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Abstract
Objectives: To define the term ‘semimediality’ in the near ring and to
demonstrate its presence with an example and to employ several attributes
in near rings to analyse its features. Methods: Semimedial near rings are
examined in terms of their characteristics using commutativity, distributivity
and regular property. The distinction is observed using the concept of
homomorphism. Findings: Every near ring which is weak commutative is
proved to be semimedial and the converse exists with some additional
axioms. The semimedial near ring’s anti-homomorphic image is also observed.
Additionally, the correlation between the semimedial near ring and the reduced
property is identified. Novelty: This study provides a novel method to medial
near ring, which is the semimedial near ring.
Keywords: Identity; Left Self Distributive; Nilpotent; Regular; Weak
Commutative

1 Introduction
Rings are generalized into near rings. Generalizing several ring theories into near rings
is a natural phenomenon. Ignoring the commutativity of addition and one distributive
property in the ring leads it to become a near ring. When the left distributive law
does not exist, we acquire a right near ring. Gunter Pilz’s (1) “Near Rings” is a unique
compilation of research results on near rings. Numerous authors have contributed to
different aspects of near rings (2–5).

𝑥𝑦𝑧𝑡 = 𝑥𝑧𝑦𝑡 is an identity that has been developed in the field of quasi groups.
These near rings were referred to as medial near rings in 1987 by Pellegrini Manara S (6).
Subsequently, mediality in semigroups, seminear rings, fuzzy algebra and other related
fields has been investigated by numerous researchers (7). In 2009, Fitore Abdullahu and
Abdullah Zejnullahu (8) established the notion of semimediality in semigroups. This
motivates the introduction of semimediality to the near ring’s domain.

In this paper, ℵ1 is termed as a right near ring having two or more elements and, in
the group, (ℵ1,+), ‘0’ corresponds to the identity element and 𝑢.𝑣 is expressed as 𝑢𝑣
for any two elements 𝑢,𝑣 in ℵ1.
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2 Methodology
Below are some preliminary definitions that are essential to the following outcomes.

Notation 2.1 (1)

𝜂 indicates the class of all near rings.
Definition 2.2 (1)

Let ℵ1 ∈ 𝜂. A normal subgroup ℑ of (ℵ1, +) is called an ideal of ℵ1(𝔍�ℵ1) if
i) ℑℵ1 ⊆ ℑ .
ii) 𝔫(𝔫′ +𝑖)−𝔫𝔫′ ∈ ℑ for all 𝔫,𝔫′ ∈ ℵ1 and for all 𝑖 ∈ ℑ .
Definition 2.3 (1)

Let ℑ ⊴ ℵ1. Then we know that ℵ1/ℑ = {𝔫 +ℑ|𝔫 ∈ ℵ1} is called a factor near ring (or) quotient near ring.
Definition 2.4 (9)

Let ℵ1 and ℵ1 be near rings. A mapping 𝑔 ∶ ℵ1 ⟶ ℵ1 is called a (near ring homomorphism) if
i) 𝑔 (𝑟 +𝑠) = 𝑔(𝑟)+𝑔(𝑠) and
ii) 𝑔 (𝑟𝑠) = 𝑔(𝑟)𝑔 (𝑠) for all 𝑟,𝑠 ∈ ℵ1.
Definition 2.5 (10)

Let ℵ1 and ℵ1 be two near rings. A function 𝑔 ∶ ℵ1 ⟶ ℵ1 is called an anti-homomorphism if the following conditions are
satisfied:

(i) 𝑔 (𝑠+𝑟) = 𝑔(𝑟)+𝑔(𝑠)
(ii) 𝑔 (𝑠𝑟) = 𝑔(𝑟)𝑔(𝑠) for all 𝑟,𝑠 ∈ ℵ1.
Definition 2.6 (11)

ℵ1 is stated as a weak commutative near ring if it has the property that 𝑟𝑠𝑡 = 𝑟𝑡𝑠 for every 𝑟,𝑠, 𝑡 ∈ ℵ1.
Definition 2.7 (11)

A near ring ℵ1 is considered to be reduced if ℵ1 has no nonzero nilpotent elements.
Definition 2.8 (12)

An element 𝔫 ∈ ℵ1 is termed as a nilpotent element if there is a positive integer 𝔞 such that 𝔫𝔞 = 0.
Definition 2.9 (12)

ℵ1 is defined to be regular if for every 𝑢 ∈ ℵ1 there exists 𝑣 ∈ ℵ1 such that 𝑢 = 𝑢𝑣𝑢.
Definition 2.10 (13)

i) ℵ1 is considered to be left self-distributive near ring if it has the property that 𝑟𝑠𝑡 = 𝑟𝑠𝑟𝑡 for all 𝑟,𝑠, 𝑡 ∈ ℵ1.
ii) ℵ1 is considered to be right self-distributive near ring if it has the property that 𝑟𝑠𝑡 = 𝑟𝑡𝑠𝑡 for all 𝑟,𝑠, 𝑡 ∈ ℵ1.
iii) Near rings that satisfy the conditions of being both left self-distributive and right self-distributive are referred to as self-

distributive.

3 Results and Discussion
Definition 3.1

ℵ1 is defined to be a left semimedial near ring if it fulfils the condition that 𝑥2𝑦𝑧 = 𝑥𝑦𝑥𝑧 for all 𝑥,𝑦,𝑧 ∈ ℵ1.
Definition 3.2
ℵ1 is defined to be a right semimedial near ring if it fulfils the condition that 𝑧𝑦𝑥2 = 𝑧𝑥𝑦𝑥 for all 𝑥,𝑦,𝑧 ∈ ℵ1.
Definition 3.3
ℵ1 that satisfy the conditions of being both left semimedial and right semimedial is referred to as semimedial near ring.
Proposition 3.4
A Semimedial near ring’s homomorphic image is also a semimedial near ring.
Proof:
Obvious.
Corollary 3.5
The quotient near ring ℵ1/ℑ is a semimedial near ring whenever ℵ1 is semimedial near ring.
Proof:
Let 𝑔 ∶ ℵ1 ⟶ ℵ1/ℑ be the canonical near ring homomorphism given by 𝑔 (𝑦) = ℑ + 𝑦. Clearly 𝑔 is onto. The proof is

followed by Proposition 3.4.
Proposition 3.6
Anti-Homomorphic image of a semimedial near ring is also a semimedial near ring.
Proof:
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Let 𝑔 ∶ ℵ1 ⟶ ℵ1 be an onto, anti-homomorphism where ℵ1 is a semimedial near ring. Let 𝑝′ , 𝑞′ , 𝑟′ ∈ ℵ1. Now (𝑝′)2𝑞′𝑟′ =
(𝑔(𝑝))2𝑔 (𝑞)𝑔 (𝑟) = 𝑔(𝑝2)𝑔 (𝑞)𝑔 (𝑟) = 𝑔(𝑟𝑞𝑝2) (Since 𝑔 is an anti-homomorphism) = 𝑔(𝑟𝑝𝑞𝑝) (Since ℵ1 is semimedial near
ring) = 𝑔(𝑝)𝑔(𝑞)𝑔(𝑝)𝑔(𝑟) (Since 𝑔 is an anti-homomorphism) = 𝑝′𝑞′𝑝′𝑟′

. That is (𝑝′)2𝑞′𝑟′ = 𝑝′𝑞′𝑝′𝑟′
. Hence, ℵ1 is a left

semimedial near ring.
Similarly, ℵ1 is a right semimedial near ring. Therefore, ℵ1 is a semimedial near ring.
Proposition 3.7
Semimediality prevails for every commutative near rings.
Proof:
Let ℵ1 be a commutative near ring. Then for all 𝑝,𝑞 ∈ ℵ1, 𝑝𝑞 = 𝑞𝑝. Therefore, 𝑝(𝑝𝑞) = 𝑝(𝑞𝑝). This implies 𝑝2𝑞 = 𝑝𝑞𝑝. Let

𝑟 ∈ ℵ1. Then (𝑝2𝑞)𝑟 = (𝑝𝑞𝑝)𝑟. This implies 𝑝2𝑞𝑟 = 𝑝𝑞𝑝𝑟. Hence, ℵ1 is left semimedial.
Again, by the definition of commutativity we have, 𝑞𝑝 = 𝑝𝑞 for all 𝑝,𝑞 ∈ ℵ1. Let 𝑟 ∈ ℵ1. Then 𝑟(𝑞𝑝) = 𝑟(𝑝𝑞). Therefore,

𝑟(𝑞𝑝)𝑝 = 𝑟(𝑝𝑞)𝑝. This implies 𝑟𝑞𝑝2 = 𝑟𝑝𝑞𝑝. Thus, ℵ1 is right semimedial. Hence, ℵ1 is semimedial.
Proposition 3.8
Every weak commutative near ring is semimedial.
Proof:
Let ℵ1 be a weak commutative near ring and let 𝑝,𝑞,𝑟 ∈ ℵ1. Now 𝑝𝑞𝑝𝑟 = (𝑝𝑞𝑝)𝑟 = (𝑝𝑝𝑞)𝑟 = 𝑝2𝑞𝑟. Hence, ℵ1 is left

semimedial.
Similarly, it holds right semimediality. Therefore, ℵ1 is semimedial.
Remark 3.9
Above Proposition 3.8 is not true in its contrary, as the case below demonstrates.
The Klein’s four group is represented by ℵ1 = {0,𝑎,𝑏,𝑐}. In ℵ1, define multiplication as follows:

Fig 1.

Then (ℵ1,+, .) is a near ring (Pilz (1), scheme 11 of p.408), which is semimedial but not weak commutative (Since 𝑎𝑏𝑐 ≠ 𝑎𝑐𝑏).
Proposition 3.10
Every semimedial near ring which is commutative and has a left identity is also weakly commutative.
Proof:
Let ℵ1 be a semimedial near ring and let 𝔢 ∈ ℵ1 be the left identity. Let 𝑝,𝑞,𝑟 ∈ ℵ1. Then 𝑝𝑞𝑟 = 𝔢𝑝𝑞𝑟 = (𝑝−1𝑝)(𝑝𝑞𝑟) =

𝑝−1 (𝑝𝑝𝑞𝑟) = 𝑝−1 (𝑝2𝑞𝑟) = 𝑝−1 (𝑝2𝑟𝑞) [Since ℵ1 is commutative] = 𝑝−1 (𝑝𝑝𝑟𝑞) = (𝑝−1𝑝)(𝑝𝑟𝑞) = 𝔢(𝑝𝑟𝑞) = 𝑝𝑟𝑞. That is
𝑝𝑞𝑟 = 𝑝𝑟𝑞. Hence, ℵ is weak commutative.

Proposition 3.11
A Semimedial regular near ring which is non-trivial is reduced.
Proof:
Let ℵ1 be a semimedial near ring. If 𝑚 ∈ ℵ1 is a nilpotent, then 𝑚𝔞 = 0 for some positive integer 𝔞. Since ℵ1 is regular,

𝑚 = 𝑚𝑧𝑚 for some 𝑧 ∈ ℵ1. Now 𝑚𝑧 = (𝑚𝑧𝑚)𝑧 = (𝑚𝑧)(𝑚𝑧) = (𝑚𝑧)2 = [(𝑚𝑧𝑚)𝑧𝑚]𝑧 = (𝑚𝑧)(𝑚𝑧)(𝑚𝑧) = (𝑚𝑧)3 =
⋯ = (𝑚𝑧)𝔞.That is𝑚𝑧 = (𝑚𝑧)𝔞. Since ℵ1 is semimedial, (𝑚𝑧)𝔞 = 𝑚𝔞𝑧𝔞 = 0𝑧𝔞 = 0.That is (𝑚𝑧)

𝔞
= 0.This implies𝑚𝑧 = 0.

Then 𝑚 = 𝑚𝑧𝑚 = 0𝑚 = 0. This implies 𝑚 = 0. Thus, ℵ1 has no nonzero nilpotent elements. Hence, ℵ1 is reduced.
Proposition 3.12
A left self-distributive near ring ℵ1 is left semimedial if and only if ℵ1 fulfills the equation 𝑝𝑞2 = 𝑝2𝑞2 for all 𝑝,𝑞 ∈ ℵ1.
Proof:
Let ℵ1 be a left self distributive near ring. Then 𝑝𝑞𝑟 = 𝑝𝑞𝑝𝑟 for all 𝑝,𝑞,𝑟 ∈ ℵ1. Since ℵ1 is left semimedial, then for all

𝑝,𝑞,𝑟 ∈ ℵ1, 𝑝2𝑞𝑟 = 𝑝𝑞𝑝𝑟. Therefore, 𝑝𝑞𝑟 = 𝑝2𝑞𝑟. Replace 𝑟 by 𝑞. Then 𝑝𝑞𝑞 = 𝑝2𝑞𝑞. This implies 𝑝𝑞2 = 𝑝2𝑞2.
Conversely, we have, 𝑝𝑞2 = 𝑝2𝑞2 for all 𝑝,𝑞 ∈ ℵ1. Using in left self distributivity definition, proof follows.
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4 Conclusion
Semimedial near ring is the subject of this investigation. We provide this concept based on the substructures of mediality and
examine the commutativity on semimedial near ring for a near ringℵ1.With the help of this definition, we have demonstrated a
few findings that shed light on the ideas of semimediality in near rings and advance the development of the structural theorem.
Future developments could lead to the application of these similar semimedial structures in cryptography as well as seminear
rings. It is intended that the concepts and discoveries offered in this paper would inspire and enhance subsequent studies on
semimedial near rings and results in their progress in real-world applications.
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