0,1) such that

(I1—=w)SA(1—w) >1—0OandwS.w < 0

Since a sequence {s,,, 754 k}oo is Cauchy sequence in (Sy,, N, N ). There exist an integer n € N such that

Nw(8v175d175v278d27 v378d3 1 %vm—17T8dm—1SvmVSdm — SviVSdl> 2 )>1 UJUJE(O 1) fOT’CLl” m > n and
N’y ( Sv17Y8d1,50275d2:50375d35 - Svm—175dm—1:5vmVSdm — vlf)/sdlﬂ )<’U} w e (O 1) foralll m>n
Also, we have {s,,, 754 k} 118 convergent to 5,754 There is a positive 1nteger j> n such that
Nv<8v178d178v278d27 v3’YSd3, Sovm—-175dm—1> 'um]fysdmj SvVSar o )>1_wand
NWC<SU1’YSd1’5v2’YSd2’ v378d3s 1 Svm—17Sdm—1> vmg’ysdmg SvVSas 2)<w
Now N. ( Sv17YS5d1,5v275q2, S v3’75d37 5 Svm—175dm—1> vmgvsdmj vvsdvst):
S S
'y( 01 Y8d1580278d2>5v37Y8d3s s Som—1VSdm—1>Svm;VSdmj — ’78d77t+7t)
s
[N ( Sv17Y8d1,50v27Sd2,S v375d37 5 Svm—175dm—1> vmg'ysdmj S VSds 2t>] for alli > n. And
SalN, (s ) =
S0178d1,50v275d2,50v375d3 s Svm—17VSdm—1> vm]'ysdm] S V8d>
> (1—w)Sa(1—w)>1—0
N C( Sp17Y8d1,50275d2:50v375d3) s Svm—1TVSdm—1> vmgfysdmg U75d7st):
S
N’yc( v175d155v275d25S 'u3,ysd3’ Svm—-175dm—1> vm],ysdmg ’ysd’7t+7t)
< [N'y ( Sv17Y8d1y50v2754d25S u3’78d3a Som—-175dm—1> vmg’ysdmg S V54> 2 )] for all ] >n
s > = .
SAC[ 'yc< v17V5d1,5v275d2,5 v378d37 5 Svm—175dm—1> 'umg’ysdmj Sv VS t)]
<wSpew <O

Therefore, a sequence {s,,,7S4 k}:i | is convergent to 5,75 4 in cubic soft Gamma m-normed linear space (Sy,, N, N )
and hence it is complete.

4 Conclusion

This work introduces the concept of soft gamma ring, soft gamma vector space. Using this notion, the SGMNLS and CSGMNLS
are introduced. It presents detailed properties with generalization theory of soft-m-normed linear space and obtained the results
on cauchy and convergent sequence in CSGMNLS. It has even provided theorem of completeness in CSGMNLS. This work can
be extended to Banach spaces by introducing the notions of completeness in CSGMNLS.
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