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Abstract
Objectives: In this study, we generalize some of the difference ordered and
weak uniquely difference ordered Γ−semirings results.Methods: To establish
the results in Γ−semirings, we use conditions like commutativity, simple,
multiplicative cancellative, additively idempotent on difference-ordered, and
weak uniquely difference-ordered Γ−semirings. Findings: First, we give some
examples of difference ordered Γ−semiring, and weak difference ordered
Γ−semirings. Then generalize some of the results of semirings to Γ−semirings
and discuss some of the properties of additive idempotent Γ−semifield.
Novelty:We find that if 𝑅 is a non-zeroic difference ordered Γ−semiring then
𝑍(𝑅) is a strong ideal of 𝑅. Let 𝑅 be a positive difference ordered Gel’fand
Γ−semiring then every maximal non-unit of 𝑅 is prime. Further, we find that
if 𝑅 is a simple difference ordered additively idempotent Γ−semiring and 𝑥 ∈
𝑅which is not a unit then𝑥 is prime if and only if there exists a character𝑓𝑥:𝑅 →
𝐵 = {0,1} satisfying 𝑘𝑒𝑟(𝑓𝑥) = {𝑟 ∈ 𝑅 |𝑟 ≤ 𝑥}.Moreover, if𝑥 and 𝑦 are distinct
prime elements of 𝑅 Then𝑓𝑥 and 𝑓𝑦 are also distinct. Finally, we consider some
properties of additive idempotent Γ−semifield and then introduce the concept
of weak uniquely difference-ordered Γ−semirings.
AMS Mathematics subject classification (2020): 16Y60.
Keywords: Γ-semiring; Difference ordered Γ-semiring; Additively idempotent
Γ- semiring; Strong identity; Weak uniquely difference-ordered Γ-semirings

1 Introduction
Semiring is a universal algebra with two binary operations called addition and
multiplication, one of which is distributive over the other. The theory of rings and
semigroup considerably impacted the development of the theory of semirings. In
structure, semirings lie between semigroups and rings. A natural example of a semiring,
which is not a ring, is the set of all non-negative integers under usual addition and
multiplication. There are numerous different examples of a semiring; for instance, for
a given integer 𝑛, the set (𝑎𝑖𝑗 )

𝑛×𝑛
over semiring structures a semiring with the usual

addition and multiplication of matrices. Rao (1), as a generalization of semirings and
Γ−rings presented the concept ofΓ−semirings in 1995. In 2021, Sharma and Ranote (2)
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studied some properties on Γ− semiring. In 2024, Sharma and Kumar (3,4) studied the concept of lattices and positive partially
orderedΓ− semiring and derivedmany exciting results in this field. Further, KoamAli NA,Haider A., AnsariMA (5) introduced
the concept of orderedQuasi (BI)−Γ−Ideals in OrderedΓ−Semirings and obtain the results regarding ordered quasiΓ−ideal,
ordered prime quasi Γ−ideal, ordered semiprime quasi Γ−ideal, ordered maximal quasi Γ−ideal, ordered irreducible, and
ordered strongly irreducible quasi Γ−ideal of an ordered Γ−semiring

As a continuation of the paper “Positive Partially Ordered Γ− semiring” (4) we here, investigate some of the results of
difference ordered Γ − 𝑠emiring in terms of uniquely difference ordered Γ− semiring by using additively idempotent, Zeroid,
Gel’fand Γ−𝑠emiring, simple, strong ideals, maximal ideals, prime ideals, centreless, multiplicatively cancellative commutative
Γ− semiring and weak uniquely difference ordered Γ− semirings.

2 Preliminaries
For the definitions of a Γ−semiring and their identity elements 0 and 1, strong identity, simple, set of units (𝑈 (ΓR)),
multiplicative cancellative, Γ−semifield, centreless and additive idempotent, one can refer to (2,6,7).

Now we include some necessary preliminaries for the sake of completeness. A non-empty subset 𝐼 of 𝑅 is said to be the left
(right) ideal of 𝑅 if I is sub semigroup of (𝑅, +) and 𝑥𝛼𝑦 ∈ 𝐼(𝑦𝛼𝑥 ∈ 𝐼) for all 𝑦 ∈ 𝐼, 𝑥 ∈ 𝑅 and 𝛼 ∈ Γ. An ideal I of a
Γ− semiring R is called a strong ideal if for 𝑥, 𝑦 ∈ 𝑅, 𝑥 + 𝑦 ∈ 𝐼, implies that 𝑥 ∈ 𝐼 and 𝑦 ∈ 𝐼. A Γ− semiring 𝑅 is said
to be semi-subtractive if for every 𝑥, 𝑦 ∈ 𝑅 there exists 𝑟 ∈ 𝑅 such that either 𝑟 + 𝑥 = 𝑦 or 𝑟 + 𝑦 = 𝑥. A Γ− semiring 𝑅
is said to satisfy cancellation law if for all 𝑥,𝑦,𝑧 ∈ 𝑅 and 𝛼 ∈ Γ we have that 𝑥 ≠ 0,𝑥𝛼𝑦 = 𝑥𝛼𝑧 and 𝑦𝛼𝑥 = 𝑧𝛼𝑥 implies
𝑦 = 𝑧. Let 𝑅 be a Γ− semiring and define 𝐺𝐹 (𝑅) = {𝑟 ∈ 𝑅| 1 + 𝑟 ∈ 𝑈(Γ𝑅)}.Then 𝐺𝐹 (𝑅) is a Gel’fand Γ− semiring if
and only if 𝑅 = 𝐺𝐹 (𝑅).

Let R be a Γ− semiring. Then 𝑅 is called partially ordered Γ− semiring if and only if there exists a partial order relation ≤
on 𝑅 satisfying the following conditions if 𝑥 ≤ 𝑦 and 𝑧 ≥ 0 then (𝑖) 𝑥 + 𝑧 ≤ 𝑦 + 𝑧 (𝑖𝑖) 𝑥𝛼𝑧 ≤ 𝑦𝛼𝑧 (𝑖𝑖𝑖) 𝑧𝛼𝑥 ≤ 𝑧𝛼𝑦,
for all 𝑥, 𝑦, 𝑧 ∈ 𝑅 and 𝛼 ∈ Γ. A partially ordered Γ− semiring 𝑅 is difference ordered if and only if 𝑥 ≤ 𝑦 in 𝑅, there
exists an element 𝑧 of 𝑅 such that 𝑥 + 𝑧 = 𝑦. Difference ordered Γ− semirings are positive and hence centreless. A partially
ordered Γ− semiring 𝑅 is uniquely difference ordered if and only if 𝑥 ≤ 𝑦 in 𝑅, there exists a unique element 𝑧 of 𝑅 such that
𝑥 + 𝑧 = 𝑦.

We have the following theorems from (2,4,6).
Theorem2.1. (2)Let𝑅 be aΓ−semiring. If𝑅 ismultiplicatively cancellative additively idempotent commutativeΓ−semiring.

Then [((𝑥+𝑦)𝛼)𝑛−1 (𝑥+𝑦)] = (𝑥𝛼)𝑛−1𝑥+(𝑦𝛼)𝑛−1𝑦 for all 𝑥,𝑦 ∈ 𝑅, and all positive integers 𝑛.
Theorem 2.2. (4)Let 𝑅 be an additively idempotent Γ− semiring with a strong identity. Then 𝑅 is partially ordered by the

relation 𝑥 ≤ 𝑦 if and only if 𝑥 + 𝑦 = 𝑦. Moreover, 𝑅 is positive and a join semilattice with 𝑥 ∨ 𝑦 = 𝑥 + 𝑦. Further, if
𝑥, 𝑦 ∈ 𝑈(Γ𝑅) then 𝑥 ≥ 𝑦 if and only if 𝑤 ≤ 𝑡, where 𝑤 and 𝑡 are inverses of 𝑥 and 𝑦 respectively.

Theorem 2.3. (6)Let 𝑅 be a Γ−semiring. Then
(i) R is simple if and only if 𝑥 = 𝑥 + 𝑥𝛼𝑦, for all 𝑥, 𝑦 ∈ 𝑅, 𝛼 ∈ Γ
(ii) R is simple if and only if 𝑥 = 𝑥 + 𝑦𝛼𝑥, for all 𝑥, 𝑦 ∈ 𝑅, 𝛼 ∈ Γ
(iii) R is simple if and only if x𝛼y = x𝛼y+(x𝛽z)𝛼y , for all 𝑥, 𝑦, 𝑧 ∈ 𝑅, 𝛼, 𝛽 ∈ Γ.

3 Methodology
Following (8), we will generalize some results for difference ordered Γ−semiring with conditions of commutativity, simple,
additively idempotent, etc. Further, we define the middle function and prove some conditions. Finally, we discuss the concept
of weak uniquely difference ordered Γ− semiring.

4 Results and Discussion
Main R esults

We start this section by giving some examples and then generalize some of the results of regarding difference ordered and
weak uniquely difference ordered Γ− semiring.

Example 4.1 .The Γ− semiring ℕ, of non-negative integers is uniquely difference ordered in its usual ordering.
Example 4.2 .The order on an additively idempotent Γ− semiring defined in Theorem 2.2 is the difference order. Further,

if 𝑥 + 𝑦 = 𝑦 then in the difference order 𝑥 ≤ 𝑦. Conversely, let 𝑥 ≤ 𝑦 in a difference order. Then there exists an element 𝑧
of 𝑅 such that 𝑥+𝑧 = 𝑦. Now, 𝑦 = 𝑥+𝑧 +𝑧 = 𝑦 +𝑧 . This implies that 𝑥 + 𝑦 = 𝑥 + 𝑦 + 𝑧 = 𝑦 + 𝑦 = 𝑦.
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Example 4.3 . Since every uniquely difference –orderedΓ− semiring is a weak uniquely difference –orderedΓ− semiring the
set𝐵 = {0,1} is totally ordered, weak uniquely difference orderedΓ− semiring but not unique difference orderedΓ− semiring.

Now we have the following results, which are straightforward.
Theorem 4.4. Let 𝑅 be a Γ− semiring. Then every difference ordered Γ− semiring is positive. Further, if 𝑅 is both simple

and difference ordered then 𝑥𝛼𝑦 ≤ 𝑦 and 𝑦𝛼𝑥 ≤ 𝑦 for all 𝑥, 𝑦 ∈ 𝑅, 𝛼 ∈ Γ.
Theorem 4.5. Let 𝑅 be a difference ordered Γ− semiring. Then 𝑅 is uniquely difference ordered if and only if it is

cancellative.
Theorem 4.6.The only simple difference ordered division Γ− semiring is 𝐵 = {0,1} if it has a strong identity.
Definition 4.7. A difference ordered Γ− semiring is called totally ordered if it is semi-subtractive.
Theorem 4.8. Let R be an additively idempotent partially ordered Γ−semiring satisfying 0 < 1 then 𝑆 = {𝑟 ∈ 𝑅 | 0 ≤

𝑟 ≤ 1} is a sub-Γ-semiring of 𝑅.
Theorem4.9 . Let𝑅 be aΓ−semiring.Then𝑅 is the difference ordered if and only if 𝑥, 𝑦, 𝑧 ∈ 𝑅 satisfying 𝑥 = 𝑥 + 𝑦 + 𝑧

then 𝑥 = 𝑥 + 𝑦.
Proof. Let 𝑅 be the difference ordered and 𝑦, 𝑧 ∈ 𝑅. If 𝑥 = 𝑥 + 𝑦 + 𝑧 then 𝑥 ≤ 𝑥 + 𝑦 ≤ 𝑥. Thus, 𝑥 = 𝑥 + 𝑦.

Conversely, define the relation ≤ on 𝑅 by 𝑟 ≤ 𝑟 ′ if and only if there exists an element 𝑟 ″ ∈ 𝑅 satisfying 𝑟 + 𝑟 ″ = 𝑟 ′. Then
clearly 𝑥 ≤ 𝑥 for all 𝑥 ∈ 𝑅 and 𝑥 ≤ 𝑦, 𝑦 ≤ 𝑧 implies that 𝑥 ≤ 𝑧 for all 𝑥, 𝑦, 𝑧 ∈ 𝑅. If 𝑥, 𝑦 ∈ 𝑅 such that there exist
𝑧, 𝑡 ∈ 𝑅 satisfying 𝑥 + 𝑧 = 𝑦 and 𝑦 + 𝑡 = 𝑥 then 𝑥 + 𝑧 + 𝑡 = 𝑥. So, 𝑥 + 𝑧 = 𝑥. This implies that 𝑦 = 𝑥 + 𝑧 = 𝑥,
Thus, ≤ is a partial order on 𝑅. This implies that 𝑅 is a partially ordered Γ−semiring. Hence, 𝑅 is difference ordered.

The following definition is analogous to the definition in (8).
Definition 4.10.TheZeroid of aΓ−semiring𝑅 is𝑍(𝑅) = {𝑟 ∈ 𝑅 | 𝑟+𝑎 = 𝑎 for some 𝑎 ∈ 𝑅}.Thus, if𝑍(𝑅) = 𝑅 then

𝑅 is zeroic, otherwise non-zeroic. If 𝑅 has an infinite element then it is surely zeroic.
Now one can easily verify the following result by using theorem 4.9.
Theorem 4.11. Let 𝑅 be a non-zeroic difference ordered Γ−semiring. Then 𝑍(𝑅) is a strong ideal of 𝑅.
Theorem 4.12 . Let 𝑅 be a difference ordered Γ−semiring. Then an ideal 𝐼 of 𝑅 is strong if and only if 𝑥 ≤ 𝑦 and 𝑦 ∈ 𝐼

implies that 𝑥 ∈ 𝐼.
Proof.Let 𝐼 be the strong ideal of aΓ−semiring𝑅. If𝑥 ≤ 𝑦 and 𝑦 ∈ 𝐼 then there exists an element 𝑧 such that𝑥 + 𝑧 ∈ 𝐼. So,

by assumption 𝑥 ∈ 𝐼. Conversely, assume that given conditions hold. If 𝑥, 𝑦 ∈ 𝑅 satisfying 𝑥 + 𝑦 ∈ 𝐼 then 𝑥 ≤ 𝑥 + 𝑦 ∈
𝐼 and so 𝑥 ∈ 𝐼 . Similarly, 𝑦 ∈ 𝐼 .

The following results are straightforward.
Theorem 4.13 . Let 𝑅 be a difference ordered Γ−semiring and 𝑆 is a subset of 𝑅 then (0 ∶ 𝑆) is a strong ideal of 𝑅.
Theorem 4.14.Let𝑅 be aΓ−semiringwith a strong identity.Then𝑅 is aGel’fandΓ−semiring if and only if 𝑟 + 𝑥 ∈ 𝑈(Γ𝑅)

for all 𝑟 ∈ 𝑅, 𝑥 ∈ 𝑈(Γ𝑅).
Theorem 4.15. Let 𝑅 be a difference ordered Gel’fand Γ−semiring with strong identity and 𝑡 ≥ 𝑧 ∈ 𝑈(Γ𝑅) in 𝑅. Then

𝑡 ∈ 𝑈(Γ𝑅).
Definition 4.16. An element 𝑥 of a partially ordered Γ−semiring 𝑅 is prime if and only if 𝑥 is not a unit and 𝑦𝛼𝑧 ≤ 𝑥 in

𝑅𝛼 ∈ Γ, implies that either 𝑦 ≤ 𝑥 or 𝑧 ≤ 𝑥.
Definition 4.17.Anelement𝑥 of a partially orderedΓ−𝑠emiring𝑅 is semiprime if and only if𝑥 is not a unit and 𝑦𝛼𝑦 ≤ 𝑥 in

𝑅 implies that either 𝑦 ≤ 𝑥. If 𝑅 is multiplicatively Γ−idempotent then clearly non-unit of 𝑅 is semiprime.
Definition 4.18. A maximal non-unit of a partially ordered Γ− semiring 𝑅 is an element 𝑥 of 𝑅 \ 𝑈(Γ𝑅) satisfying the

condition that {𝑟 ∈ 𝑅 | 𝑟 > 𝑥} is a non-empty subset of 𝑈(Γ𝑅).
Theorem 4.19. Let 𝑅 be a positive difference ordered Gel’fand Γ−semiring then every maximal non-unit of 𝑅 is prime.
Proof. Let𝑥 be amaximal non-unit of𝑅 and 𝑦, 𝑧 ∈ 𝑅, 𝛼 ∈ Γ satisfying 𝑦 ≰ 𝑥, 𝑧 ≰ 𝑥 and 𝑦𝛼𝑧 ≤ 𝑥.Then𝑥 ≤ 𝑥 + 𝑦, 𝑦 ≤

𝑥 + 𝑦. So 𝑥 < 𝑥 + 𝑦. Thus, 𝑥 + 𝑦 ∈ 𝑈(Γ𝑅). Similarly, 𝑥 + 𝑧 ∈ 𝑈(Γ𝑅) and so 𝑡 = (𝑥 + 𝑦)𝛼(𝑥 + 𝑧) ∈ 𝑈(Γ𝑅). But
𝑡 = (𝑥 + 𝑦)𝛼𝑥 + 𝑥𝛼𝑧 + 𝑦𝛼𝑧 ≤ (𝑥 + 𝑦)𝛼𝑥 + 𝑥𝛼𝑧 + 𝑥𝛼1 = (𝑥 + 𝑦)𝛼𝑥 + 𝑥𝛼(𝑧 + 1) ≤ (𝑥 + 𝑦 + 1)𝛼𝑧𝛼(𝑧 + 1), where
𝑥 + 𝑦 + 1 and 𝑧 + 1 are units of 𝑅 since 𝑅 is a Gel’ fand Γ− semiring.Therefore, as 𝑅 is positive, so 𝑢𝛼(𝑡𝛼𝑤) ≤ 𝑥, where 𝑢
is the inverse of (𝑥 + 𝑦 + 1) and 𝑣 is inverse of (𝑧 + 1). Thus, by theorem 4.15, 𝑥 ∈ 𝑈(Γ𝑅). This is a contradiction. Hence, 𝑥
must be prime.

Theorem 4.20. Let 𝑅 be a simple difference ordered Γ−semiring and 𝐴 be a nonempty subset of 𝑅 satisfying the condition
that if 𝑥, 𝑥′ ∈ 𝐴 then there exists an element 𝑥 ″ ∈ 𝐴, 𝛼 ∈ Γwith 𝑥 ″ ≤ 𝑥𝛼𝑥′. If 𝑆 = {𝑟 ∈ 𝑅 | 𝑥 ≰ 𝑟 for all 𝑥 ∈ 𝐴}.
Then every additively idempotent maximal element of 𝑆 is prime.

Proof. Let 𝑦 be an additively idempotentmaximal element of𝑆. Let 𝑟, 𝑟′ ∈ 𝑅 be such that 𝑟, 𝑟′ ≰ 𝑦.Then 𝑟 + 𝑦, 𝑟′ + 𝑦 > 𝑦
So, by the choice of 𝑦, clearly 𝑟 +𝑦, 𝑟′ +𝑦∉ 𝑆. So there exist elements 𝑥, 𝑥′ and 𝑥 ″ of 𝐴 satisfying 𝑥 ≤ 𝑟 +𝑦, 𝑥′ ≤ 𝑟 ′ + 𝑦
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and for 𝛼 ∈ Γ, 𝑥″ ≤ 𝑥𝛼𝑥′. Thus, 𝑥 ″ ≤ (𝑟 + 𝑦)𝛼(𝑟 ′ + 𝑦) = 𝑟𝛼𝑟′ + 𝑦𝛼𝑟′ + 𝑟𝛼𝑦 + 𝑦𝛼𝑦.Therefore, by theorem 2.3,
𝑦𝛼𝑟′ + 𝑟𝛼𝑦 + 𝑦𝛼𝑦 ≤ 𝑦 + 𝑦 + 𝑦 = 𝑦 and so 𝑥 ″ ≤ 𝑟𝛼𝑟′ + 𝑦. If 𝑟𝛼𝑟′ ≤ 𝑦 then 𝑥 ″ ≤ 𝑦 + 𝑦 = 𝑦, contradicting the fact
that 𝑦 ∈ 𝑆. Hence, 𝑟𝛼𝑟′ ≰ 𝑦, proving that 𝑦 is prime.

Theorem 4.21. Let 𝑅 be a simple difference ordered additively idempotent Γ−semiring and 𝑥 ∈ 𝑅 which is not a unit.
Then 𝑥 is prime if and only if there exists a character 𝑓𝑥 on 𝑅 satisfying 𝑘𝑒𝑟(𝑓𝑥) = {𝑟 ∈ 𝑅 | 𝑟 ≤ 𝑥}. Moreover, if 𝑥 and 𝑦 are
distinct prime elements of 𝑅 Then𝑓𝑥 and 𝑓𝑦 are also distinct.

Proof. Let 𝑥 be prime. Define 𝑓𝑥 ∶ 𝑅 → 𝐵 = {0,1} by 𝑓𝑥(𝑟) = 0 if and only if 𝑟 ≤ 𝑥.Then 𝑓𝑥(0) = 0, since𝑅 is difference
ordered and 𝑓𝑥(1) = 1, since 1 ≰ 𝑥. Moreover, if 𝑟, 𝑟′ ∈ 𝑅 then 𝑓𝑥(𝑟 + 𝑟 ′ ) = 0 if and only if 𝑟 + 𝑟 ′ ≤ 𝑥 if and only if
𝑟 ≤ 𝑥 and 𝑟 ′ ≤ 𝑥 if and only if 𝑓𝑥(𝑟) = 0 = 𝑓𝑥(𝑟 ′ ). Therefore, 𝑓𝑥(𝑟) + 𝑓𝑥(𝑟 ′ ) = 𝑓𝑥(𝑟 + 𝑟 ′ ). Similarly, for 𝛼 ∈ 𝑅 and
by primness 𝑓𝑥(𝑟𝛼𝑟′ ) = 0 if and only if 𝑟𝛼𝑟′ ≤ 𝑥 if and only if either 𝑟 ≤ 𝑥 or 𝑟 ′ ≤ 𝑥 𝑖f and only if 𝑓𝑥(𝑟)𝛼 𝑓𝑥(𝑟 ′ ) = 0.
Thus, 𝑓𝑥(𝑟𝛼𝑟′ ) = 𝑓𝑥(𝑟)𝛼 𝑓𝑥(𝑟 ′ ). Conversely, assume that there exists a morphism 𝑓𝑥 ∶ 𝑅 → 𝐵 satisfying 𝑘𝑒𝑟 𝑓𝑥) =
{𝑟 ∈ 𝑅 | 𝑟 ≤ 𝑥}. If 𝑟𝛼𝑟′ ∈ 𝑅 𝑠atisfy 𝑟𝛼𝑟′ ≤ 𝑥 then for some 𝛼 ∈ Γ, 𝑓𝑥(𝑟)𝛼𝑓𝑥(𝑟 ′ ) = 𝑓𝑥(𝑟𝛼𝑟′ ) = 0.Therefore, either
𝑓𝑥(𝑟) = 0 or 𝑓𝑥(𝑟 ′ ) = 0. Hence, either 𝑟 ≤ 𝑥 or 𝑟 ′ ≤ 𝑥, proving that 𝑥 is prime. Further, if 𝑥 and 𝑦 are prime elements in
𝑅 satisfying 𝑓𝑥 = 𝑓𝑦 then 𝑓𝑦 (𝑥) = 0. This implies that 𝑥 ≤ 𝑦. Similarly, 𝑦 ≤ 𝑥. Hence, 𝑥 = 𝑦.

Definition 4.22. (3) Let 𝑅 be a partially ordered Γ−semiring.Then a function ℎ ∶ 𝑅 → 𝑅 𝑖s called a middle function if and
only if the following conditions are satisfied. (𝑖) If 𝑥 ≤ 𝑦 in𝑅 then ℎ(𝑥) ≤ ℎ(𝑦) (ii) If 𝑥 ∈ 𝑅 then ℎ(ℎ(𝑥)) = ℎ(𝑥) ≥ 𝑥 (𝑖𝑖𝑖)
If 𝑥, 𝑦 ∈ 𝑅 then ℎ(𝑥𝛼𝑦) ≥ ℎ(𝑥)𝛼ℎ(𝑦), 𝛼 ∈ Γ.

Note that if ℎ is a middle function then 𝑥 ≤ ℎ(𝑦) if and only if ℎ(𝑥) ≤ ℎ(𝑦).
Theorem 4.23. Let R be a partially ordered Γ− semiring and ℎ ∶ 𝑅 → 𝑅 be a middle function on R. If R is positive then

ℎ(𝑥𝛼𝑦) = ℎ(ℎ(𝑥)𝛼𝑦) = ℎ(ℎ(𝑥)𝛼ℎ(𝑦)) = ℎ(𝑥𝛼ℎ(𝑦)) for all 𝑥, 𝑦 ∈ 𝑅, 𝛼 ∈ Γ.
Proof. Let 𝑅 be positive and 𝑥, 𝑦 ∈ 𝑅 then ℎ(𝑥) ≥ 𝑥 and ℎ(𝑦) ≥ 𝑦. So, for any 𝛼 ∈ Γ, ℎ(𝑥)𝛼ℎ(𝑦) ≥ ℎ(𝑥)𝛼𝑦 ≥

𝑥𝛼𝑦. Therefore, ℎ(ℎ(𝑥)𝛼𝑦) ≥ ℎ(𝑥𝛼𝑦) = ℎ(ℎ(𝑥𝛼𝑦)) ≥ ℎ(ℎ(𝑥)𝛼ℎ(𝑦) ≥ ℎ(ℎ(𝑥)𝛼𝑦), Hence, ℎ(𝑥𝛼𝑦) = ℎ(ℎ(𝑥)𝛼𝑦) =
ℎ(ℎ(𝑥)𝛼ℎ(𝑦)). Similarly, ℎ(𝑥𝛼𝑦) = ℎ(𝑥𝛼ℎ(𝑦)) = ℎ(ℎ(𝑥)𝛼ℎ(𝑦)).

Theorem 4.24. Let 𝑅 be a partially ordered Γ− semiring and ℎ ∶ 𝑅 → 𝑅 be a middle function on 𝑅. If 𝑅 is additively
idempotent then ℎ(ℎ(𝑥) +ℎ(𝑦)) = ℎ(𝑥 + 𝑦) for all 𝑥, 𝑦 ∈ 𝑅.

Theorem 4.25 . Let 𝑅 be commutative additively idempotent difference ordered Γ− semifield then every pair of elements
of 𝑅 has infimum in 𝑅.

Proof. Let𝑥, 𝑦 ∈ 𝑅. If𝑥 = 0 or 𝑦 = 0 then 0 is the infimumof {𝑥, 𝑦}, since𝑅 is difference ordered. So, we can assume that
𝑥, 𝑦 ∈ 𝑅\ {0}. Since𝑅 is additively idempotent and hence centreless, therefore, 𝑥 + 𝑦 ≠ 0. Set 𝑧 = (𝑥𝛼𝑦)𝛽𝑢,𝛼, 𝛽 ∈ Γ, 𝑢 is
a strong inverse of (𝑥 + 𝑦).That is,𝑢𝛼(𝑥 + 𝑦) = (𝑥 + 𝑦)𝛼𝑢 = 1, for all𝛼 ∈ Γ.Now, (𝑧+𝑥)𝛼(𝑥+𝑦) = [(𝑥𝛼𝑦)𝛽𝑢+𝑥]𝛼(𝑥+
𝑦) = (𝑥𝛼𝑦)𝛽𝑢𝛼(𝑥+𝑦)+𝑥𝛼(𝑥+𝑦) = (𝑥𝛼𝑦)𝛽1 + 𝑥𝛼𝑥 + 𝑥𝛼𝑦 = 𝑥𝛼𝑦 + 𝑥𝛼𝑥 + 𝑥𝛼𝑦 = 𝑥𝛼𝑦 + 𝑥𝛼𝑥 = 𝑥𝛼(𝑥 + 𝑦).This
implies that 𝑧 + 𝑥 = 𝑥.Thus, 𝑧 ≤ 𝑥. Similarly, 𝑧 ≤ 𝑦. Further, suppose that 𝑡 ≤ 𝑥, 𝑡 ≤ 𝑦 then 𝑡 + 𝑥 = 𝑥 and 𝑡 + 𝑦 = 𝑦. So,
𝑡𝛼(𝑥 + 𝑦) + 𝑥𝛼𝑦 = 𝑡𝛼𝑥 + 𝑡𝛼𝑦 + (𝑡 + 𝑥)𝛼(𝑡 + 𝑦) = 𝑡𝛼𝑥+𝑡𝛼𝑦 +𝑡𝛼𝑡+𝑡𝛼𝑥+𝑡𝛼𝑦 +𝑥𝛼𝑦 = 𝑡𝛼𝑡+𝑡𝛼𝑥+𝑡𝛼𝑦 +𝑥𝛼𝑦 =
(𝑡+𝑥)𝛼(𝑡+𝑦) = 𝑥𝛼𝑦 and hence, 𝑡𝛼(𝑥 + 𝑦) ≤ 𝑥𝛼𝑦 implies that 𝑡𝛼(𝑥 + 𝑦)𝛽𝑢 ≤ (𝑥𝛼𝑦)𝛽𝑢 implies that 𝑡𝛼1 ≤ (𝑥𝛼𝑦)𝛽𝑢.
Thus, 𝑡 ≤ 𝑧. Hence, 𝑧 is the infimum of {𝑥, 𝑦} in 𝑅.

We now, consider some of the properties of additive idempotent Γ− semifield.
Theorem 4.26. A sufficient condition for a Γ− semiring 𝑅 to be centreless is that there exists an element 𝑧 ∈ 𝑅 satisfying

𝑧 + 1 = 𝑧.
Theorem 4.27. An additively idempotent Γ− semiring R is centreless.
Theorem 4.28. Let 𝑛 > 1 be a positive integer. Let 𝑅 be an additively idempotent Γ−semifield and 𝑦1, 𝑦2, 𝑦3, ... 𝑦𝑛 be

elements of𝑅with 𝑦𝑛 ≠ 0 and𝛼𝑖 ∈ Γ, 1 ≤ 𝑖 ≤ 𝑛. Let 𝑓 ∶ 𝑅 → 𝑅 be the function defined by 𝑓(𝑥) = ∑𝑛
𝑖=1 𝑦𝑖𝛼𝑖[(𝑥𝛼)𝑖−1𝑥].

Then a sufficient condition for 𝑧 ≥ 𝑡 in 𝑅 is that 𝑓(𝑧) ≥ 𝑓(𝑡).
Proof. Let 𝑓(𝑧) ≥ 𝑓(𝑡). If 𝑧 = 0 or 𝑡 = 0 then the result is obvious. So let 𝑧 ≠ 0 and 𝑡 ≠ 0. Therefore 𝑧 + 𝑡 ≠ 0. Since

𝑅 is Γ-semifield so for 𝛼 ∈ Γ, 1 ≤ 𝑖 ≤ 𝑛((𝑧 + 𝑡)𝛼)𝑖−1 (𝑧 + 𝑡) ≠ 0, and thus 𝑓(𝑧 + 𝑡) ≠ 0. Let 𝑔 ∶ 𝑅 → 𝑅 be the function
defined by 𝑔(𝑥) = ∑𝑛

𝑖=1 𝑦𝑖𝛼𝑖[(𝑥𝛼)𝑖−2𝑥] then 𝑓 (𝑥) = ∑𝑛
𝑖=1 𝑦𝑖𝛼𝑖[(𝑥𝛼)𝑖−1𝑥] = 𝑥𝛼∑𝑛

𝑖=1 𝑦𝑖𝛼𝑖[(𝑥𝛼)𝑖−2𝑥] = 𝑥𝛼𝑔(𝑥) for all
𝑥 ∈ 𝑅, 𝛼 ∈ Γ. Now, by theorem 2.1, if 𝑥, 𝑦 ∈ 𝑅 then

𝑔 (𝑥 + 𝑦) =
𝑛

∑
𝑖=1

𝑦𝑖𝛼𝑖[((𝑥+𝑦)𝛼)𝑖−2 (𝑥+𝑦)]

=
𝑛

∑
𝑖=1

𝑦𝑖𝛼𝑖[(𝑥𝛼)𝑖−2𝑥+[(𝑦𝛼)𝑖−2𝑦]
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=
𝑛

∑
𝑖=1

𝑦𝑖𝛼𝑖[(𝑥𝛼)𝑖−2𝑥]+
𝑛

∑
𝑖=1

𝑦𝑖𝛼𝑖[(𝑦𝛼)𝑖−2𝑦]

= 𝑔(𝑥)+𝑔(𝑦) .

Further, if 𝑥, 𝑦 ∈ 𝑅, and 𝑗 is any positive integer, then

[(𝑥+𝑦)𝛼)𝑗−1] (𝑥+𝑦) =
𝑗

∑
𝑖=0

[(𝑥𝛼)𝑖−1𝑥]𝛼[(𝑦𝛼)𝑗−𝑖−1𝑦]

= [(𝑦𝛼)𝑗−1𝑦]+𝑥𝛼
𝑗−𝑖
∑
𝑖=0

[(𝑥𝛼)𝑖−1𝑥]𝛼[(𝑦𝛼)𝑗−𝑖−1𝑦]

= [(𝑦𝛼)𝑗−1𝑦]+𝑥𝛼((𝑥+𝑦)𝛼)𝑗−2 (𝑥+𝑦)].

Therefore,

𝑓 (𝑥 + 𝑦) = (𝑥+𝑦)𝛼𝑔(𝑥 + 𝑦)

= 𝑥𝛼𝑔(𝑥 + 𝑦)+𝑦𝛼𝑔(𝑥 + 𝑦)

= 𝑥𝛼𝑔(𝑥 + 𝑦)+𝑦𝛼𝑔(𝑥)+𝑦𝛼𝑔(𝑦)

= 𝑥𝛼𝑔(𝑥 + 𝑦)+𝑦𝛼𝑔(𝑦)

= 𝑥𝛼𝑔(𝑥 + 𝑦)+𝑓(𝑦)

This implies that 𝑓 (𝑧 + 𝑡)= 𝑧𝛼𝑔(𝑧 +𝑡) + 𝑓 (𝑡) , 𝑧, 𝑡 ∈ 𝑅. So by assumption, 𝑧𝛼𝑔(𝑧 + 𝑡) = 𝑧𝛼𝑔(𝑧) + 𝑧𝛼𝑔(𝑡) =
𝑓(𝑧) + 𝑧𝛼𝑔(𝑡) ≥ 𝑓(𝑧) ≥ 𝑓(𝑡).This implies that 𝑧𝛼𝑔(𝑧 + 𝑡) + 𝑓(𝑡) = 𝑧𝛼𝑔(𝑧 + 𝑡), since 𝑥 ≤ 𝑦 implies that 𝑥+𝑦 = 𝑦.Thus,
(𝑧 + 𝑡)𝛼𝑔 (𝑧 + 𝑡) = 𝑓 (𝑧 + 𝑡) = 𝑧𝛼𝑔(𝑧 + 𝑡) + 𝑓(𝑡) = 𝑧𝛼𝑔(𝑧 + 𝑡). Since 𝑔(𝑧 + 𝑡) ≠ 0 and 𝑅 is a Γ− semifield, so
𝑧 + 𝑡 = 𝑧 and so 𝑧 ≥ t.

Theorem 4.29. Let𝑅 be an additively idempotentmultiplicatively cancellative commutativeΓ− semiring. Let𝑛 be a positive
integer and 𝑥 ∈ 𝑅. Then there is at most one element 𝑦 ∈ 𝑅 such that (𝑦𝛼)𝑛−1 𝑦 = 𝑥.

Proof. Put 𝑛 = 1, the result is obvious. Let 𝑛 > 1. If (𝑧𝛼)𝑛−1𝑧 = 0 for 𝑧 ≠ 0 then we have (𝑧𝛼)𝑛−1 𝑧 = 0(𝑧𝛼)𝑛−2 𝑧.
So, by multiplicative cancellation, 𝑧 = 0which is a contradiction and so the result is true for 𝑥 = 0. Thus, we can assume
that 𝑥 ≠ 0. Let 𝑦, 𝑧 ∈ 𝑅 satisfying (𝑦𝛼)𝑛−1 𝑦 = (𝑧𝛼)𝑛−1 𝑧 = 𝑥. Then 𝑥 ≠ 0 ≠ 𝑧. Moreover, (𝑦 + 𝑧)𝛼) 𝑛−1 (𝑥 + 𝑦) =
∑𝑗

𝑖=0 [(𝑦𝛼)𝑖−1𝑦]𝛼[(𝑧𝛼)𝑛−𝑖−1𝑧] is obvious. So, we have

(𝑦𝛼)𝑛−1 𝑦 = 𝑥

= 𝑥 + 𝑥
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= (𝑦𝛼)𝑛−1 𝑦 + (𝑧𝛼)𝑛−1 𝑧

= ((𝑦 + 𝑧)𝛼))𝑛−1 (𝑦 + 𝑧)

≥ 𝑦𝛼(𝑧𝛼) 𝑛−1 )𝑧.
This implies that (𝑦𝛼)𝑛−1 𝑦 = (𝑦𝛼)𝑛−1 𝑦 +𝑦𝛼(𝑧𝛼) 𝑛−1 )𝑧.

Thus,

((𝑦 + 𝑧)𝛼))𝑛−1 (𝑦 + 𝑧) = (𝑦𝛼) 𝑛−1 𝑦

= (𝑦𝛼)𝑛−1 𝑦 + 𝑦𝛼(𝑧𝛼)𝑛−2 )𝑧

= 𝑦𝛼((𝑦𝛼)𝑛−2 𝑦 + (𝑧𝛼)𝑛−2 𝑧)

= 𝑦𝛼((𝑦 +𝑧)𝛼)𝑛−2 (𝑦 +𝑧).
Therefore, ((𝑦 +𝑧)𝛼((𝑦 +𝑧)𝛼))𝑛−2 (𝑦 +𝑧) = 𝑦𝛼((𝑦 + 𝑧)𝛼))𝑛−2 (𝑦 + 𝑧), thus, multiplication cancellation implies that
𝑦 + 𝑧 = 𝑦. Similarly 𝑦 + 𝑧 = 𝑧 and hence 𝑦 = 𝑧.

In 1998, W.U. Fuming (9), introduced the concept of Weak uniquely difference-ordered semirings. He suggested the notion
ofWeak uniquely difference ordered (WUDO) semiring, namely a difference ordered semiring satisfying the condition that the
set {𝑧 ∈ 𝑅 | 𝑥 + 𝑧 = 𝑦} is either empty or a singleton set whenever 𝑥 ≠ 𝑦.

Now we define the concept of weak uniquely difference ordered Γ− semiring, which is analogous to the concept of weak
uniquely difference-ordered semirings.

Definition 4.30. A difference ordered Γ− semiring 𝑅 is called a weak uniquely difference ordered Γ− semiring if and only
if 𝑥 ≤ 𝑦 implies that there is a unique element 𝑧 of 𝑅 satisfying 𝑥 + 𝑧 = 𝑦. We denote this unique element 𝑧 by 𝑦 ⊖ 𝑥. We
also set 𝑥 ⊖ 𝑥 = 0, for all 𝑥 ∈ 𝑅.

OR
If 𝑥 ≤ 𝑦 are elements of a weak uniquely difference ordered Γ− semiring then

𝑦 ⊖ 𝑥 = { 1 𝑖𝑓 𝑦 = 𝑥
𝑡ℎ𝑒 𝑢𝑛𝑖𝑞𝑢𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑧𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥 + 𝑧 = 𝑦 𝑖𝑓 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

Theorem 4.31. Let 𝑥 be an element of a weak uniquely difference ordered Γ− semiring 𝑅 and let 𝑦 ≠ 𝑧 be elements of 𝑅
satisfying 𝑥 + 𝑦 = 𝑥 + 𝑧 then 𝑥 = 𝑥 + 𝑦.

Theorem 4.32. Let 𝑅 be a weak uniquely difference ordered Γ− semiring. Then
(i) If 𝑥 ⊖ 0 = 𝑥 for all 𝑥 ∈ 𝑅.
(ii) If 𝑦 = (𝑦 ⊖ 𝑥) + 𝑥 for all 𝑥 ≤ 𝑦 in 𝑅.
(iii) 𝑧𝛼(𝑦 ⊖ 𝑥) = 𝑧𝛼𝑦 ⊖ 𝑧𝛼𝑥 and (𝑦 ⊖ 𝑥)𝛼𝑧 = 𝑦𝛼𝑧 ⊖ 𝑥𝛼𝑧 for 𝑥 ≤ 𝑦 and 𝑧 ∈ 𝑅, 𝛼 ∈ Γ.
(iv) (𝑦 + 𝑧) ⊖ (𝑥 + 𝑧) = 𝑦 ⊖ 𝑥 for 𝑥 ≤ 𝑦 and 𝑧 ∈ 𝑅.
(v) 𝑥 ≤ 𝑦 ≤ 𝑧 𝑖𝑛 𝑅 then 𝑧 ⊖ 𝑦 ≤ 𝑧 ⊖ 𝑥.
(vi) If 𝑥 ≤ 𝑧 and 𝑦 ≤ 𝑧 then 𝑧 ⊖𝑥 ≥ 𝑦 and 𝑧 ⊖𝑦 ≥ 𝑥 implies that (𝑧 ⊖𝑦)⊖𝑥 = (𝑧 ⊖ 𝑥)⊖ 𝑦.
(vii) 𝑥 + 𝑦 = 𝑥 + 𝑧 > 𝑥 then 𝑦 = 𝑧.
(viii) If 𝑦 ≥ 𝑥 and 𝑧 > 0 then (𝑦 +𝑧)⊖𝑥 = (𝑦 ⊖𝑥)+𝑧 if and only if 𝑦 +𝑧 > 𝑥.
Proof. (𝑖) and (𝑖𝑖) follows from the definition.
(𝑖𝑖𝑖) Since 𝑅 is difference ordered so 𝑧 ≥ 0. If 𝑥 = 𝑦 then 𝑦 ⊖ 𝑥 = 0 and so 𝑧𝛼(𝑦 ⊖𝑥) = 0 = 𝑧𝛼𝑦 ⊖ 𝑧𝛼𝑥 for some

𝛼 ∈ Γ. Otherwise, 𝑧𝛼𝑥 + 𝑧𝛼(𝑦 ⊖ 𝑥) = 𝑧𝛼(𝑥 + (𝑦 ⊖ 𝑥)) = 𝑧𝛼𝑦 and so by uniqueness 𝑧𝛼(𝑦 ⊖ 𝑥) = 𝑧𝛼𝑦 ⊖ 𝑧𝛼𝑥. Similarly,
(𝑦 ⊖𝑥)𝛼𝑧 = 𝑦𝛼𝑧 ⊖𝑥𝛼𝑧.

Results from (iv) to (viii) are analogous to the results in (8).
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5 Conclusion
This study is centered on the concept of difference-ordered Γ− semiring by using some of the conditions like commutativity,
simple, multiplicative cancellative, additively idempotent, etc. We find that in positive difference ordered Gel’fand semiring,
every maximal non-unit of R is prime. Further, we define a middle function and give its characteristics. Finally, we find some
properties of additive idempotent Γ− semifield, and then the concept of weak uniquely difference ordered Γ− semiring is
discussed. So, the concept of the structure of difference ordered and weak uniquely difference ordered Γ− semiring is helpful
to explore the ideas in this field by different researchers.
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