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Abstract

Objective: In this study, we establish the existence and uniqueness of the
common coupled fixed point theorem on complete A,- metric space. Method:
We have used the (¢, p) - type Suzuki contraction on two mappings. Findings:
For two mappings on the complete A,-Metric Space, we were able to obtain
and prove a unique common coupled fixed point theorem and justify it with a
suitable example. Novelty: A unique common coupled fixed point is obtained
by using(y,p) -type Suzuki contraction on two mappings and application of
Suzuki contractive fixed point solutions of (¢, ) - type to integral equations in
the setup of A,-Metric Space.

Subject classification for mathematics in 2000. 54E50, 47H10, and 54H25.
Keywords: Ab -Metric Space; (y, ) -Type Suzuki Contraction; w -Compatible;
A, -Completeness; Coupled Fixed Point

1 Introduction

A stunning fusion of geometry, topology, and analysis is seen in fixed point theory.
Due to its numerous applications in approximation theory, non-linear analysis, medical
innovation, biomechanics, integral, and impulsive differential equations, problem
solving, homotopy theory, and algorithms, it has been playing a significant role.

Generalized versions of the core discoveries of Banach and Edelstein were recently
shown by Suzuki? which sparked a great deal of interest in this area®*. The notion
of b- Metric Space (MS) was proposed ® in 1989. Later, many authors generalized this
and introduced the new Metric Space. M. Abbas et al.® presented the idea of n-tuple
Metric Space and examined its topological characteristics in 2015. A, -Metric Space
is a generalized version of n-tuple Metric Space, as first proposed by M. Ughade et
al.?). Then, in partially ordered A,-MS, K. Ravibabu et al.® obtained unique coupled
common fixed point (UCCFP) theorems. Guo and Lakshmikantham ® generated the
notion of a coupled fixed point (CFP) in 1987. Later, Bhaskar and Lakshmikantham !
employing a weak contractive type assumption, established a novel fixed point theorem
for a mixed monotone mapping on a Metric Space equipped with partial order. Several
authors 1119 studied the coupled fixed-point results.
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This paper is to provide unique coupled common fixed point theorems in the set-up of A, -Metric Space for(y, p)-type
contractions and (¢, p)-type Suzuki contractive mapping. Additionally, we can provide appropriate examples and an application
to integral equations.

2 Methodology

This section includes a few definitions, examples, and lemmas that are necessary to provide our primary findings.
Definition 2.1 7): Consider J as a non-empty set, & ¥ > 1 as a real number. An A, -metric on J is defined as a mapping
Ny, : J™ — [0,00) that meets the following constraints for every e, , 8 € I

z=1,2,3,...n.
(Mpl) 7y (1, @9, ... &, _1,2,)>0
(np2) 7Ny (ey, @, ... &, q,k,)=00® =&y =" =&, =&,
Np ey, @1, (1)p_1,8)
- F7p (g, ®g, e (ee5),,_1,B)
np3) Ny (e, &g, .. ® 1,2 )<V b2 %2 T2n—L
(733) p (@1, 20 &, 1,%,) < 4+ +nl)~(aen71,aen71 ............ 7(aen,1)n,1,f3)
7 (8, e (@) no1,8)

Then (J, %) is called an A, - Metric Space
Definition 2.27: A metric space (J,7;) is symmetric if
i (ee, ae,...,(ae)nil,oe) = 7y (oeoe...,(oe)nil’ae)Vae,oe €J
Definition 2.3 ?):Let (J,7,) denote a A, -Metric Space Then, if & € J,5 > 0, we define the open ball Bfi,, (z,d) and closed
ball Bn, [ee, ] with center e and radius ¢ as follows:
Biiy, (,6) = {ee € 3 : iy, (e, ce, .., (c0) ) <6}, and
Biiy [, 8] = {oe € 3 : iy (ce,ce, ., (2) | ) <6}
Lemma 2.47):Ina A,-Metric Space, we have
1.7y (ae, ae,...,(ae)n_l,oe> <V ny (oe,oe,...,(oe)n_17 ae)
2.7 (ae,ae, ey (ae)n_l,ﬁ) <¥ (n—1) ny (ae,ae,..., (ae)n_l,oe> +927, (oe,oe,.‘., (oe)n_17f§>
Definition 2.5 ): Let (J, ;) be a Metric Space. A sequence (z,} in J is defined as follows:

\
1. If ny € Nexists such that 71, (aez, &, .. (aez)nil,ael) < 0toeveryl,z > ng then (e, } is 71, - Cauchy sequence.

2. We denote lim @, = @. i, convergent to the point @ € J if, V €> 0 there exists a positive integer n such that
zZ— 00

np, (aez R TR (aez)nil,ae) <€ toevery z > ng

3. In a metric space (J,7;) if all 72, - Cauchy sequences in J are i, -convergent, then A, is said to be complete.

Lemma 2.6: Assuming that{e,, }is 71, -convergent to @ and {ce, } is 7, -convergent to ce &(J,n;) is the A, -metric space
with 9 > 1 we have

(i) F=z7p (ae,ae,...,(ae)nil,oe) < zlirgoinfﬁb (aez,aez,..., (aez)n_l,oez)
< Zlﬁgosupﬁb (aez,aez,...,(aez)n_l,oez)
< V27, (ae,ae,...,(ae)nil,oe)

In particular, if ce, = ce is a constant, then

(i) 273 (&’&’...7(a)n71,m> < Zli@omfﬁb (aez7aez,...,(aez)n_1,oe)
< zlingosupﬁb (aez,aez,...,(aez)n_l,oe>
< V27, (ae,ae,...7(ae)n71,oe)

We consider the following to obtain our results.
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3 Results and Discussion

Definition 3.1: Assume (J, 7, ) be the A, -Metric Space, a mapping F : 3% — J . Then (=, ce) is referred to as a coupled fixed
point of Fif F' (e,ce) =, F(ce,&) = ce, fore,ce €J

Definition 3.2: Assume that F': J2 — J and f : J — J be two mappings where (J, 7, ) is the A, -Metric space

LLIfF (a,ce) = fae, F(ce,a) = foe,, then an element (ae,ce) is considered a coupled coincident point of F & f

2. A Coupled common point of F & f is defined as an element (ze,ce) if

F (,0e) = fe=e, F(oe,®) = foe = ce,

3.If f(F (e,0¢)) = F(fe,fcee)and =F(fce, fa) then for all ce,a € J, then there exists a pair (F,f) > F (& ,ce) =
fe, F(oe,&) = feethen (F,f) is called w— compatible

Definition 3.3:(J,7; ) be a Ay - metric space & F': X J — J & f : J — J be two mappings

(i) The pair (F, f) is supposed to be a (¢, p)-type contraction, if there exist two functions ¢ € © & p € € such that

Ve, oe,8,d €J, ny (F (e, ce), F (e,0e),...F (e,0e),F (8,d)) >0

= 0 ((n—1)>95%, (F (=,ce) , F (e, ce) ..., F (22,ce) ,F (B,d)) ) < p (M (=, 0e,8,d)) —ip (M (22,ce,8,d)) (3.1)

(i1) The pair (F, f) is supposed to be a (¢, p)-type Suzuki contraction, if There exists two functions ¢ € Gand p € 2 such
thatV, e, ce,B8,0,€ I withF (e, ce) # fae,F (ce, &) #+ foeand f e + foe

N (fae f2€ (fae>n 17fffl>7

5 fy (fee, fe,...,(fe), 1, F(e,e)) <m - ?;{goefé‘(e (fﬁ(){i): 1(’f ;’)’ implies
n (fd fd (fd)n,l, ’ ))

p(M

o ((n—1)> 357, (F (e, 0) , F (,ce) ..oy F (,c2) , F (B,d))) < p (M (aeoefsd» (e, ce, 8, d)) (3.2)

Where

n (fae f& ’( &)n—lvfﬁ)7

’FI‘ (f(ﬁ f(f 7<f(E)n l’fd)a
ﬁb(fae,fae,...,(fae)n_l,F(ae,oe))7
Flb(f(ﬁéf(?;v""(f(;)nflvF(m 26))7
n B ne1:F
M(&,(E,B,d) =maxr Z E;d ;d . E;d; !

Ny, (fB, f8, ..., (f

ny (fd, fd,....(f
(n,ll)lg iy, (f, fe,..
(nfl)ﬁdnb(f(f7fm7""?(f(e>'n—17F

And Q= {p/p:[0,00) = [0,00)} & O = {p/¢: [0,00) — [0,00)} are the functions satisfying the following conditions.
(ip)g is continuous, monotonically non-decreasing, and ¢ is lower semi-continuous.
(i1)p(t) =0=(t) ifand only if t = 0
Lemma 3.4: Assume that (e, } is a sequence in J such that Zlgrgo Ty (@,,%,,...,e, 1) =0
Let (J,7) be a Ay -Metric Space with coefficient 19>1. There exist € > 0 & two sequences say (aewk} & (aezk} of positive
integers such that the below instances hold if {z_ } is not a g, -Cauchy sequence

\

\
(H)0< klinozoinfﬁb (aewk,aewk,...,aezk> < klinozosupﬁb (aewk,aewk,...,eezk> <(n—1)90
\
. 0 . - 2 490
(44) m < lzm znfnb( wkﬂ,aewkﬂ,...,aezk) < klin;osupnb (aekal,aele,...,&zk) <(n—1)7940
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\

0 o ) ~ 2
(4i1) R < klggomfnb (aewk,aewk,...,aezkH) < klingosupnb (aewk,aewk,...,aezkH) < (n—1)"920

\

0

(iv) CEDEE

\
. . e~ . ~ 2 94
)03 S kli’rgolnfnb (&wku 7&wk+1 ’ ”'7&Zk+l> < kliﬂ;bosupnb (eewkﬂ 7&wk+1""’&zk+l) < (n 1> 90

Proof. Suppose {z, } is nota 71, -Cauchy sequence, then there exists an €> 0 & two sequences{aewk } & {aezk } (say) of positive

integers such that z;, > w,, >k,

~

\ \
ny, (eewk,aewk,...,aezkﬂ) < 0andny, (aewk,aewk,...,aezk) >0

Using the fact that lim 7, (e, ,e,,...,, ;) = 0 and (Equation (3.3)), we have that

Z— 00

\
~ ~ 2~
0<ny (aewk,aewk,...,aezk)g (n—1)Un, (aewk,aewk,...,aez#l) +9%0, (aezkil,aezkil,...,aezk)

\
< (n—1)90+92%, (aezkil,aezkil,...,aezk)
Clearly, we have that
\ L . » \
0< Ijirgoznfnb (aewk,aewk,...7aezk) < I!Lﬂgosupnb (aewk,aewk,...,eezk) <(n—1)90
Moreover, we have that
\ ~
0<ny (aewk,aewk,...,eezk)
~ 2;-4
<(n—1)9n, (aewk,aewk,...,aele) + 927, (aekal,aele,...,aezk)

<(n—1)vn, (aewk N I aew}m) +(n—1)937, (aewk+1 ®oy ...,aezkﬂ)

+9%40, (ae @ and

x 2

Zpp1?
~ 2~
<aewk+1’a3wk+1""’&zk+1>g <n_ 1)19nb <&wk+17£wk+l’“"£wk> +9 L (ae
~ 3r-4
< (n—1)vn, (aewk‘l,aewk}l,...,aewk) +(n—1)9°n, (aewk,aewk,...,aezk)
4~
+39%n, (aezk,aezk,...,aezk+1

< (n—1)9n, (ae @ @ )+(n—1)219471b (aewk,aewk,...,aezkA)

Wiy1? 7 Wy 77 W

+(n—1)0%7, (=

Zp+1’
~
T

aewk""’aezk+1>

wka

4~
aezk> +9%n, (aezk,aezk,... @

X
e A A P2

(3.3)

By considering the lower limit in the first inequality as k¥ — oo, the upper Pimit in the second inequality as k¥ — co we arrive

at

\
\

< lim infny, < lim suph,, < (n—1)%9%0

(n—l)ﬂ3 k—s 00 (xwlwrl’&wlwrl"”’xzk—l) koo (eewkﬂ’zewkﬂ’m’eezkﬂ)

Additionally, we have that

\
~ ~ 2~
0 <7y (aewk,aewk,...,aezk) < (n—1)vYn, (aewk,aewk,...,aezk+l)+19 g, (aezkﬂ,aezkﬂ,...,aezk)

And

~

ny, <&wk’&wk""’&zk+l)

https://www.indjst.org/
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~ 2,-.4
<(n—1)9n, (aewk,aewk,...,aezJ +9°n, (aezk,aezk,...,aezkﬂ)

2 92~ 3~
< (n—1)"9%n, <aewk,aewk,...,aezkil)+19 Ny (aezkil,aezkil,...,aezﬁ

2;—4
+9%n, (aezk,aezk,...,anMl)

We also have that
\
_0 < lim infn, (ae I ) < lim supny, (ae = SN 3 ) < (n—1)2192(\)
(n—l)’lg_k—)oo Wyt Twg Tz = koo Wy Twy Tz ) =
Applying a comparable method, we determine that

\
\
ﬁ < klirgoinfﬁb (aewk‘l,aewk‘l,...,aezk) < Igingosupﬁb (aewk‘l,aewk‘l,...,aezk) < (n—1)%920.

Theorem 3.5: Let (J,7,;) bea A,-Metric Space and F' : J2 — J & F' : J — J be two mappings that satisfy (¢, p)-type suzuki
contraction with

)F (32) C f(J) & f(J) is complete,

b) The pair (F, f) right is w -compatible.

Then there is unique coupled common fixed point of F' & f inJ

Proof: Suppose &, e, € J, then from (a), we establish the sequences{e,},{ce,} in Jas

F(e,,ce,)=fe, ,F(e,,,) = fe,,  wherez=0,1,2.....
Case (i): Assume that

f&z 7& f&erl or f(ez 7& f(EerlVZ' (34)

Since,

1 . 1 .
W”b (feg, feg, -, F(eg,0ep)) = Wnb (feg, feg, -, fe1)

< ﬁb (f&O’fEEO""’f&1>

ﬁb (fx0>fa307"'afael>a

rﬁb (f(BOafmof'wal)a
ﬁb (feevaeeOv"’aF(an,mO»;
iy, (foeg, faeg, -, F(ceq,®g)),
Then from (Equation (3.2)), we get

p((n_1)3196ﬁb(f331’f&1’"'7f&2)> :@<(n_1)3196ﬁb (F(an’(EO)’F(&07030)7"'aF(aelvml)»
(fa307fa307...,f261),

< mazx

iy,

iy, (foeg, foeg, ..., foeq ),
< (M (ey,0eq,eq,0e1)) — @ (M(eey,0ey,eq,0 < max{ 0 0 0 1
< p(M(ag,ceq,q,0e)) — @ (M (g, ceq,2,0e1)) > P Tb(fael,fael,...,faez),

nb(f(fl7f(flv"'7f(£2)

iy, (feeq, faeg, ..., fey),

Ny, (feeg, foeg, ..., foeq),

ﬁb (fa?17f2917..,f£2),

ﬁb (fmlﬁfwl’“'vf(EQ)

ﬁb (fwo,f&Ow'wf&l)a
ﬁb (fw07fw07"'vf(£1>a
ﬁb (f&17f&17"'5f&2)7
my (

fmlvfml,"'af(f'?)

@ | max

<p | max

https://www.indjst.org/ 2639
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Because of

ﬁb (f£07f£07“'7f331)7

Ny (feey, feg,.... Fleg, ),
ﬁb (f&lvfaelv""F(&lv(elw
ﬁb (feelafeela"'vF(eeOﬂmO»
(n,11>193ﬁb (fa?vaanv "7F(3317a31)>7

(nfll)qgsﬁb (foe, foeg, ..., F'(cey,q)),

(f&07f&07 fael)v ﬁb (fw07f(£05'"af(fl)a
<max{nb(f&17f&17 7f&2)7ﬁb(f(elaf(elv"'af(eQ)}

From definition of g, we have

Ny (foeg, foeg, -, feeq),

n

n

M (e, 0eq,q,001) = max 7

foey, feeq,....F(oeq,q)),

b (
bEf(E07f(E07---7F((BO7&O))7
b
b(fml’fCEl?"vF((Eman))v

ﬁ’b (f&va&Ov"wf&l)a
- 1 Ny (feeg, foeg, - foeq),
nb(f&lhf&l?“')f&Q) S (n_l)BﬁGmax ﬁz((§&27§-%§]77§2€21))7 (35)
ﬁb (fwlaf(fl7'--7fm2>
Similarly, we can prove that
ﬁb (f&07f&07“'af€e1)7
~ 1 ’ﬁb (f(EOaf(EOa'--af(E1>7
iy (feey, faey, ..., foeg) < =135 " o, (feey, feer, ... feen), (3.6)
ﬁ“b (f(elafmla"'vfm2)
From (Equations (3.5) and (3.6)) one can conclude
Flb (f&Oafan7 af&1>7
nb(f&lvf&lv f&Q)a} < 1 ﬁb(f&Oaf(EOa f(fl)v
—_— - 3.7
maw{nb (f(Elvf(Elv 7f(E2) o (n*1)3ﬂ6max nb (f&laf&la 7f&2)7 ( )
ny, (f(elaf(ﬁla"'af(EQ)
If éb(f&07f&07"'af&1)’} < {i”b (f&lafala"'vf&2)7}.
max{nb(fm07fm07"'7fml> = mae nb(fmlafmla'“af(e2)
Then from (Equation (3.7)), we have
ﬁb(f£17f&17"'7f&2>7} < 1 { (f&lvf&la af&Q)v}
max{ﬁb(fmlvfmlv'“afm2> o (n_1)3ﬁ6max (f(ﬁlvf(flv a.f(f"2>
This is a contradiction. Hence, from (Equation (3.7)), we have
nb(faelafah af$2>’} < 1 { (f&Omfanv afxl)a}
mam{nb(f(flafwla 7f(E2) o (n_1>3796max (f(E07f(E07 7f(f1) '
Continuing in this way, we get
Ny (f&zvfaew vfeez+1)7 < 1 ﬁb (faez—lvf&z—lr"afaez)v
max{ (fmzafmz7 afmz-',-l) B (n*1)3ﬂ6mam ﬁb(fmz—laf(fz—lv"'afmz>
1 ﬁ ( 33z727faez727'-'7f&z—1)a
= ((n—1)399) 2max{ﬁ (foe, o, foe, o, fee, 1)
ny (feeg, feeg,.... feq),
< ((nwmax{ﬁ (Feeg, foeg, ... feer) .—0asz— 00
Therefore,
Zlin;aoﬁb (fee,, fee,,....fe, 1) = Oandzlingoﬁb (fee,, fee,,....fee,.1)=0 (3.8)
https://www.indjst.org/
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The 7i,,- cauchy sequence {fa_} will now be demonstrated. Assuming that{fe_} is not a 7,-Cauchy sequence, then
ny (faewk s f®y, e faezk> >¢ and sequences of positive integers{z, } and{w; } where z;, > w,, > k. We can select {z,}
as the smallest positive integer for each k > 0, corresponding to w, such that 7, ( Ty, s fey, ol aezk> >¢€, We can select
zo € NU{0} such that n,, (faewk s ey, ...,faezkil) <€

1 € -
ﬁgnb (feewkhfaewk . 7F<$wkﬂm )) <—3 <€§nb(f&wkaf&wka'“af&zk)

no2
ﬁb(fawwf&wk?“wf&zk)a
- My (foey, s foey, o foe ),
mazx{ ~
= g, (faewk,faewk,...,F(aewk,oewk)>,

ﬁb (f(f"wk 9 f(Ewka "'7F((Ewk’azwk)>
Then, from (Equation (3.2)), we can get

P <(n71)3196ﬁb (faewku’f&wku""’feezku>> = ((ni 1)3196?% <F (aewk,oewk> F (aewk’mwk) oo <&Zk’(fzk>>)

< © (M (wwk’(ﬁwk’&zk’(ﬁzk>) —¥ (M (a?wk’wwk’zezk ’ ka)) (3'9)

Where M (e, ,ce,, ,®, ,ce, )

nb(fzewk’fawk ’faezk) nb(fwwk’foewk o fees k)’
np, (faewk,faewk,...,F( wk,oewk)> Ny (foewk,foewk S E(cey, Ty, ),
g, (faezk,faezka"wF( Zk,(EZk)g s Ty, Efwz fee, PR 7F((Ezk)&zk)>
Ny (faezk,faezk,...,F(aewk,oewk) i foezk,foezk, W F(eey,, ®y,,)
Wﬁb(f&wwf%v . D)

mﬁb (f wkvfoewk ( zk))

=max

g, (faewk,faewk,...,faezk ) Ty foewk,fcnewk,...,f()ezk>,
%b <f&wkaf&wk7“'af&wk+l aﬁb fmwk7fmwk7"~7fmwk+l
ﬁb(f'&zwf&zw"',fa?"z,m1 7’FLb fmzkafmzka"'afmzk‘l)a

FLb (feezkvfeezkv"'afaewk{l ) ’ﬁb (f(ﬁzkafmzka'“vf(ﬁwk_l
Using (Equation (3.4)) and (Equation (3.8)), we have that

bl

< max

\

0< lim sup M(z,, ey, 2, e, )

(f&wkaf&wkz'"af&zk ) ﬁb fwwkaf&wka'"af&zk)y

lzm sup max nl:(f wk7f&wk"”7f&wk+1 ) ’,r}’b fmwkvfmwka"'afmwarl 9
k— o0 ny (faezk,faezk, ...,faezlm , N foezk,foezk,...,foezk+1 ,
;ﬁ'b (f&zkaf&zka"'af&wkH) ’ ’Flb (fmzk7f(fzk7"'7fmwk+l)

\ \ \ \
<{(n—-1) 190 (n—1)90,0,0,0,0, (n—1)2930,(n—1)2930} = (n—1)2930
So that by using (Equation (3.4)) and (Equation (3.9)) becomes,

P ((n—1)2193(\)> =p ((n—l)BﬂG(n_()l>193)

https://www.indjst.org/ 2641
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< p ((n— 1)3196zlirgosup np, (faewkﬂ,feewkﬂ7...,faezk+l>)

o) ((nf I)BﬂGZlingosup g, (F (aewk,oewk) ya (aewk,oewk) yoos B (aezk,oezk>)>
ZliTgogupp ((n_ 1)3 1967:"17 (F (aewk’oewk> F (a‘o’wk’mwk) e & (&Zk’mzls)))
o ((n 1)%66) —y ((n 1)%966)

< <(n—1)3196(\)>.

IN

IN

IN

It is a contradiction. Thus, inf (J), {fe,} is a Cauchy sequence. In a similar manner, we may verify { fee,} in f(J) isa
Cauchy sequence. There exists «, f and d , n in J such thatf(J) is complete. lim fe, = a = fd, lim fee, == fn
zZ—00 Z—00
Since fe, — «, foe, — (3 for infinitely many z
Now we claim that for fee, # «, fee, # 5

max{ﬁb(fdjd,...,F(B,Z)),}<maz{ fp (fd, fd,.... fB), 7oy (f10, fr,c, £ 2), }
7 (f1, fn,.... F(Z,8)) 7y (8, fB, s F(B, Z)), 1oy (fZ,fZ,..., F(Z,R))

Forall 8, Z € J with fd + f8, fn# fZ
Let 8, Z € Jwithfd # f8, fn # fZ. Then There exists a positive integerz, such that for z > z,, suppose that

- 1 .
ny (fee,, fee,,...,fB) < —5z (fee,, fee,,....fe, 1)

ﬁb (f&z-&-lvf&z—o—l?"'?fg) < niﬁ ﬁb (f&z+1’f&z+17"'7f&z+2)
And

- 1 .
ny (fmzuf(ez?“wfz) < W’nb (f(EZ,fOSz,...,f(Ez+1>

- 1.
ny (foez+17foez+1,...,fZ) < Wnb (fc’ez+1ﬂf(ﬁz+17"‘7f(ﬁz+2)

Then, using the fact that
Ty (fee, 1, fe, q,....fe, o) <Ny (fe,, fe,,.., fe, ) wehave

ﬁb (f&zvf&zv"'vF(£z?mz)> - ﬁb (f&zvf&zv"'vf&z+l)

< (n—1)07n (fe,, fe,,..., [B)+00, (fa, 1, fe, 1,.... /B)

(n—1)

S 9 ﬁb (f&zvf&zv'“af&zJﬁl)

n

+mﬁb (f$z+17f£z+1, ...,fa?z+2)

1 /n—1 I .
< 9 (74_7) My (faezvf&Z""’f&szl)

n n—1

< 7’jl’b (f&zaf&zf"’F(&Z’(Ez))
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Since the inequality mentioned above is contradictory, we must have that

be (feesz&za“'vfﬁ)a
Wﬁb (fa?zvfa?za"'vfa?erl) < FLb (f&zvfa?za"'vfﬁ) < max N (foaz7f(ﬁz7'“7fz)7

’F[‘b (f&z’faza"'aF(&zamz)),
ﬁb (f(Bz’f(Eza"'aF(mz7&z)>
Or

1

ﬁb (f&z+1’f&z+17"'7fﬁ)7
Wﬁb (f&z+17fa3z+1ﬂ"'7fa3z+2) < FLb (faserlvfa?erl?""fﬁ) < mazx

7'/dlb (f(fz+1,f(fz+1,...,fZ),
le (f&z+17f&z+1a"'7F(&z+17mz+1>)7

ﬁb (f(fz+1,f@z+1, -'-,F(mz+1v&z+1
Hence, from (Equation (3.2)), we have

p(ﬁb <F<&z’&z>’F<&zv(ﬁz>v""F(sz))>Sp<<n_1)3196ﬁb(F(&zv(fz)7F(&z7mz)7"'7F(sz)>>
Sp(M(&z7CEZ,B7Z))—(p(M(a?z,(Ez,B,Z))

<p(M(e,,ce,,8,2))
where

ﬁb(f&zvfaz’“'vfﬁ)a ’I~1b<f(ﬁz,f(EZ,...,fZ),
’FLb (faez,faez,...,F(an,oez)), ﬁb (f(Ez,f(Ez,...,F<(Ez,ZBZ)),
M(e,,ce,,B8,7)=max Ny (8, f8,.... F(8,2)), n, (fZ,fZ....,F(Z,8)),
ﬁb (fﬁafﬁv-wF(&zvmz))a ﬁb (fZ,fZ,,F((X’.‘ 733z))>
mﬁb (faez,faez,...7F(x,y)), mﬁb (f(EZ,fCBZ,... F(y,x))

By using the notion of K and letting z — ooin the inequality above, we obtain

) Fo (fd, fdso fR), oy (Fs frosen f2),
ny(fd, fd,...F(8,2)) < m“"’”{ﬁb (818, F(8.2)). iy (fZ,fZ,...,F(Z,B))}

Similarly, we can show that

ﬁb(fn’fn""’F(Z’ﬁ))Smax( 'Flb(fd,fd,-.-,fﬁ),Flb(fn,fn,_..7fZ), }

ny (B, f8,.... F(8,2)), n, (fZ,fZ,.... F(Z,8))
Thus

max{ﬁb(fd,fd,...,F(B,Z)),}

g (Fd, f ooy fR) , Foy (1, frosees f2),
Foo (10, fr1, s F(Z,8)) <m“x{ﬁb( ’ ; }

- B8, F8,2)), n, (fZ,fZ,....,F(Z,8))
Hence, the claim. Now consider
be (fﬁ7fﬁ77F(B?Z)) S (n_1>192/ﬁb (fd)fd77fﬁ)+192;lb (fdafd77F(B7Z>)

iy (Fds Sy fB) , i, (f11 f1s e 2,
Thg nﬂZmaw{ﬁb (fbﬁafﬁvaF(ﬁ7Z>)a%b (mevaF<Z7B))}
us

- o (fd, s fR) oy (Frs f11s s )
gz (8, 18, F(8,2)) < m““”{ﬁb (PR 18, PR 2)). 1o, (fZ,fZ,...,F(Z,B))}'
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Hence, from (Equation (3.2)), we have

o (7, (F(d,n),F(d,n),...F(8,2))) <p((n—1)39%,, (F(d,n),F(d,n),.... F(8,2)))
<pM(d,n,B,2))—e(M(d,n,8,7))

(ﬁb(fd7fda(7ff§)> ﬁb((fnafnavfz()a ))
g (fd, fd,....,F(d,n)), 0y (fn, fn,...,F(n,d)),
= ma WUBTS o F82). T (1212, ),
By the definition ofyp, we have that

AR R Ny ST

- n Jfd, .., F(d,n)), 7, (fn, fn,,F(n,d)),

iy (F(dyn), F(dyn), ... F(8,2) <maz 2 bea"eg " "o 7)) 5 (72,57, F(Z,8)),
iy (R B, s F(dy1)) s Ty (FZ, fZvee Fmyd)

Now, from Lemma (2.6), we have

iy (fd. fd,.,(fd),_ F(dn)) < liminff, (fe, .y, fee . F(dn)

Now from (Equation (3.2)) and applying o on both sides, we have that
o ((n—1)° 047, (fd, fd,...,F (d,n))) < Zzin;omfp(m—n?’ﬁ%b (feeoi1, fe ir, F(din)))
zzingomfp((n—nffﬁﬁﬁb (F(,,ce,),F(e,,ce,),...F(d,n)))
< liminfo (M (e,,0e,,d,n))— liminfo(M (e,,ce,,d,n))
Here I!Z;g:infM(ae ce,,d,n) o

zr vz

nb (f&zufaey ,fd) ﬁb (f(fyf(ﬁzw'wfn)?
;Lb (feEZ,fan, R ( )) ﬁb (f(fzvfm,w ,F(oez,aez)),
iy (fd ..., F(d, n)), iy, (fn, fn,.... F(n,d)),
rﬁ’b (fdafdav (&z7mz)) nb (fn fna aF(mz’&z))
mnb (feezaf&zv""F(dvn))

mﬁb (f(Ez7f(Ez,...,F(7”L, d))

= lim inf max
k—o0

< lim sup mazx
k— oo

m”b(fa?z,faez, L F(d,n)),
s (fees, fe, ... F(n,d))

{ b (fd, fd,....F(d,n)), 7, (fn, fn,...,F(n, ))7}

<mazx{n, (fd,fd,,F(d,n)), n,(fn,fn,.. . F(nd) }
Thus

p((n1)3194ﬁb(fd,fd7...,F(d,n)))Sp(max{ %‘i% ((n C;))>}>
—Zlﬁgoinfga( (ee,,0e,,d,n))

<o (mar S T )
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by the definition of p, one can get that

. 1 (fd fd,. F(dn),
nb(fd,fd,...,F(d,n)>Si(n_1>3194 { (s f (n)d))}

Similarly, we can have

) 1 iy (fd, fd, ..., F(d,n)),
g (fn7fn77F(n,d)) < Wmax{%i((?m?n,,;(n?g))) }

Thus

fip (fd, fd, ..., F(d,n)), 1 fip (fd, fd, ..., F(d,n)),
m‘”“"{%i (fn,fn,...,F(n,d)),} = —1)%04 m“{fi (fn, fn,...,F<n,d>>}'

In order for F' (d,n) = fd and F'(n,d) = fn to be true. As a result the coupled coincidence point of F' & fis (d,n) given that
the pair (F, f) is w -compatible, so

fa=f2d=f(F(dn))=F(fd fn)=F(a,p) and {3 = f*n=f(F (n,d)) = F (fn, fd) = F (8,a) (3.10)

Now#ﬁb(fa,fa,...,F(a,ﬁ)) 0<max{ iy (fd, fd, ... f), 7oy (fn, fr,... 1), >>}

(fOt fOé, ) ( ?B))?ﬁb(fﬁufﬁa-'wF(ﬁaa

From (Equation (3.2)), There is

o ((n—1)39%, (fa, fa,..., fd)) = p ((n—1)39%7, (F(a, B), F (v, B),..., F(d,n)))
§p(M(a,B,d,n))—go(M(aﬁ,d,n))
< p(M(a,B,d,n))

le<fa fOé, afd)a ﬁb(fﬁafﬁa---afn)a
ﬁb(fa fO(, > ( ))7ﬁb(fﬁvfﬁ7"-aF(ﬁ7a))a
< ﬁb(fdvfd7 5 ( ))7 Flb(fn,fn,..,F(n,d)),
=g | max ﬁb(fdafdv B ( «, )) b(fnafna'“aF(ﬁ’a))a
mﬁb (fa, fa,...,F(d,n)),
(nfll)ﬁsﬁb (vafB7vF(nvd))

< (maz ( by, (fo, fo,.... fd) by, (fB, fB,.... fn) }).

From the property ofyp, It has

’FLb(fOQfOé,...,fd) S ﬁmal‘( ﬁb(faafaa"'vfd)v ﬁb(fﬂafﬂaafn) }

(n—1

Similarly,

ﬁb(fﬁafﬂaafn) S mmax< ,FLb (faufav"'»fd)? ﬁb (fﬂafﬁvvfn) }
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Thus

- - 1 ny (fa, fa, ..., fd)
e fd <—n DA S e P
max( nb(fa7fa7 7f )7nb(fﬂ7fﬁ7 7f’I'L) }_(n—1)3’195max{nb(fﬂ7fﬂ7,fn)
Therefore, the expressions 5 = fn = f3,a = fd = fa. Therefore, («,3) is a Coupled Common Fixed Point of F' and fas
determined by (Equation (3.10)), we will demonstrate the unique coupled common fixed point in J in the sections that follow.
Assume that o,
F, f has another coupled fixed point(a B ) Now think about,

1. iy (fo, fo o fa' ), Ty (8. fBy s f8)
g ot Bl 5)) = 0<m‘“”{ (;a(fa F(a m)) ﬁ(<f/3,f57...,F<g,a>>}

by (Equation (3.2)), we have

’

o ((n=1)%0%, (o, 0,...,0 ) ) = o ((n—1)395F, (F(a, B), (e, B), ... F(a . 8)))

<@ (max{ﬁb (a,a,...,o/) ) Ty (6,6,...76/)}> .

Then we have

ﬁb(ma,...,a/) < mmax{ﬁb (a,a,...,a/), 7y, (6,6,...,6/)}.

Similarly, we can show that

iy (8, B, B ) < mmaaﬂ{ﬁb (ona,.a), iy (B,8,-.87) }-

Thus
max {ﬁb (a,a, ...,oz/) ) Ty (ﬁ,ﬁ, ...,ﬁ/)} < mmax {zbb<<aﬁ:0gj-:.,’c;/>>’} .

Therefore = 5/ ,a = o . The Unique Common Coupled Fixed Point of F' and f is hence («, 3)

Case (ii): If fee, = fee,, q, foe, = foe,, ,for some z then

fee,=F(e,,ce,), fee,=F(ce,,a,)so that (e,,ce,) is the coupled coincidence point of ' & f. Moreover, following as
in case (i) withfee, = o, fee, = 3, we can show that(a, [3)is the Unique Common Coupled Fixed Point of F' & f

Corollary 3.6: Suppose (J,7,) be the A, -metric space and F': J% — J & F': J — J be two mappings which satisfy (¢, )
-type contraction with

a) F(3%) C f(3)&S (I)is complete,

b) (F, f)is w -compatible.

Following which, we have a Unique Common Coupled Fixed Point of F and f in J.

Corollary 3.7: Let (J,7;) be a complete A,-Metric Space. Suppose that the mapping F : 32 — J satisfying (¢, p)-type
suzuki contraction, for all e, ce, §, d € J

1
nY2

Ny (e, e, ..., B), 1y (ce,ce,...,d), implies
;ﬁ’b (&,&,...,F(&,(E)), ’Flb (@,(E,...,F((E &»

)

Ny (e, e, ..., F(ae,ce)) < max{

o ((n—1)> 05, (F (=,ce), F (,0e) -+, F (8,d))) < p (M (,0e,8,d)) — o (M (,ce,8,d))

e PR 00) o e, )
ng (@, ,. , N -4, e)),
where M (e, ce,88,d) = mazx %b(ﬁ R, F(8,d), ﬁl;< LF(d.R)),
ﬁb(ﬁ,fi,..., (ee,00)), Ny (dd ..,F(oe,ae))
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Then there is a Unique Fixed Point of F' in J.
Example 3.8: Suppose J = [0,+00) we define 7, : J™ — [0,400) as fp(eq,@®q,.cccn.n. &, 1,%,) =
Z?:lziq |, —aej‘QV @, €3, 1=1,2,...
Following which (J,7, ) is a complete A, -Metric Space with 9 = 2
Let F: 3% — Jand f: J — J be given by F'(d,n) = sin(84=82472n=-3))  f(d)= 2d43n-2and p, ¢ : [0,00) — [0,00) by
p(t)=t,¢(t)=1%, Then clearly, F (J*) C f(3)& (F, f) are
w -compatible & for everyd , n,Z,8 € J
$ny, (fd, fd, F(d,n)) <ny (fd, fd,,F(d,n)).
<max{~ ﬁb(fd7fd7'"7fﬁ)’@b(fnafn7"'7fz>7 }
- Ny (fdafdaaF<dan))7 ny (f’l’L,f’l’L,"',F(n,d)),

Now we have

o((n—1)39%7, (F(d,n),F(d,n),...,F(8,2)))
— (n—1)49%| F(d,n) — F(8,2)|?

6d—3n+72n—3 si 68—3Z2+72n—3

_ 2
on ) —sin( on )

= (n—1)%9%|sin(

6d—3n+144n—6+68—SZ)8m(6d—3n—6f3+3Z
2n 2n

=4(n—1)*9%|cos( )|2

d—3n—68+37Z+144n —
§4(n—1)4196|6 3n—68+37+ n 6|2
72n
(n—1)<2d+3n—2 . 6B—3Z+T2n—2 5  2n+3n—2 . 6Z2—-3B8+T72n—2 2)
< — _
- 4 | 3n sin( 2n )=+ 3n sin( 2n )

(n—1)
4

< (Ifd=F®,2)+|fn—F(Z,8)]*)

(FLb (fdafd,aF(B7Z))+FLb (fnvfnavF(Z’B»)

| =

< —max{n, (fd, fd,...F(8,2)), np (fn, fn,...,F(Z,8))}

< -M(d,n,8,2) < p(M(d,n,B8,2))—p(M(d,n,B,2))

N | =

Plug in n = 2 and ¢ = 2 this satisfies all the requirements of the Theorem 3.5 and (1,1) is the only unique coupled common
fixed point of Fand f.
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4 Application to Integral Equations

As an application to Corollary 3.7 we examine the existence of a unique solution to an initial value problem in this section
Theorem 4.1. Take into consideration the initial value problem

B (t)=T(t,(R,Z)(t)),t € I =[0,1],(8,2)(0) = By, Zy) (4.1)

Here T : I x R — R along with f T(s,(8,7)(s))ds = mazx {fOtT(s, (B(s))ds, fot T(s, (Z(s))ds}
& B, Zy € R. Then there exists unique solution for the initial value problem (Equation (4.1)) in C' (I, R)
Proof. Corresponding integral equation for the initial value problem (Equation (4.1)) is

) = By + L 95 [ (s, (8, 2)(s)ds

LetJ=C(I,R)and iy (21, @5, .c..... ,aen,l,aen)=Ej:12i<jyaei—aej12toeachaeieJ,i:l,z,...deﬁneF:32—>be
FB,2)(t) = Jﬁi)ﬂ T(s,(8,Z)(s))ds.
(
and p, ¢ : [0,00) = [0,00) as p (t) =t & @ (t) = 3t. Clearly, for all 8, Z € J, we have
1. nb (B,8,....,d), n, (Z,Z,....,n),
gz io (B8, F(B,Z <m“”{ F(8,2)), iy (2,2, F(Z,8))

Now

o ((n—1)2957, (F(8,2)(t), F(8, Z)(t),, F(d,n)(1))) = (n— 1495 | F(8, Z)(t) — F(d,n)(t) 2

230)19 +/0tT(s,(B,Z)(s))ds

(n—1)39°

28,

= (n—1)39°

< 4(7:91 1)max{|8(t)—d(t)‘2,|Z(t>_n(t>|2} _ 1maz{2b(ﬁ’ﬁv':jd)v}

(BZdn)<@( (szadvn)_@(M(Bazvdvn))

»M'—\

Based on Corollary 3.7, we can infer that there is only one fixed point for F in J.

5 Conclusion

We proved the existence and uniqueness of a common coupled fixed-point for two mappings in the setup of complete A, -metric
space, via (¢, p) -type Suzuki contraction with an example. And also illustrated the application to integral equations.
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