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Abstract

Objective: This research work is an attempt to explore common fixed points
for four self-maps that are pairwise type (K) compatible in a complete cone
S-metric space. Method: We have applied a contractive condition together
with a weaker condition, compatible of type (K) to establish fixed points that
are common for four self-maps. Findings: Some already existing results in the
literature have been generalized, expanded upon, and new fixed point results
have been obtained in cone S-metric spaces. To back up our conclusions, a
suitable example is provided. Novelty: By adopting an appropriate contractive
condition, we have proven the existence of a uniqgue common fixed point for
four maps in a cone S-metric space, despite the weak compatible condition.
MSC 2020: 47H10, 54H25.

Keywords: Normal Cone; Partial Ordering; Cone S-metric Space; Compatible
Mappings of Type (K); Common Fixed Point

1 Introduction

Stefan Banach proposed the first theorem on fixed points, also known as the Banach
Contraction Principle. One of the fixed point theorems most frequently applied in
analysis is the Banach Contraction Principle. It serves several purposes in nonlinear
analysis. It was used in several directions as a result of this generalization. Cone metric
space was proposed by Huang and Zhang ") in 2007, where the set of real numbers was
replaced with a Banach space E that has a partial order with respect to a cone. A new
kind of metric space, that is, an .S’ - metric space, was proposed, and some topological
properties were proven by Sedghi et al. in 2012, Later, by fusing S- metric space with
cone metric space, Dhamodaran and Krishnakumar ® developed cone S - metric space.

In 1982, by proposing the idea of weak commutativity, Sessa®) established a fixed
point theorem. After that, the concept of compatible maps was put forth by Jungck *)
in 1986. Later, weaker classes of mappings known as weakly compatible maps were
proposed by Jungck and Rhoades®. In common fixed point theory, several existence
theorems have been proven using this notion. The idea of type (K) compatibility was
just recently suggested by Jha et al.”)
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The theory of fixed points is drawing the attention of academic researchers due to its significance. The results regarding fixed
points that are common to self-maps in cone S-metric space and that meet various contractive conditions were explored and
determined by several researchers (see, e.g.,>31V)). Recently, several kinds of metric spaces, such as vector and digital metric
spaces have been developed, and some fixed point results have been established (see, e.g., (12‘17)).

Inspired by the work of several authors, we establish the presence of fixed points that are common for four self-maps that
meet compatibility of type (/) in a cone S-metric space. At the end, a befitting example is provided to back up our result.
Several similar findings in the literature are expanded upon by our findings.

2 Methodology

We start with the definitions and lemmas given below that we can use in our main work.

Definition 2.1.% Let E be a real Banach space and P C E. Let 6 denote the zero element of E and int P or PO denote the
interior of P.

P is said to be a cone if the following conditions hold:

1. Pisanon-empty closed set and P £ {6}
2. au+bv € Pforeverya,be R,a,b >0and u,v € P.
3. u€ePand—u€eP=u=0.

We define a partial ordering < in £ wrt. Pbyu <viffv—u € P.

We shall write u < v whenever u < v and u # v, while u < v will stand for v — u € intP. If there is a number K > 0 such
that || u |< K || v || for all u,v € P with 0 < u < v, then P is said to be a normal cone. The smallest positive number K that
satisfies above mentioned inequality is known as the normal constant of P. A non-normal cone is one that is not normal.

Example 2.2.0) Let E = R? and P = {(u,v) € R?,u>0,v > 0}. Then P is a normal cone in E, with normal constant
K=1.

Definition 2.3.() Let E be a real Banach space equipped with a partial ordering < w.r.t. a cone P, with int P # ¢. Suppose
that X is a non-empty set. Then amap d : X2 — E is said to be a cone metric on X, if it satisfies the condition

(CM1) d(u,v) > 0 for all u,v € X and d(u,v) =0 iff u = v;

(CM2) d(u,v) = d(v,u) for all u,v € X;

(CM3) d(u,v) < d(u,w)+ d(w,v) for all u,v,w € X.

In this case, the pair (X, d) is said to be a cone metric space.

Example 2.4.%) Let E = R2, P = {(u,v) € R?:u>0,0>0},X = Rand k > 0 is a constant. Thenamap d : X2 — E
given by d(u,v) = (Ju—wv|, k|u—v|) is a cone metric on R.

Definition 2.5.? A function S : X® — R where X is a non-empty set, is said to be an S— metric if for each u,v,w € X,

(SM1) S(u,v,w) > 0and S(u,v,w) =0iff u =v =w;

(SM2) S(u,v,w) < S(u,u,a)+S(v,v,a) +S(w,w,a) for every a € X.

The pair (X, .5) is called an S - metric space.

Example 2.6.'®) The function S : R® — 00, defined by S(u,v,w) = |u—w|+ |v—w| is an S— metric on R.

Definition 2.7. Let E be a real Banach space equipped with a partial ordering < w.r.t. a cone P, with int P # ¢. Suppose
that X is a non-empty set. Then the function S : X3 — F is said to be a cone S— metric if for each u,v,w € X,

(CSM1) S(u,v,w) > 0and S(u,v,w) =0iff u =v=w;

(CSM2) S(u,v,w) < S(u,u,a)+ S(v,v,a) + S(w,w,a) for every a € X.

In this case, (X, .9) is said to be a cone S— metric space.

Example 2.8.%) Let E = R?,P = {(u,v) € R%,u >0,v>0}. Then the function S : R® — F given by S(u,v,w) =
(Ju—v|+ |Ju—wl|, k[Ju—v| +|u—w]|]), where k > 0 is a cone S— metric on X.

Lemma 2.9. In a cone S-metric space X, S (u,u,v) = S(v,v,u) for all u,v € X.

Lemma 2.10. In a cone S - metric space X, S(u,u,v) < 2S5(u,u,w)+ S(w,w,v) for all u,v,w € X.

Proof. For all u,v,w € X, S (u,u,v) < S(u,u,w) + S(u,u,w) 4+ S(v,v,w)

=25(u,u,w) + S(w,w,v)

Definition 2.11.) Let (X,S) be a cone S-metric space.

(i) A sequence {u,,} in X is said to converge to some v in X if for each 0 < ¢ € F there exists ny € N such that
S (U, ,U,,u) < c whenever n > ny, i.e, S (u,,,u,,,u) = 0asn — co. In this case, we write lim,,_, . u,, = u.

(i) A sequence {u,, } in X is called a Cauchy sequence, if for each 0 < ¢ € E, there exists ng € N such that S (u,,,u,,,u,, ) <
¢ whenever n,m > ng, i.e, S (u,,,u,,,U,,) — 0asm,n — oo.

no n»-'m
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(iii) If every Cauchy sequence in X is convergent in X, then X is said to be complete.
Definition 2.12.) Self-maps F,G of a cone S - metric space X are said to be compatible of type (K), if GGu,, —

Fu, FFu, — Gu for every sequence {u,, } in X such that Fu,, — « and Gu,, — u for someu € X

3 Results and Discussion

We now prove a theorem regarding fixed points common to four self-maps that are type (KX) compatible.
Theorem 3.1. Let E be a real Banach space and P C F be a solid cone. Let (X,.5) be a complete cone S-metric space with
cone P,and F', G, I, J be self-maps of X satistying the conditions
(i) F(X)CJ(X)and G(X) CI(X);
(ii) S(Fu, Fu, Gv) < p;.S(Tu, Tu, Jv)+pyS(Tu, Tu, Fu)+p3S(Jv, Ju, Gv)
+p4S(Tu, Iu, Gv) +pgS(Jv, Jv, Fu)
for all u,v € X, where p, >0(i € Z*,1 <1i < 5) satisfying

Py + Do +p3+3mazx{p,,p5} <1; (3.1)

(iii) J And I are continuous and

(iv) The pairs (G, J) and (F, I) of mappings are compatible of type (K) on X.

Then F', G, I, J have a unique common fixed point in X.

Proof. Let u, be an arbitrary point in X. Since F'(X) C J(X) and G(X) C I(X), there exist uy,uy € X, such that
Fug = Ju, and Guy = Tu,.

Continuing this process, we get,

lop = Fg, = Jugpny1,lon 1 = Gugp g = Tugy, o foralln (3.2)

We now prove that the sequence (I,, } is a Cauchy sequence.
We know that

S(lanslanslani1) =S (Fugy, Fug,,Gug, 1)
<p1S (Tugy, Tugy, Jtsy, 1) + 028 (Tug,,, Tug,, Fus, ) + 038 (Jusy 1, Jugy, 1,Glay 1)
948 (T, T, , Gtigy, 1) +p5S (Jtgp 1, JUsy 1, Fusg, )
<p1S(lan_1:lan_1:lan) ¥ P28 (lan_1:lan_1:l2n) + 35 (lan,lap s lon 1)
025 (lan—1l2n-1l2pn+1) + P55 U2, lonslay)
<p1S(an-1:lan—1:lan) + P25 (o _1:lan—1,l2,) +p35(l2nal2nal2n+1)
0425 (lar 1,12 —1:l20) + 5 (lan i1, lons1:l2n)]

which implies that

P1+Dpa +2P4S(

1_p3_p4 lQn—17 l2n—17 l2n)

S(ZQTL7 l2n7 lQn—O—l) <

Thus, S (lap 113 lant15lan) < #1S (o lon 1o, 1), where

Py +ps+2p
My = % (3.3)
—D3 — Dy

Also,

S(l2n+2’l2n+27l2n+l> = S(F“2n+27F“2n+27GU2n+1>
Sp1S(IU2n+2JU2n+2aJu2n+1) +p25(Iu2n+2vIU2n+2:FU2n+2)
035 (T 15 TUan 1, Gay 1) + P48 (Tugy o, oy 0, Gligy 1)
+05S (Jugp i1, JUsp i 15 Fig, o)
<P1S(anitslaniislan) FP2S (lani1slani1slante)
+035 (lanslanslan1) +P4S (lap1sloanitslanst)
055 (lanslap s lon o)
<p1S(lanitslontiirlon) TP2S (lani1lons1slania) TP3S (lanslanslony)
+p5 [QS (l2nvl2n7l2n+l> +S(12n+1vl2n+1?12n+2)]
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which implies that

P1+P3+2ps g
1—py—ps

Therefore, S (lzp, 12112125 l2n 1) < 125 (lan i 1312115125 ), Where

_ P1tPp3+2ps
1—ps—ps

S(l2n+2> l2n+27 l2n+1) <12n+17 12n+17 l2n)

(3.4)
From Equations (3.3) and (3.4),

S(l2n+2712n+2’l2n+1) < poS (l2n+1’l2n+17l2n)
S ,LLQ:UlS(lQnalZnalZn—l)
< g pio oS (lay—15l2pn 1502, 2)

<o < g (py pg)" S (Iy,14,10) (3.5)
Also,

5(12n+37l2n+3a12n+2) <pyS (l2n+2712n+2’12n+1)
< pgpoS (12n+17l2n+1712n)

<. < (M1M2>n+15<l1al17lo) (3.6)

Since py +pg +ps +3maz{p,,p5} <1,0< pg = plﬂ;%”f‘* <land0< py = %ﬁfs <1
Therefore, 0 < pqp1g < 1.
Letn>m>1;n,me Z*.
If both n and m are odd, then n = 2i +1 and m = 25+ 1 for some 7,5 € Z .
Therefore, from Equations (3.5) and (3.6), using lemma 2.10,

S(l2i+17l2i+1712j+1> S 28 (12i+17l2i+1’12i) +S(l2j+1vl2j+1712i)
=28 (lasi15lais1slos) +5 (i lag lajin)
<28 (lgsu1sloie1ylag) 28 oy lagsla;q) +S (12j+1vl2j+lvl2ifl>
=25 (lgi15l2i415l24) +28 (Iags 045105 1) +S (l2g-1, 125 1:12511)
<28 (las15l24415024) 28 (o145 125 1)
+25 (las-15loi-1:l0-2) 725 (la;_0,la;_0:1l9;_3)
+ +25(12g+3al23+37l2g+2)+2S(l23+2»123+2,123+1>
< 2(pg )" S(l1al1vlo)+2ﬂ2(ﬂlﬂ2)1_ S(ly,l,10)
+2(pypg) S(llal1vlo)+2ﬂ2(l‘1ﬂ2> 25(11al1alo)
+2(H1H2) S(llal17l0)+2ﬂ2 (1p2)? S(llvllvlo)
SQ((Mlﬂz) + (11 ,u2)34+2+...}8 (I1,04,10)
+24; <(”1”%2 +(N1N2)j+1+ }S (Iy,13,1p)
_{ Y 2#{2 H1H2 }S (1y.04,1)

—H1H2

_ 2(1+4pq) pio (
L—=puypig

If n is odd and m is even, then n = 2i +1 and m = 2j for some i,j € Z™.
From Equations (3.6) and (3.7),

S(l2i+17l2i+17l23> < 25 (l21+17l21+17l2 +1) +S(l237l2gvl23+1)
<28 (121+17121+17l2g+13 +S<l2j+l7l2j+17l23>
%(M N2) S(lq,1q,lp) + (/~L1/~L2) S(ly,14,1lp)

{4”:11;;2—1—1} py o)’ S (11,11,10) = 0, asn >m =2j = 0o

pattn)” S (ly,ly,1g) =0, asn>m=2j+1— oo (3.7)
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If n is even and m is odd, then n = 2i and m = 2j + 1 for some 4,5 € Z™.
Again, from Equations (3.5) and (3.6), using lemma 2.10,

S (laislaislajin) <28 (lagslagilas 1) +28 (loi1,loi150242)
+28(lg;_0slo;—2:la;3) +2S (la;_5:la;_3:lo;—a) + ..
w428 (lgj 3 lagis:l2502) TS (lajiaslajiailajin)
<28(la4,la45l05-1) +285(lgi1:lai-1,12-2)

+25(521 2:lai 0,00 5) 25 (lo; 3,010, 3,10, 4) +
+2S<l2g+37123+3>l2j+2>+S(123+2?l2j+2’l2g+1)

< 2pq (N1M2) S(l1al1alo)+2<ﬂlliz) S(llvllal0>
241 (1 p15)"” ; S(llvllalo)+2<#1/~’“2>17 S(lyylyslo) +

"‘2(#1#2) S(l1al1alo)+2ﬂ2 (1)’ S (ly,14,10)

<2{ fi1p2)’ —|—(,u1,u2)31+2+...}S(l1,l1,l0)
+2M2{M1M2 +(H1M2)J+1+ }S l1:1,10)
_{ (pa o)™ 4 240 (1 1) }g (Iy.04,10)

—H1 Mo T—pypy

. 2(1+M1)N2(

== py )’ S (11,11,10) = 0, asn>m=2j+1 — . (3.8)
)
If both n and m are even, then n = 25 and m = 2j for some ¢,j € Z+.
From Equations (3.6) and (3.8),
(l2z’l2'ul2_7) <28 (laglaislajin) +5 (lzjiaslaginsla;)
s 4(1“,511,352 (ap2)? S (11, 00,10) + (pypiz)” S (114, 10)
4(1 ;
= {(J”“)“QH} (11 105) S (14, 11,10) — 0, as > m = 2j — oo. (3.9)
L= gy prg
Thus, in all cases, S (I,,,1,,,!,,) — 0 as m,n — oo, showing that the sequence {l,, } is Cauchy.
From the completeness of X, there exists t € X such that lim,,_, [,, =t.
Thus,
limn%oo Fu2n = llmn%oo Ju2n+1 = limn%oo Gu2n+1 = llmn—)oo Iu2n+2 =1. (310)
Since the pair (G, J) is type (K') compatible,
lim,,_, oo GGUg,, .1 = Jtandlim,_, o JJuy, .1 =Gt (3.11)
Since J is continuous,
Since the pair (F, I) is type (K') compatible,
lim,,_ oo FFuy,, =Itandlim,_, . Ilu,, =Ft (3.13)
Since I is continuous,
limg, oo ITug,, =lim,_,Iluy, o =It=1lim, ,IFuy,. (3.14)
Now, we show thatJt = ¢.
Putting v = u,,, and v = Gu,,, ; in Equation (3.1),
S (Fugy,, Fug,, GGy, . 1) < 1S (Tugy, Tug,, JGug, 1) + 028 (Tugy,, Tug,, Fus, )
+p3S (JGu2n+1a‘]Gu2n+1’GGu2n+1) +p4S(Iu2n’Iu2n7GGu2n+1)
055 (JGugy 1, Gligy i1, Fug,)
https://www.indjst.org/ 2342
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Letting n — oo,
S(t,t, Jt) <pS(t,t,Jt) +pyS(t,t,t) +p3S(Jt, Jt, Jt) +puS(t,t, Jt) +ps5S(Jt, Jt, 1)

This implies, (1 —p; —py —p5) S(t,t,Jt) <0
and hence Jt =t asp; +py + 05 < p; +py +035+3maz{ps,ps} < 1.
Therefore, from Equations (3.11) and (3.12),

Gt=Jt=t. (3.15)

Now we prove that It = t.
Putting v = F'u,,, and v = u,,,; in Equation (3.1),

S(FFugy, FFug,,Gugy 1) <p1S(TFUy TP Uy, Jugy, 1) + P28 (IFugy, T Fug,,, FFusy, )
035 (JUsp 15 U1, GUay 1) FPaS (IFUg,, [ FUug,,Glgy, )
+p5S(‘]U‘Qn+17Ju2n—0—17}7F‘flj’2'r7,)

Letting n — oo
S(It, It,t) <pyS(It,It,t) +poS(It, It 1t) +p3S(t,t, 1) +pySUt, It t)+psS(t,t,It).

This Equations (3.14) and (3.15) implies, (1 —p; —p, —p5) S, It,t) <0
and hence It =t aspy +py +ps <Py +Dy+ps+3max{p,,ps} < 1.
Therefore, from Equations (3.13) and (3.14),

Ft=1TIt=t. (3.16)

Therefore, from Equations (3.14) and (3.15), F't = It = Gt = Jt = t, showing that ¢ is a common fixed point of F',G, I, J.
Uniqueness: Let ¢, s be two fixed points common to F',G, I, J.
Thent=Ft=Gt=It=Jtands=Fs=Gs=1s=Js.

Putting u = ¢ and v = s in Equation (3.1),
We get,

S(Ft,Ft,Gs) <py S(It,It,Js)+psS(It, It,Ft)+p3S(Js,Js,Gs)
+p St I1t,Gs)+psS(Js,Js, Ft)

Thus,
S(t,t,8) <pyS(t,t,s)+pyS(t,t,t) +p3S(s,8,8) +puS(t,t,8)+psS(s,s,t),

which implies, (1 —p; —p, —p5) S(t,t,5) <O0.

Hence s = t, showing that ¢ is unique.

Corollary 3.2. Let E be a real Banach space and P C E be a solid cone. Let (X, S) be a complete cone .S - metric space with
cone P, and F',G, I be self-maps of X satisfying the conditions

() F(X) UG(X) C I(X);

(ii) S(Fu, Fu,Gv) < py S(ITu,Tu, Iv) + py S(Tu, Iu, Fu) + psS(Iv, [v, Gv)

+paS(Tu, Tu,Gv) +psS(Iv,Iv, Fu)
for all u,v € X, where p; > 0(i € Z*,1 < i <5) satisfying

P11+ P2 +ps+3maz{py,ps} <1 (3.17)

(iii) I is continuous and

(iv) The pairs (G, I) and (F I) of mappings are compatible of type (K) on X.

Then F',G, I have a unique common fixed point in X.

Proof. By assuming J = I in Theorem 3.1, the proof follows.

Corollary 3.3. Let E be a real Banach space and P C F be a solid cone. Let (X,.5) be a complete cone S-metric space with
cone P, and G, I be self-maps of X satisfying the conditions

https://www.indjst.org/ 2343


https://www.indjst.org/

Rao & Dixit / Indian Journal of Science and Technology 2024;17(22):2338-2345

() G(X) C I(X);

(ii) S(Gu, Gu,Gv) < py S(Tu, Tu, Iv) + py S(ITu, Iu, Gu) + p3S(Iv, [v, Gv)
+p4S(Lu, Tu, Gv) +psS(Iv, Iv, Gu)

for all u,v € X, where p;, > 0(i € Z*,1 <1i < 5) satisfying

Py + Do +p3+3maz {p,,ps} <1; (3.18)

(iii) I Is continuous and
(iv) The pair (G, I) of mappings is compatible of type (K) on X.
Then G and [ have a unique common fixed point in X.
Proof. By assuming F' = G and J = I in Theorem 3.1, the proof follows.
In support of Theorem 3.1, we give the following example.
Example 3.4. Let E = R? and P = {(u,v) € R? : u > 0,v > 0}.
Let the function S : R® — E be given by S(u,v,w) = (Ju—w|+ [v—wl, 1 [|u —w|+ v —w]).
Then S is a cone S-metric on X.
In this case, S(u,u,v) = (2|lu—vl, 3 |u—vl).
Let X = [0, 1] and define the maps F',G, I and J on X by
F(u)=#,G(u) =0,1(u) =u,J(u ):%forallue [0,1].
Then S(Fu, Fu,Gv) = (2|Fu—Gu|, | Fu—Guv|) = (£, &),
S(Tu, Tu,Gv) = (2|Iu G|, §|Tu— Gv|) (2u, &).
Now, L.S(Iu, [u,Gv) — S(Fu, Fu,Gv) = (4, Sl) € Psinceu > 0.
Therefore, S(F'u, F'u,Gv) < £S(Iu, [u,Gv).
If we choose py,pq,P3,P4,P5 such that p; +py+p3 < §,p4 = £ and p5 <
then p; +py +p3 +3maz{py,ps} < 1.
Hence, inequality (3.1.1) holds for p, = {,p5 < £ and for any p,, py, p3 such that p; +py +p3 <
Also, FI(X) = [0, ] € [0,4] = J(X) and G(X) = {0} C [0,1] = I(X).

10
Clearly J and I are continuous.
For the sequence, u,, = 2 n=172,.

S(Gu,,.Cu,,,0) = 5(0.0.0) = (0,0),
S(Jun,Jun,O):S< a— 0):(L7 L) —(0,0)asn — oo,

2n2’ 2n2’ n2’4n
S(FumFun,O):S(lonQ,101n2,0 :( 12,201n2)—>(0,0)asn%oo,
and S (Ju,,,Iu,,,0) = ( s ): (Z,522) — (0,0) asn — oo.
Then Gu,,,Ju,,, Fu,,, ITu, —>0asn%oo

S(GGun,GGun J( )) 5(0,0,0) = (0,0)
and S (JJu,,,JJu,, ,G(0 )):S’(L . 0) = (5L ) — (0,0) as n — oo.

4n2’ 4n27) 2n278 2

Hence, GGu,, — J(0) and J Ju,, — G(0).

Also S (FFu,,, FFu,,,1(0)) = S (1od=2 15852:0) = (5052 5oumz) — (0,0) asn — 00

and S (ITu,,, ITu,,,F(0)) = S (L, 5,0) = (:%,515) — (0,0) as n — oo.

Hence, F Fu,, — I(0) and ITu,, — F(0).

It shows that the pairs (G, J) and (F, I) are type (K) compatible.

Also, by the definition itself, it is clear that I and J are continuous.

All the requirements of Theorem 3.1 are met.

Also, the maps F',G, I and J possess a common fixed point 0 € X, and it is unique as asserted by the theorem.

4 Conclusion

In this research work, we prove a theorem regarding the existence of fixed points in a cone S-metric space. In Theorem 3.1, we
establish a fixed point common to four type (K) compatible self-maps defined on a complete cone S-metric space that satisfy a
generalised contraction and prove its uniqueness. We also provide two corollaries wherein our result is validated in the case of
three or two maps. Finally, a befitting example is provided in support of our result. Thus, we generalise previous results in the
literature by replacing stronger conditions with a weaker condition, type (/') compatibility.
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