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Abstract

Objectives: In this manuscript, some fixed point theorems have been provided
in b-multiplicative metric spaces. Methods: We proved the unique fixed point
theorems using the Banach contraction principle and generalized Lipschitz
contractive mappings. Findings: We established the P Property and the T-
Stability of Picard’s iteration in b-multiplicative metric spaces. We also provide
an example to demonstrate the result. Novelty: Using our results, we
obtained the existence and uniqueness of solutions for ordinary multiplicative
differential equations with initial value problems.
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1 Introduction

Fixed point theory serves as a cornerstone in various mathematical disciplines,
unveiling fundamental insights into stability. Research on stability results for fixed
point iteration methods is widely used in many areas. The iteration scheme has been
extended to various other spaces recently!~>.They also obtained some fixed point
theorems in that space for mappings satisfying various types of contractive conditions.
Picard’s iteration, whose stability holds an essential place in several fields, is the
most crucial iteration procedure among them. However, for some mappings, the P
properties of fixed points have drawn the attention of several authors** because
proving that a map holds the property P, where F (T') = F(T™), is essential for
understanding the behavior of the map under iteration, it tells us that applying the map
multiple times (n times) has the same effect as applying it once. This understanding
can be crucial in various mathematical and scientific contexts, such as in dynamical
systems theory or optimization algorithms. Bashirov et al. ) established the concept of
multiplicative metric spaces for transferring the functions of addition and subtraction to
multiplication and division to ease the computation. In 2017 ”),Muhammad Usman Ali
introduced the idea of b-multiplicative metric spaces which provides the descriptions
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of distances increased versatility and enables the detection of some kinds of non-linearities that metric spaces could lack.
Recently few authors have established some applications for integral equations ®,differential equations®,and coupled fixed
point problems 1.

In this paper, we need to leverage a different type of space known as b-multiplicative metric spaces. Here, we extend the
mappings of b-metric spaces® to b-multiplicative metric spaces. A few fixed point theorems are constructed in this research
for a class of contractive mappings in b-multiplicative metric spaces. We proved Lemma 3.1 for convergence in Rt with the
multiplicative sense. Lemma 3.2 generalizes the lemma of b-metric spaces to prove the sequence is a b-multiplicative Cauchy.
The generalized Lipschitz contractive condition of rational type is used in Theorem 3.3 to determine the unique fixed point in
the space called b — M M S. Definition 3.4 is introduced to state Picard’s iteration is stable in b — M M S. Theorem 3.5 is proven
to show T-stability for an iteration under the generalized Lipschitz Contractive Condition to ensure the stability of the solution
over successive iterations because a stable iterative process ensures that it converges towards a solution. Without stability, the
process may oscillate or diverge, failing to reach a solution. By using®), Theorem 3.6 is proved to satisfy P Property in this
space. Owing to our comprehension of the map’s behaviour during iteration, we demonstrated Theorem 3.7 by the condition
of theorem 3.3 to satisfy P — Property. The aforementioned theorems have never been proven in b — MM .S space before. In
addition, we give an example that demonstrates the results. We also give an application for initial value problems in ordinary
multiplicative differential equations in b — M M S to be proved relatively easy and it confirms the solutions of the existence and
uniqueness of these equations.

2 Preliminaries

Definition 2.1 Let (x,o) be a metric space and T" : x — x be a mapping. The point f € y is called a fixed point of T" if f is
mapped onto itself. i.e., T'(f) = f.

Definition 2.2 Let x be a non-empty set and ;2 > 1 be a given real number. A function o : x x x — [1,00] is called a
b—multiplicative metric with coefficient . if the following conditions hold:

i)o(f,g)>1forall f,ge xwith f£gando(f,g)=1if f=g

i) o (£,9) = (g, f) forall f,g €

iii) o (f,h) <[o(f,g).0(g,h)]" forall f,g,h € x

The triplet (x, o, i) is called b-multiplicative metric space.

Definition 2.3 Let (x,0, 1) beab — MMS.

(i) A sequence {f,, } is b-multiplicative convergent iff there exist f € x such that

o(fn,f)— Llasn— oc.

(ii) A sequence {f,,} is called b-multiplicative Cauchy iff

0(fos frn) = Lasn,m — oo.

iii) A b— MMS(x,0,u) is said to be complete if every b-multiplicative Cauchy sequence in x is b - convergent to a point
in y.

Definition 2.4® Let (y, o) be a metric space and T a self-map on . Let f; be a point of x, and assume that f,, . ; = (T, f,,)
is an iteration procedure, involving T, which yields a sequence {f,,} of points from . Then the iteration procedure f, | =
QT f,,)is said to be T-stable with respect to T if { f  }converges to a fixed point q of T and whenever {g,,} is a sequence in
X with Jgngo 0(gnr1, UT,g,)) =0, we have Jirgo g,, = q. Particularly, if these conditions holds true for Picard’s iteration

procedure f, ., =T f,,, then we will say that Picard’s iteration is T-stable.

3 Result and discussion

In this section, we begin by providing an important lemma that generalizes the lemma of metric spaces. Following that, we
established fixed point theorems in b-multiplicative metric spaces and verified the stability results. Finally, we give an example
to demonstrate our results.

Lemma 3.1

Let {a,, }, {c,, } be a non-negative sequences in b— M M S satisfying a,, ., < (al.c,)) foralln e NO<h <1, lim c, =

n—oo
1. Then lim a,, =1.

n—oo
Proof.
h h h
Aktm < akerfl Crim—1 < (ak+m72 . ck+m—2) Chim—1
_ h h h™ hmfl hm—2
= (apym—2) - (Chom—2) Chymo1 S-S @@ 7O e Chm
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. hm™ 1 h™ 2
hNL
< ag - (C(k,kerfl)) - (c(k,kerfl)) e e krm—1)
Bm AmTl 4R 24 41
=ag - (c(k.kerfl))
1
m e
< ag '(C(k,k+m71)>

where ¢ 1 1) =maz {Cp,Cpi1,-,Chim-1}

Since limn oo Cn, = 1 for every € > 1, there exists a natural number N, such that when k£ > N;, we have
1 1 -
0< (c,)1—h <e2 (3.1
suppose that a; = F
1
5 (3.2)

O S Fhm <€2

Since 0 < h < 1, there exists a natural number V,, such that when m > N,, we have
Suppose that N = N;.N,, thuswhenn > N,

1
_ B ™
0< n = AminN, = N, '(C(N1aN1+m*1>>

It follows from Equations (3.1) and (3.2) that 0 < a,, < €% .e% = ¢. Therefore we have lim
proof of the lemma.

Lemma 3. 2

Let (x,0, 1) be a b—multiplicative metric spaces with coefficient 4 > 1 and T': x — x be a mapping. Consider that { f,, } is
a sequence in  induced by f,, . ; = T'f,, such that

= 1. This completes the

n— oo TL

J(fnv fn+1) S a-(fn71’ fn)A (33)

foralln € N, where A € [0,1] is constant. Then { f,, } is a b-multiplicative Cauchy sequence.
Proof.
We can divide it into three separate cases. In each case, we have an f, € x anddefine f,, , =T f, foralln € N.
Case 1: A € [0, %] (p>1). Using Equation (3.3),
A
g (fn’ fn+1) < o(f1ofn)

2
.S U( fn—2’ n*l)A

< (f07f1>

Thus, for any n > m and n,m € N, we have

0 (s fr) S [0 (Fms Frni1) -0 (Frnsrs Fu))” .

< 0 (s Fnn)” 10 (Fmirs Fnsa) 0 (Fnas )" 3

< 0 (s Fonin)" 0 it Fons2) 10 Uit Fnsa) 0 (s £}

< 0 (foms f’rn,+1> o(f m+1> fm+2)M 0 (finas m+3)“ 0 (fr_2s 1171)“%71 0 (fro1s fﬁ“nim*l
< olfor "N ooy )N o, f) T o, £ e (fo p)TTAT

< o (fy, fl);m 1+s)\+u2>\2+ +u" mMe2AnIme2 e ynem 1]

§U< ). fl)lﬁ\ [Z520 (1))

ga(fo.fl)ljM =1 (m—o0).

It indicates that { f,, } is a b - multiplicative Cauchy sequence. Simply, {T"™ f,} is a b-multiplicative Cauchy sequence.
Case2:Let \ € [%, 1] (1> 1) In this case, \™ — 1 as n — 00, so thereisng € N 3 A0 < i

By case 1, we state that

{(Tmo)™ fo};’:’:o = {fno’fng+1’fno+27 s frgano } is a b - Multiplicative Cauchy sequence in .

Case 3: Let ;t = 1. The process is same as case 1, and it verified the claim.
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Theorem 3.3
Let (x,0, ) be ab— MM S with coefficient 4 > 1 and T : x — x be a mapping such that

. sipoen (U THole. T9\™  (o(f.Tg)ols, TH)™
T1Tg)<o(fg) ( 1+o(f,9) ) ( 1+0(f,9) ) ’
<a<f,Tf>o<f,Tg>>“ (o(g,Tgw(g,Tf))%

14+0(f,9) ' L+o(f,9)

Where 41 ,15,3,%4,%5 are non-negative constants with ¢y + vy + 3 + putp, + up5 < 1. Consequently, T has a unique
fixed point in . Also, the iterative sequence T™ f (n € N) b-converges to the fixed point for any f € .

Proof.

Fix on f; € x and construct an iterative Picard sequence { f '} using f,, ., =Tf,, (n € N).If there exists ny € N> f,, =
fno+1-then fr = f, .y =T, .For the sake of simplicity, let f,, # f,, .1 Vn € N. From Equation (3.4)

J(fn?fnJrl) = (Tfnflvan)

(3.4)

<0—(f f >¢1 <O—<fn17Tfn1)U(fnann>>w2 (J(fnlann)a(fn»Tfn1)>w3
> n—1'Jn . 1—|—0’(fn717fn) . 1—‘,—0‘(fn717fn> .

(o(fn_hTfn_m(fn_hTfn))“ <a<fn,Tfn>a<fn,Tfn_1>>%
1+U(fnflvfn) . 1+0(fn717fn)

=0 (fuirfu)” (”“ﬂ1’Tfn>0<fmTfn+1>>% (U(fnqunH)O’(fmfn))%
nobind 140 (fr1:fn) ' 1+0(fr 1.10) :

(U(fn1,fn)0(fn1,Tfn+1)>w4 <o(fn,Tfn+1>o<fn,fn>>%
1+U(fn—17fn) ’ 1+U(fn—1afn>

<O (frri o) 0 (Frifrsn) ¥ (0 (Funs )0 (Frs frpa )

It follows that

O.(fn,fn+l>1*¢2fli’¢’4 S U(fn717fn)wl+uw4 (3'5)

Again by Equation (3.4), we have

U(fnvfn+1) = U(Tfn7 Tfnfl)

7/21 U(fanfn)U(fn—17Tfn—1)>w2 (U(fnvTfn—l)g(fn—17Tfn>>w3
< alhanda ) (P T o) '

(o(fn,wao(fn,Tfnl))W (o(fnl,Tfm)a(fn1,Tfn>>1"5
1+J(fn’fn71) ) 1+O—<fnafn71)

=o(fr,fn )" <U<fn7fn+1)0—<fn17fn)>w2 (U(fmfn>0(fn1, nH))%
i - 1+U(fn7fn—1> ' 1+O'<fn,fn_1) '

https://www.indjst.org/ 2355



https://www.indjst.org/

Jarvisvivin & Dharsini / Indian Journal of Science and Technology 2024;17(22):2352-2362

(U(fnv fn+1)a(fn7 fn))w4 (U(fn—la fn)g(fn—lv fn+1))w5
1+U(fn?fn71) ' 1+O—(fn7fnfl>

S0-(f’n’fnfl)’(pl 'U<fn’fn+1)w2 . (U(fnfh fn)'o-(fn7fn+1>>uw5

U(fmfnfl)lfwrwg) < U(fnfyfn)w”“% (3.6)

Multiplying Equations (3.5) and (3.6)

2—2y— —
0(fn7f’n+l> Yo—pups—ps SU(f

n

29 +ptp+pp
717fn) 1THYP4LTHY s

21ty tpis

g (fnv fn+1) S U(fn—lv fn) RSN

Put h = % In view of 9y 415 + )5 + ptp, + pbs < 1, then 0 < ¢ < 1. According to lemma 3.2, {f,,} is a
b-Cauchy sequence in x. As (x, o, u) is b-complete, then 3 some point f* € x 3 f,, — f* as n — oo. It is simple to observe

from Equation (3.4) that

0(fn+17Tf*) :U(Tfn’Tf*> (3.7)

o(fn,Tfn>a<f*,Tf*>>¢2, (U<fmTf*>a<f*,Tfn>>“.

o *wl.
< (fur ) ( 50 (fu 1) 140 (Fn 1)

o (fur TF Vo (£ TFIN (o T o (1T, )\
L+o(f,, f) ' L+o(fn f*)

_ N
—O'(fn7f> . ( 1+0—(fn7f*) 1+0'(fn7f*>

(fn,fnﬂ)a(fa:rf*))% (o(fmTf*W(f*,an))%.
(U(fn,fnﬂ)U(fmTf*))M_ <U(f*7Tf*)0(f*afn+1)>w5

(3.8)

1+0(fn, f) 140 (fpn, f*)

Considering the limit » — oo in Equation (3.8), we obtain lim o (f,, 1, Tf*) = 1. Thatis, f,, — T f* asn — co. Due to the
n—oo

uniqueness of the limit of the b-convergent sequence, it concludes that T f*=f*. Alternatively, f* is a fixed point of T. Eventually,
to verify the uniqueness of the fixed point, use Equation (3.4), if 3 a another fixed point g*, then

o(f*g)=0o(Tf" Tyg")

o oy a(f*,Tf*)a(g*,Tg*)yz <o(f*,Tg*)0(g*7Tf*>>w3
=) ( Lo (/g U o) |

(a(f*,waa(f*,Tg*))“ (a(gﬂTg*)a(g*,Tf*))%
140 (fq) ' 1+a(f.g")

https://www.indjst.org/ 2356
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o(ftg*)o(fﬁg*))%

—o(a* «\ Y1 .
oo 1) ( T+o(F.9)

< o(frgr)rtYs (3.9)

Because 1y + 15 + 13 +utp, +pps < 1implies ¢y +1p3 < 1, we conclude that o (f*,g") = 1ie. f*=g".

Definition 2.4 is simplified here, and a concept of T -Stability of Picard iteration in b-multiplicative metric space is introduced.

Definition 3.4

Let (x,0,u) beab—MMS, fy € x and T : x — x be a mapping with (7") # (), where (T) denotes the set of all fixed
points of T. Then Picard’s iteration f,, . ; =T f,, is said to be T-stable with respect to T if nhjgo fn =q€ (T)and whenever
{g,,} is a sequence in x with nlinoLoJ(g”H’ Tg,,) =1, we have nlinozogn =q.

Theorem 3.5

Under the generalized Lipschitz contractive mapping of previous theorem 3.3, if 2uth; + 2005 + (pn + p2) (¥, +15) < 2,
then Picard’s iteration is T-Stable.

Proof.

To show that T has a unique fixed point f* in x , use Equation (3.4) and deduce that {g,,} is a sequence in x >
o (9n+1, Tgn) — 1 as n goes to oo.

Using Equation (3.4),

o (Tg,,f")=0(Tg,,Tf")

o (9, Tg,) o (f°, Tf*))%. (a(gn, Tf)o(f, T%))”f

” N
<0 (gns [7) ( 1409,/ 1+0 (g, f*)

(o(nggn>o<gn,Tf*>>w4 (o(fn,Tfnw(fn,Tfnl))%
1+U(gn’f*) ’ 1+U(fn71’fn)

<0 (G ) 0 (£, T9,)Y .0 (90, Tgn) "
<0 (g, [V 0 (4, T9,) " (0 (g f7) 0 (1, Tg,,)) """

< O.<gn’f*)’¢’1+H¢4 . O.(f*’Tgn)’LP3+H1/J4
which means that
o(f*,Tg,) " V™% <o(g,, £V (3.10)

On the other hand, we have
o(Tgy, f)=0(Tf"Tg,)
<o(f,9,)" (. T9,)".0(0,,T9,)""
<o(f,90) 0 Tg0) " (0 (9, 7)o (f7,Tg,)) """
< O'(f*,gn>wl+uw5~0'(f*,Tgn)w3+Hw5
which means that

a(f*Tg,)' "V < a(g,, 1)V e (3.11)

https://www.indjst.org/ 2357
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Combining Equations (3.10) and (3.11)

U(f*7Tgn)2*2¢3*M’¢'4*l—Lw5 < o.(gn7f*)2wl+u’¢’4+ﬂw5 (3.12)

As a result, we have . .
29+t
71" Tg,)* 20t < o, g0 T .
Denote h = % It follows immediately from 2p); + 25 + (u+ p?) (P, +1P5) < 2that 0 < h < 1.
Leta,, =0 (9, f*)s ¢n = 0(9ni1,79,)", by Equation (3.12), then

Apy1 = 0<gn+17f*> < (a(gn+17Tgn) .O‘(Tgn,f*))‘u’

<al.e,

Thus, by lemma 3.1, it leads to a,, = o (g,,, /*) — 1 as n goes to oo, i.e. g,, — f*. Consequently, Picard’s iteration is T-stable.

Foreachn € N, f*isafixed point of '™ if T is a map with a fixed point f*. However, the converse is contradictory. A map
T is said to hold the P property if F'(T') = F (T™) for each n € N **. The implications of these findings in b — M M S are
generalized in the following results.

Theorem 3.6

Let (x, o, 1) be a b — M M S with coefficient yt > 1. Let T : x — x be a mapping such that

(T) # () and that

o(Tf, T%f) < o(f.Tf)" (3.13)

for all f € x, where 0 < < 1isa constant. Then T has the P Property.
Proof.
As the statement for n = 1 is trivial. Suppose n > 1 andw € (T'™). It is obvious from the hypotheses that
o(w,Tw) =0 (TT" 1w, T?T" 1w) <o(T" 1w, T"w)”
= o(TT" 2w, T2T"2w)" < U(T”_2w,T”_lw)w2
<. < o(wTw)?" = 1(n— o)
Hence, 0 (w,Tw) = 1 thatis Tw = w.
Theorem 3.7
T holds the P property when the condition of theorem 3.3 is satisfied.
Proof.
The mapping T have to be satisfied Equation (3.13). In fact, for any f € ¥, to start with, we have

o(Tf,17%f) =o(Tf,TTf)

(f, Tf)o (T}, TTf))%. (U(f,TTf)a(Tﬂ Tf))ipfs.

v (2
<o(f.Tf) ( 1+o(f,Tf) L+o(f,Tf)

(0(f,Tf)o(f,TTf>>w4 <U(Tf,TTf>o*(Tf,Tf))w5
1+o(f,Tf) ’ 1+o(f,Tf)

<o(f,THY .o(TF,T2H) .o (f,T2f)"

<o(f,THY .o (TFT2H)Y? (o (f,Tf) .o (Tf,T2f)"*

https://www.indjst.org/ 2358


https://www.indjst.org/

Jarvisvivin & Dharsini / Indian Journal of Science and Technology 2024;17(22):2352-2362

which implies that
o (Tf,T2f) " < o (f,T )Y ¥ (3.14)
Moreover, we have

o(TfT%f)=o(ITf,Tf)

(Tf, TTf)o(f, Tf))‘/’z. (G(Tf,Tf)O’(f, TTf))wS.

v (2

<U(Tf,TTf)U(Tf,Tf)>w4 (a(f,Tf>a<f,TTf>>%
1+0(Tf,f) U 14e (T )

<o(Tf, )Y .o(TT2) .o (f,T2f)
Which establishes that
o (TF,T2f) V2" < o (f,TF) V1 HYs (3.15)

On multiplying up Equations (3.14) and (3.15), it follows that
o (Tf7T2f>2*2¢2*H¢4*M¢5 S o (f’Tf)2w1+M1/)4+/ub’l/)5 .
This implies that

2t +pbgtpds

o (Tf,T2f) <o (f,T1) 775

Note that ¢y +15 + 3+ pyp, +pp5 < 1, then ¢ < 1. Therefore, (3.13) is satisfied. As a result, following Theorem 3.3, T
holds the P Property.

Example 3.8

Let x =[0,00]and o : x x x = Rt byo(f, g) = 4(F-9" Consider that (x,0,1)is a b — MMS with coefficient u = 2.
Lethxéxbny:%,f6x.Wehave

f+5  g+5 2

o(Tf,Tg) =45 %°)
_ 4l
= o(f,9)}

o(f, Tfol(g, Tg))wz. (o(f,Tg)a(g, Tf))wg’.

o (11.179) < (o7, g, (HLTDTE i

<a<f,Tf>o<f,Tg>>“’4 (o(ﬂg)a(g,Tf))%
1+o(f.9) 1+0(f.9)
where ), =1, ¥y = 1p3 = 1, = b5 = 0. Obviously )} + 1)y + 15 + 1) 4 T 15 < 1. Consequently, the condition outlined in

theorem 3.3 has been fulfilled, establishing the uniqueness of a fixed point for T in x.
Application: By applying theorem 3.3, the first-order multiplicative initial value problem is solved.

[ () =Q(v, f(v))

T 19
where ) : [UO— (%)Fl , g+ (%)Tﬁl] X [fo— 42, fo+ 2] —[1,00] is continuous functionand n > 1, 7> 2, f, v are real
constants.

Theorem 3.9

https://www.indjst.org/ 2359
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Consider Equation (3.16) and assume that
(i) €2 satisfies the Lipschitz condition, i.e.,

‘Q(Uf@))‘ < Y sw) (3.17)
g9(v))

(ii) Q is bounded on R™, i.e.,

(3.18)

Then Equation (3.16) has a unique solution on the interval " = [UO — (%)771 , Ug+ (%)Tﬁl] .

Proof.

X (T') represents the collection of all continuous functions defined on I'. Let x = {f € X (') : [ f (v) — fo| < Z } . Define a
mapping o : x X x — R* by
2

f(v)

(3.19)
g(v)

o(f,g)=sup

Evidently, (X (T"),0) isab— M MS with pn = 2. As x constitutes a closed subspace within X (T"), it follows that (x,o) isa b -
multiplicative metric space.
Integrate Equation (3.16),

*V

F)=fo. [ (. f())?? (3.20)

Vo

Solving equation Equation (3.16) is similar to identifying the fixed point of the mapping 7" : x — X represented using
TF ()= fo. [ (6. ()" (.21)

If ¢ €T, then | —vp| < (%)771 and f € x means |f (¢) — fo| < Z,s0 (¢, f(4)) € RT. Since 2 is continuous on the positive
real numbers, we can establish the existence of the integral Equation (3.21) and the well-defined nature of T for all f € x.
Further, we can determine that T serves as a self-mapping on x. In fact, using Equation (3.18) and Equation (3.21), it is clear

that
’Tf(v)’ _
fo

L1720, £ ()"

< [19(8, £ ()"

< n Tlv—vgl

E g%)‘rfl

%) nlf‘r

t by using Equations (3.17), (3.19) and (3.21) we get

‘Tf<v> 2 / Q6.1 (6)[**]”
Tow| ~ |, [20.90)

2
< / [lf(@/9(6))] dfi’]

L Yo
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<(olr.00"

< [Twray

0

(f>9)
*U ’lj)a g
< / 149
Vo
o(f,g)
S‘U*UOW
wa(ﬁg)

1 71
<[]
n
< (nw(l—r))°<fv9>

$(1-7)
<o(f,g9)"

nw(l—ﬂ

o(Tf,Tg)<o(f.9)

a(fjf)a(gfg))’“ (o(ffg)ovwx))% (o(fff)a(ffg))” (o(g,Tg>a<g7Tf>)%
1+o(f,9) ’ 1+o(f,9) ' 1+o(f,9) ' 1+0(f,9)

where 1), = 7% 1=7) 4h, =1hy =1h, = 15 = 0. Because ) > 1 and 7 > 2, it means that 1, + 1)y + 5 + pith, + b5 < 1. Dueto
the aforementioned statement, conditions of theorem 3.3 are satisfied and there exists a unique fixed point to Equation (3.16).

4 Conclusion

In this paper, we have introduced some fixed point theorems for generalized Lipschitz contractive mappings in b-multiplicative
metric spaces. Notably, Picard’s iteration explores the stability of iteration procedures across various spaces. Here, we established
stability results in b-multiplicative metric spaces. These mappings are verified by both the P property and T-Stability of the
Picard’s iteration. Our results provide an application to nonlinear differential equations with initial value problems, which is a
tool to verify the existence and uniqueness of nonlinear problems.
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