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Abstract

Objectives: In this study, we generalize some of the difference ordered and
weak uniquely difference ordered I'—semirings results. Methods: To establish
the results in I'—semirings, we use conditions like commutativity, simple,
multiplicative cancellative, additively idempotent on difference-ordered, and
weak uniquely difference-ordered I'—semirings. Findings: First, we give some
examples of difference ordered I'—semiring, and weak difference ordered
I'—semirings. Then generalize some of the results of semirings to I'—semirings
and discuss some of the properties of additive idempotent I'—semifield.
Novelty: We find that if R is a non-zeroic difference ordered I'—semiring then
Z(R) is a strong ideal of R. Let R be a positive difference ordered Gel'fand
I'—semiring then every maximal non-unit of R is prime. Further, we find that
if R is a simple difference ordered additively idempotent I'—semiring and = €
Rwhichisnotaunitthen z is prime if and only if there exists a character f ,:R —
B=1{0,1} satisfying ker(f,) = {r € R|r < x}. Moreover, if z and y are distinct
prime elements of R Thenf, and f, are also distinct. Finally, we consider some
properties of additive idempotent I'—semifield and then introduce the concept
of weak uniquely difference-ordered I'—semirings.

AMS Mathematics subject classification (2020): 16Y60.

Keywords: I"-semiring; Difference ordered I"-semiring; Additively idempotent
I'- semiring; Strong identity; Weak uniquely difference-ordered I'-semirings

1 Introduction

Semiring is a universal algebra with two binary operations called addition and
multiplication, one of which is distributive over the other. The theory of rings and
semigroup considerably impacted the development of the theory of semirings. In
structure, semirings lie between semigroups and rings. A natural example of a semiring,
which is not a ring, is the set of all non-negative integers under usual addition and
multiplication. There are numerous different examples of a semiring; for instance, for
a given integer n, the set (a,; )nxn over semiring structures a semiring with the usual

addition and multiplication of matrices. Rao", as a generalization of semirings and
I'—rings presented the concept of I'—semirings in 1995. In 2021, Sharma and Ranote
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studied some properties on I'— semiring. In 2024, Sharma and Kumar ®* studied the concept of lattices and positive partially
ordered I'— semiring and derived many exciting results in this field. Further, Koam Ali NA, Haider A., Ansari MA ©® introduced
the concept of ordered Quasi (BI) —I'—Ideals in Ordered I'—Semirings and obtain the results regarding ordered quasi I'—ideal,
ordered prime quasi I'—ideal, ordered semiprime quasi I'—ideal, ordered maximal quasi I'—ideal, ordered irreducible, and
ordered strongly irreducible quasi I'—ideal of an ordered I'—semiring

As a continuation of the paper “Positive Partially Ordered I'— semiring”® we here, investigate some of the results of
difference ordered I — semiring in terms of uniquely difference ordered I'— semiring by using additively idempotent, Zeroid,
Gel'fand I' — semiring, simple, strong ideals, maximal ideals, prime ideals, centreless, multiplicatively cancellative commutative
I'— semiring and weak uniquely difference ordered I'— semirings.

2 Preliminaries

For the definitions of a I'—semiring and their identity elements 0 and 1, strong identity, simple, set of units (U(I'R)),
multiplicative cancellative, ['—semifield, centreless and additive idempotent, one can refer to>¢7).,

Now we include some necessary preliminaries for the sake of completeness. A non-empty subset I of R is said to be the left
(right) ideal of R if I is sub semigroup of (R, +) and zay € I(yax € I)forally € I,z € Randa € I'. Anideallofa
I'— semiring R is called a strong ideal if for z, y € R, « + y € I, impliesthatz € [andy € I. AT — semiring R is said
to be semi-subtractive if for every x, y € R there exists € R such thateitherr + x = yorr + y = z. AI'— semiring R
is said to satisfy cancellation law if for all z,y,z € Rand a € I' we have that z # 0,zay = zazand yax = zax implies
y = z. Let R be aI'— semiring and define G (R) = {r € R|1 4+ r € U(T'R)}. Then G (R) is a Gelfand I'— semiring if
andonlyif R = G (R).

Let R be a I'— semiring. Then R is called partially ordered I'— semiring if and only if there exists a partial order relation <
on R satisfying the following conditions if < yand z > Othen (i) x + z < y + 2z (i1) vaz < yaz (i) zar < zoy,
forallz, y, 2 € Randa € I'. A partially ordered I'— semiring R is difference ordered if and only if x < y in R, there
exists an element z of R such that z 4+ 2 = y. Difference ordered I'— semirings are positive and hence centreless. A partially
ordered I'— semiring R is uniquely difference ordered if and only if # < y in R, there exists a unique element z of R such that
T+ z=y.

We have the following theorems from 349,

Theorem 2.1. P Let R be a I'—semiring. If R is multiplicatively cancellative additively idempotent commutative I'—semiring.
Then [((z+y)a)™ " (z+y)] = (za)™ 2+ (ya)" 'y forall z,y € R,and all positive integers n.

Theorem 2.2.Let R be an additively idempotent I'— semiring with a strong identity. Then R is partially ordered by the
relation x < yifand onlyifx + y = y. Moreover, R is positive and a join semilattice with z V y = = + y. Further, if
z,y € U(TR) thenz > yifandonlyif w < ¢, where w and ¢ are inverses of x and y respectively.

Theorem 2.3.Let R be a I'—semiring. Then

(i) Rissimpleifand onlyifx = = + zay, forallz, y € R, a € T

(ii) Rissimpleifand onlyif x = = + yax,forallz, y € R, a € T

(iii) R is simple if and only if xay = xay+(xfz)ay, forallz, y, 2 € R, a, f € T.

3 Methodology

Following®), we will generalize some results for difference ordered I'—semiring with conditions of commutativity, simple,
additively idempotent, etc. Further, we define the middle function and prove some conditions. Finally, we discuss the concept
of weak uniquely difference ordered I'— semiring.

4 Results and Discussion

Main R esults

We start this section by giving some examples and then generalize some of the results of regarding difference ordered and
weak uniquely difference ordered I'— semiring.

Example 4.1 . The I'— semiring N, of non-negative integers is uniquely difference ordered in its usual ordering.

Example 4.2 . The order on an additively idempotent I'— semiring defined in Theorem 2.2 is the difference order. Further,
ifx + y = y then in the difference order z < y. Conversely, let z < y in a difference order. Then there exists an element z
of Rsuchthatz+2z = y.Now,y = v+2 +2 = y + 2. Thisimpliesthatz + y =z +y+ 2z =y +y = y.
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Example 4.3 . Since every uniquely difference —ordered I'— semiring is a weak uniquely difference —ordered I'— semiring the
set B={0,1} is totally ordered, weak uniquely difference ordered I'— semiring but not unique difference ordered I'— semiring.

Now we have the following results, which are straightforward.

Theorem 4.4. Let R be a I'— semiring. Then every difference ordered I'— semiring is positive. Further, if R is both simple
and difference ordered then zay < yandyax < yforallz,y € R, a € T.

Theorem 4.5. Let R be a difference ordered I'— semiring. Then R is uniquely difference ordered if and only if it is
cancellative.

Theorem 4.6. The only simple difference ordered division I'— semiring is B = {0, 1} if it has a strong identity.

Definition 4.7. A difference ordered I'— semiring is called totally ordered if it is semi-subtractive.

Theorem 4.8. Let R be an additively idempotent partially ordered I'—semiring satisfying0 < 1thenS = {r € R|0 <
r < 1} is a sub-I'-semiring of R.

Theorem 4.9 . Let R be aI'—semiring. Then R is the difference ordered ifand only if x, y, z € Rsatisfyingz = + y + 2
then x = = + y.

Proof. Let R be the difference ordered andy, z € R.Ifx = = + y + zthenz < z + y < x. Thus,z = x= + y.
Conversely, define the relation < on Rbyr < r’ ifand only if there exists an element r 7 € R satisfyingr + r” = r’. Then
clearlyz < xforallz € Randx < y,y < zimpliesthatx < zforallz, y, 2 € R.Ifx, y € R such that there exist
z,t € Rsatisfyingx + 2 = yandy + ¢t = xthenz + 2+t = z.So,2 + 2z = z. Thisimplies thaty = = + 2z = =z,
Thus, < is a partial order on R. This implies that R is a partially ordered I'—semiring. Hence, R is difference ordered.

The following definition is analogous to the definition in®.

Definition 4.10. The Zeroid of aI'—semiring Ris Z(R) = {r € R|r+a = aforsomea € R}.Thus,if Z(R) = R then
R is zeroic, otherwise non-zeroic. If R has an infinite element then it is surely zeroic.

Now one can easily verify the following result by using theorem 4.9.

Theorem 4.11. Let R be a non-zeroic difference ordered I'—semiring. Then Z(R) is a strong ideal of R.

Theorem 4.12 . Let R be a difference ordered I'—semiring. Then an ideal I of R is strong if and onlyif z < yandy € I
implies thatz € I.

Proof. Let I be the strongideal of a I'—semiring R.Ifx < yandy € I then there exists an element z such thatz + z € I. So,
by assumption x € I. Conversely, assume that given conditions hold. If z, y € R satisfyingx + y € Ithenx < xz + y €
ITandsoz € I.Similarly,y € I.

The following results are straightforward.

Theorem 4.13 . Let R be a difference ordered I'—semiring and S is a subset of R then (0: S) is a strong ideal of R.

Theorem 4.14. Let R be aI'—semiring with a strong identity. Then R is a Gelfand I'—semiring ifand onlyifr + z € U(T'R)
forallr € R,z € U(T'R).

Theorem 4.15. Let R be a difference ordered Gel'fand I'—semiring with strong identity and ¢ > z € U(I'R) in R. Then
t € U(TR).

Definition 4.16. An element x of a partially ordered I'—semiring R is prime if and only if = is not a unit and yaz < xin
Ra €T, implies that eithery < xorz < .

Definition 4.17. An element x of a partially ordered I' — semiring R is semiprime if and only if x isnota unitand yay < zin
R implies that either y < . If R is multiplicatively '—idempotent then clearly non-unit of R is semiprime.

Definition 4.18. A maximal non-unit of a partially ordered I'— semiring R is an element = of R \ U(I'R) satisfying the
condition that {r € R|r > x} is a non-empty subset of U(T'R).

Theorem 4.19. Let R be a positive difference ordered Gel'fand I'—semiring then every maximal non-unit of R is prime.

Proof. Let x be a maximal non-unitof Rand y, 2 € R, o € I'satistyingy é T,z é randyaz < z.Thenz <z +vy, y <
x4+ y.So v <z + y. Thus,z+y € U(T'R). Similarly, 2+ 2z € U(TR)andsot = (r+y)a(z+z) € U(TR). But
t = (z+y)ar+zaztyaz < (x+y)ar+zaz+zal = (z+y)ar+za(z+1) < (z + y + 1)aza(z + 1), where
x 4+ y + land z + 1 are units of R since R is a Gel’ fand I'— semiring. Therefore, as R is positive, so ua(taw) < x, where u
is the inverse of (z + y + 1) and v is inverse of (z + 1). Thus, by theorem 4.15, 2 € U(I'R). This is a contradiction. Hence, =
must be prime.

Theorem 4.20. Let R be a simple difference ordered I'—semiring and A be a nonempty subset of R satisfying the condition
that if z, z’ € A then there exists an elementz ” € A, a € Pwithz” < zaz’. IfS = {r € R|x Lrforalle ¢ A}
Then every additively idempotent maximal element of S is prime.

Proof. Let y be an additively idempotent maximal element of S. Letr, r’ € Rbe such thatr, r’ é y. Thenr +y, 7" +y >y
So, by the choice of y, clearly 7 +y, r’ + yé S. So there exist elements x, 2’ and z ” of A satisfyingz < r+y, 2’ <r’ +y
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andfora € T, 2”7 < zax’. Thus,z” < (r + y)alr’ + y) = rar’ + yar’ + ray + yay. Therefore, by theorem 2.3,
yar’ +ray +yay <y+y—+y=yandsox” < rar’ +y Ifrar’ < ythenz” <y + y = y, contradicting the fact

thaty € S. Hence, rar’ é Y, proving that y is prime.

Theorem 4.21. Let R be a simple difference ordered additively idempotent I'—semiring and « € R which is not a unit.
Then z is prime if and only if there exists a character f,, on R satisfying ker(f,,) = {r € R|r < z}. Moreover, if z and y are
distinct prime elements of 12 Thenf,, and f, are also distinct.

Proof. Let x be prime. Define f, : R — B={0,1} by f,(r) = Oifand onlyifr < x.Then f,(0) = 0, since R is difference

ordered and f, (1) = 1, since 1 é x. Moreover, if 7, 7’ € Rthen f,(r + ') = Oifand onlyifr + r’ < z if and only if
r < zandr’ < xzifandonlyif f,(r) = 0= f,(r"). Therefore, f,(r) + f,(r’) = f.(r+r’).Similarly, fora € Rand
by primness f,,(rar’) = Oifand only if rar’ < x if and only if eitherr < zorr’ < zifand onlyif f,(r)a f,(r’) = 0.
Thus, f,(rar’) = f.(r)a f.(r’). Conversely, assume that there exists a morphism f,, : R — Bsatisfying ker f,) =
{re R|r < x}.Ifrar’ € Rsatisfy rar’ < xthenforsomea € ', f, (r)af,.(r’) = f.(rar’) = 0. Therefore, either
fo(r) =0o0r f.(r’) = 0. Hence, eitherr < zorr’ < x, proving that x is prime. Further, if z and y are prime elements in
R satisfying f, = f, then f, (x) = 0. This implies that  <y. Similarly, y <z. Hence,z =y.

Definition 4.22.© Let R be a partially ordered '—semiring. Then a function 4 : R — R s called a middle function if and
only if the following conditions are satisfied. (¢) If z < yin Rthenh(x) < h(y) (i) Ifz € Rthenh(h(z)) = h(x) > x (i)
Ifz, y € Rthenh(zay) > h(x)ah(y), a € T.

Note that if & is a middle function then < h(y) ifand only if h(z) < h(y).

Theorem 4.23. Let R be a partially ordered I'— semiring and h : R — R be a middle function on R. If R is positive then
h(zay) = h(h(x)ay) = h(h(x)ah(y)) = h(zah(y))forallz, y € R, o € T.

Proof. Let R be positive and =, y € R then h(z) > xand h(y) > y.So, foranya € T', h(z)ah(y) > h(z)ay >
zay. Therefore, h(h(z)ay) > h(zay) = h(h(zay)) > h(h(z)ah(y) > h(h(z)ay), Hence, h(zay) = h(h(z)ay) =
h(h(x)ah(y)). Similarly, h(zay) = h(zah(y)) = h(h(z)ah(y)).

Theorem 4.24. Let R be a partially ordered I'— semiring and h: R — R be a middle function on R. If R is additively
idempotent then h(h(z) +h(y)) = h(xz + y) forallz, y € R.

Theorem 4.25 . Let R be commutative additively idempotent difference ordered I'— semifield then every pair of elements
of R has infimum in R.

Proof.Letx, y € R.Ifx = Oory = 0then0isthe infimum of {z, y}, since R is difference ordered. So, we can assume that
x,y € R\ {0}. Since R is additively idempotent and hence centreless, therefore, z + y # 0. Set z = (zay)Su,a, B € T, wis
astronginverse of (x 4+ y). Thatis,ua(z + y) = (x + y)au = 1,foralla € T'.Now, (z+z)a(z+y) = [(xay)Bu+z]a(x+
y) = (zay)fua(z+y)+zalz+y) = (zay)Bl + zax + zay = zay + zax + zay = zay + zax = za(x + y). This
implies that z + = z. Thus, z < z. Similarly, z < y. Further, suppose thatt <z, t <ythent + x = xandt + y = y. So,
ta(z + y) + zay = tax + tay + (t + z)a(t + y) = tax+tay+tat+tax +tay+zay = tat +tax+tay+zay =
(t+2)a(t+y) = zayand hence, ta(z + y) < xay implies that ta(z + y)Bu < (zay)Bu implies that tal < (zay)Su.
Thus, ¢t < z. Hence, z is the infimum of {x, y} in R.

We now, consider some of the properties of additive idempotent I'— semifield.

Theorem 4.26. A sufficient condition for a I'— semiring R to be centreless is that there exists an element z € R satisfying
z+ 1=z

Theorem 4.27. An additively idempotent I'— semiring R is centreless.

Theorem 4.28. Let n > 1 be a positive integer. Let R be an additively idempotent I'—semifield and vy, y5, Y3, ... ¥,, be
elements of Rwithy,, # Oanda,; € I,1 < i < n.Let f: R — Rbethe functiondefinedby f(z) = 3" y0;](wa) ],
Then a sufficient condition for z > t¢in R is that f(z) > f(t).

Proof. Let f(z) > f(¢).Ifz = Oort = 0 then the result is obvious. So let z # 0 and ¢ # 0. Therefore z + t # 0. Since
RisT-semifield sofora € T, 1 <i<n((z + t)a)" " (z +t) # 0,and thus f(z+1) #0.Letg: R — R be the function
defined by g(x) =37 y;0;[(w0)* 2 2] then f(z) = PO yiou(za) ta] = zay ol Yy [(za)" 2] = zag(z) forall
xr € R, a € I'.Now, by theorem 2.1, ifx, y € R then

0@t )= wosl((@+9)a) 2 (2 1)
=1

= Y vial(aa) e+ [(y0) 2y
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—Zymmf +Zyuya”]

g(@)+g(y).

Further, ifx, y € R, and j is any positive integer, then

[(@+y)a)’ '] (z+y) :Z “lalal(ya)’ Ty
1=0
= [(ya)’~ +xaz za)’ alof(ya)’ "ty

=[(ya)’ Yl +aa((@+y)a)’ 2 (x+y)].

Therefore,

flz+y)=(@+yag(z +y)
=zag(xr + y) +yag(z + y)
=zag(z + y) +yag(z) +yag(y)
=zag(z + y) +yag(y)

=zag(z + y)+ f(y)

This implies that f(z + t)= zag(z +¢)+ f(t), z, t € R. So by assumption, zag(z + t) = zag(z) + zag(t) =
f(2) + zag(t) > f(z) > f(t). Thisimplies that zag(z + t) + f(t) = zag(z + t), since x < y implies that x +y = y. Thus,
(z+tag(z+t)= f(z+1t)= zag(z + 1)+ f(t) = zag(z + t). Since g(z + t) # 0and R is a I'— semifield, so
z+t=zandsoz >t.

Theorem 4.29. Let R be an additively idempotent multiplicatively cancellative commutative I'— semiring. Let n be a positive
integer and x € R. Then there is at most one element y € R such that (ya)nil Yy = T.

Proof. Put n = 1, the result is obvious. Letn > 1.If (z)™ 'z = 0 for z % 0 then we have (za)" " 2z = 0(za)™ 2 2.
So, by multiplicative cancellation, z = Owhich is a contradiction and so the result is true for x = 0. Thus, we can assume
thatx # 0.Lety, z € R satisfying (yo)" 'y = (2a)" "z = x. Thenz # 0+ z Moreover, (y + 2)a) ™ " (z + y) =

! o [(yOz)I Yyla(za)™ " 2] is obvious. So, we have

(yo)" ty ==

=r+z
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This implies that (ya)™ "y = (ya)™ " y+yo(za) n-1 ).
Thus,

= ya((y+2)a)" 2 (y+2).

Therefore, ((y+2)a((y+2)0))™ 2 (y+2) = ya((y + 2)a))™ 2 (y + z), thus, multiplication cancellation implies that
y + 2z = y.Similarlyy + 2 = zand hencey = z.

In 1998, W.U. Fuming®, introduced the concept of Weak uniquely difference-ordered semirings. He suggested the notion
of Weak uniquely difference ordered (WUDO) semiring, namely a difference ordered semiring satisfying the condition that the
set{z € R|x + z = y} is either empty or a singleton set whenever z # y.

Now we define the concept of weak uniquely difference ordered I'— semiring, which is analogous to the concept of weak
uniquely difference-ordered semirings.

Definition 4.30. A difference ordered I'— semiring R is called a weak uniquely difference ordered I'— semiring if and only
ifz < yimplies that there is a unique element z of R satisfying + + z = y. We denote this unique element z by y & x. We
alsosetz © x = 0,forallz € R.

OR

If < y are elements of a weak uniquely difference ordered I'— semiring then

YO = 1 ify=x
the unique element zsuch that x + z = y if otherwise.

Theorem 4.31. Let = be an element of a weak uniquely difference ordered I'— semiring R and let y # =z be elements of R
satisfyingz + y = « + zthenx = = + y.

Theorem 4.32. Let R be a weak uniquely difference ordered I'— semiring. Then

() Ifr &0 = xzforallz € R.

(i)Ify = (y© x) + xforallz < yinR.

(iil) za(y © ) = zay © zazand (y © z)az = yaz © zaz forx < yandz € R, o € T.

iV)(y+2)6(x+2) =ySazforr < yandz € R.

Mz <y<zinRthenzoy < z 6 x.

(vi)Ifx < zandy < zthenz26x > yand 26y > x implies that (:0y)Oz = (2 © 2)O y.

(vii) x + y = x + 2 > xtheny = z.

(viii) Ify > zandz > Othen (y +2)0x = (yoz)+zifandonlyify +2z > x.

Proof. (i) and (%) follows from the definition.

(4i7) Since R is difference orderedso z > 0.Ifz = ytheny © = Oandso za(yoz) = 0 = zayO zax for some
a € T. Otherwise, zax + za(y©x) = za(x+ (y6x)) = zay and so by uniqueness za(y O x) = zay O zax. Similarly,
(yor)az = yazOzaz.

Results from (iv) to (viii) are analogous to the results in®.
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Conclusion

This study is centered on the concept of difference-ordered I'— semiring by using some of the conditions like commutativity,
simple, multiplicative cancellative, additively idempotent, etc. We find that in positive difference ordered Gel'fand semiring,
every maximal non-unit of R is prime. Further, we define a middle function and give its characteristics. Finally, we find some
properties of additive idempotent I'— semifield, and then the concept of weak uniquely difference ordered I'— semiring is
discussed. So, the concept of the structure of difference ordered and weak uniquely difference ordered I'— semiring is helpful
to explore the ideas in this field by different researchers.
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