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Abstract

Objectives: The notion of the article is to introduce new spaces called cTypig0-
space, Ty, q- SPACe, xgaT # x| 5~ Space by using ab+ga- closed set. Methods:
The characteristics and properties of the new spaces are explained using the-
orems and propositions. To prove the converse part of the theorems, counter
examples are utilized. Findings: As the reverse implications of the theorems
which explains the properties of the new spaces, are proved to be not true
using the examples we could find the weaker and stronger spaces. Several
of their fundamental characterizations and their relationships with other cor-
responding kinds of spaces are discussed. Novelty: The inter relationship
between the spaces are identified and investigated and relation among the
spaces are graphically illustrated. Independence relation among the cTypga-
space, Tyy..q- SPAce, xgaT x5~ space and other existing spaces are identi-
fied. Several examples are discussed for the independence relation.

Keywords:ab*ga - closed set; b*go - open set; cTypaga - SPCE; Typega - SPACE;
*gOUT * k%1 5 - SPaACe

1 Introduction

R. Devi, H. Maki and K. Balachandran " introduced a7},- space. M. Vigneshwaran and
R. Devi® proposed the idea of *ga- closed sets and studied the properties of aT**1/2-
space and TC**- space. M. Vigneshwaran and S. Saranya® introduced the concepts
of b*ga- closed sets and functions and defined cTj.4q- spaces and *bT***1/2- spaces
based on b*ga- closed set in topological spaces. Suthi Keerthana K, M. Vigneshwaran
and L.Vidyarani® introduced the concepts of ab*ga- closed sets in topological spaces.

In this paper, we introduced and study some new spaces by applying ab*ga- closed
sets, namely cTypsoq- SPace, Ty, space, *go'T***1/2- space. Moreover we have

abxgo”
studied the properties and characteristics of these spaces with the other existing sets.
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2 Preliminaries

The basic definitions, which are used in the next section, are referred from the references 1%,

Definition 2.1 : A Subset E of the topological space (S, 7) is ab*ga- closed set™® if acl (E) C V whenever E C V and V is
b*go- open in (S, 7).

Notation: For a space (S, 7), C(S, 7)(resp SC(S, 7), aC(S, 7), GC(S, 1), GSC(S, 1), GPC(S, 1), SGC(S, 1), aGC(S, 1), GoC(S,
1), *GaC(S, 1), GSPC(S, 1), G*SPC(S, 1), G*C(S, 1), *aGaC(S, 1), S*GaC(S, 1), B*GaC(S, 1), P*GaC(S, 1), aB*GaC(S, 1))
denote the class of all closed (resp. semi- closed, a- closed, g- closed, gs- closed, gp-closed, sg- closed, atg- closed, got- closed,
* goe- closed, gsp- closed, g*sp- closed, g*- closed, *ago- closed, s*go- closed. b*ga- closed, ab*gor- closed) subsets of (S, 7).
CS and OS denote Closed sets and Open sets in topological spaces.

3 Results

Definition 3.1 : A Space (S, 7) is called cTypgq- space if every ab*ga- closed set is closed.
Theorem 3.2.If (S, 7) is cTypigq- Space, then any singleton of S is either CS or ab*got- OS.
Proof: Let s € S & {s} is not CS of (S, 7). Then S/s is not open.
= S is the only OS containing s/{s}.

(S, 1) is cTap«ga- space, S/s is ab*gor- CS or{s} is ab*ga- OS in (S, 7).
The reverse implication of the theorem need not be true.
Example 3.3. Let S = {f, g, h}, 7 = {S, ¢, {f}, {h}, {f, h}}
ab*ga- 08 of (S, 7) = {8, ¢, {f}, {hl, {f, gh {£. b}, g, hy)
aB*GacC(S, 7) = {S, ¢, {f}, {g}, {h}, {f, g}, {g, hi}.

{f} & {h} are ab*ga- OS, {g} is CS but (S, 7) is not cTypsgq- Space.
- {f} is ab*go- CS but not CS of (S, 7).

Theorem 3.4. Any T},- space is cTyp0- SPace.

Proof: Let K be ab*ga- CS.

As every ab*ga- CS is gs-CS & (S, 1) is Tp- space, K is CS.
(S, 7) is cTypega- SPace.

The reverse implication of the theorem need not be true.
Example 3.5. Let S = {f, g, h}, 7 = {S, ¢, {g}, {f, h}}

GSC(S, ) = 15, ¢, {f}, (g, {h}, {£ g}, (£, h, {g h}}
aB*GaC(S, 1) = 1{S, ¢, {g}, {f, h}}.

(S, 7) is cTypsga - space but not Tj- space.

" {f} is gs- CS but not CS in (S, 7).

Theorem 3.6. Any o T},- space is cTypgq- SPace.

Proof: Let K be ab*ga- CS.

As every ab*ga- CS is ag-CS & (S, 7) is aTp- space, K is CS.
(S, 1) is cCTyprga- space.

The reverse implication of the theorem need not be true.
Example 3.7. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

aGC(S, 7) = 1{S, ¢, {f}, {g}, {h}, {f h}, {g, h}}

aB*GaC(S, 1) = 1{S, ¢, {h}, {f, g}}.

(S, 7) is cTypegq - space but not aTy- space.

" {f} is ag- CS but not CSin (S, 7).

Theorem 3.8. Any cTyp.qq- space is € T**1/2-space.

Proof: Let K be *ga- CS.

As every *ga- CS is ab*ga- CS, K is ab*ga- CS. Since (S, 7) is cType00- space, Kis Closed.
- (S, T) is aT**1/2-space.

The reverse implication of the theorem need not be true.
Example 3.9. Let S = {f, g, h}, T = {S, ¢, {f}, {f, h}}

“GaC(S, 1) = 1{S, ¢, {g}, {g, h}}

aB*GaC(S, 1) = {S, ¢, {h}, {g}, {g, hi}.

(S, 7) is aT**1/2-space but not cTypq- Space.

*.~{h} is ab*ga- CS but not CS in (S, 7).
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Theorem 3.10. Any semi T1/2- space is cTgp«ga- Space.

Proof: Let K be ab*gox- CS.

As every ab*gor- CS is sg-CS & (S, 7) is semi T1/2- space, K is Closed.
(S, 1) is cTapwga- Space.

The reverse implication of the theorem need not be true.
Example 3.11. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

SGC(S, 1) = {S, ¢, {f}, {g}, {h}, {f, h}, {f. gh.{g, h}}

SC(S, 1) = 1{S, ¢, th}, {£, g},

aB*GoC(S, 7) = {S, ¢, {h}, {f, g}}.

(S, 7) is cTypega- space but not semi T1/2- space.

*.*{g} is sg- CS but not semi- CS in (S, 7).

Theorem 3.12. Any *aT**1/2- space is cTyp4q0- SPace.

Proof: Let K be ab*gox- CS.

As every ab*ga- CSis *aga -CS & (S, 7) is *aT**1/2- space, K is CS.
(S, 1) is cTopxga- Space.

The reverse implication of the theorem need not be true.
Example 3.13. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

“aGaC(S, 1) = {S, ¢, {t}, {g}, {h}, {f, h},{g, h}}

aB*GaC(S, 7) = {S, ¢, {h}, {f, g}}.

(S, 7) is cTypega- Space but not *o'T**1/2- space.

. {g} is *aga -CS but not CS in (S, 7).

Theorem 3.14. Any *sT**1/2- space is cTgpxga- Space.

Proof: Let K be ab*gex- CS.

As every ab*go- CSis s*ga -CS & (S, 7) is *sT**1/2- space, K is CS.
(S, 7) is cCTypiga- space.

The reverse implication of the theorem need not be true.
Example 3.15. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

$*GacC(S, 1) = {S, ¢, {t}, {g}, {h}, {£, h}{g, h}}

aB*GaC(S, 7) = {S, ¢, {h}, {f, g}}.

(S, 7) is cTypegq- Space but not *sT**1/2- space.

" {g} is s*gor -CS but not CS in (S, 7).

Theorem 3.16. Any CTpiga - space is CTypsgq- Space.

Proof: Let K be ab*gex- CS.

As every ab*ga- CS is b*ga -CS & (S, 7) is cTjygq- space, Kis CS.
(S, 7) is cCTypiga- space.

The reverse implication of the theorem need not be true.
Example 3.17. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

B*GaC(S, 7) = {S, ¢, {f}, {g}, {h}, {f, hi,{g, h}}

aB*GaC(S, 7) = {S, ¢, {h}, {f, g}}.

(S, 7) is cTypega- Space but not cTp.qq - space.

- {f} is b*gar -CS but not CS in (S, 7).

Theorem 3.18. Any pgTy- space is cTpp«ga- Space.

Proof: Let K be ab*gax- CS.

As every ab*ga- CSis p*ga -CS & (S, 7) is pgT- space, Kis CS.
(S, 7) is cTypega- SPace.

The reverse implication of the theorem need not be true.
Example 3.19. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

P*GaC(S, 1) = {5, ¢, {f), (g}, {h}, £ h.{g h}}

aB*GoaC(S, 7) = {S, ¢, {h}, {f, g}}.

(S, 7) is cTypega - space but not pgTy - space.

*{f} is p*ga -CS but not CS in (S, 7).

The above figure illustrates the relation among cTyp¢- space and other existing spaces

Definition 3.20: A Space (S, 7) is called Ty, - space if every ab*ga- CSis a- CS.

https://www.indjst.org/ 1030
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Fig 1. The relation among Ty gq - Space and other existing spaces

Theorem 3.21. If (S, 7) is Ty, ., - space, then any singleton of S is either a- CS or ab*ger- OS.
Proof: Let s € S & {s} is not a- CS of (S, 7). Then S/s is not a- open.

= S is the only a- OS containing s/{s}.

(S, 1) is T;b*ga space, S/s is ab*ga- CS or{s} is ab*ga- OS in (S, 7).

The reverse implication of the theorem need not be true.

Example 3.22. Let S = {f, g, h}, 7 = {S, ¢, {f}, {h}, {f, h}}
aC(S, 1) = 1S, ¢, {g} {f. g}, {g, h}}

ab*ga- OS of (S, 7) = {S, ¢, {f}, {h}, {f, g}, {f, h}, {g, h}}
aB*GaC(S, 7) = {S, ¢, {f}, {g}, {h}, {f, g}, {g, h}}.

{f} & {h} are ab*ga- OS, {g} is - CS but (S, 7) is not To’gb*ga
" {f} is ab*go- CS but not ¢ - CS of (S, 7).

Theorem 3.23. Any cTp40- Space is T,
Proof: Let K be ab*gox- CS.

Since (S, 7) is cTap+ga - space, Kis Closed. But every CS is a- CS, K is ot~ closed.

oS, 1) is T;b*ga- space.

The reverse implication of the theorem need not be true.

Example 3.24. Let S = {f, g, h}, 7= {S, ¢, {f}, {f, h}}

aC(S, 7) = {S, ¢, {g}, {h}, {g, h}}

aB*GaC(S, 7) = {S, 9, {h}, {g}, {g, h}}.

(S, 1) is T;b*ga- space but not cTypg0- Space.

"~ {h} is ab*ga- CS but not CS in (S, 7).

Definition 3.25: A Space (S, 7) is called xga T « xx - space if every ab*ga- CS is *ga- CS.

Theorem 3.26. If (S, 7) is *gaT **xy - space, then any singleton of § is either *ga- CS or ab*ga- OS.
Proof: Let s € S & {s} is not *got- CS of (S, 7). Then S/s is not *ga- open.

= S is the only *ga- OS containing s/{s}.

"7 (S, 7) is xgaT * xx - space, S/s is ab*go- CS or{s} is ab*ga- OS in (§, 7).

The reverse implication of the theorem need not be true.

Example 3.27. Let S = {f, g, h}, 7 = {S, ¢, {f}, {h}, {f, h}}

“gaC(S, 1) = 1S, ¢, {g}, {f. g}, {g, h}}

ab*ga- OS of (S, 7) = {S, ¢, {f}, {h}, {£, g}, {£, h}, {g, h}}

aB*GaC(S, 7) = {S, ¢, {f}, {g}, {h}, {f, g}, {g, h}}.

{f} & {h} are ab*ga- OS, {g} is *gax- CS but (S, 7) is not xgaT **x; - space.

" {f} is ab*go- CS but not *gar- CS of (S, 7).

- space.

brga~ SPAce.
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Theorem 3.28. Any *o'T***1/2- space is xgQT * *x/ /- space.
Proof: Let K be ab*gox- CS.

But every ab*ga- CSis *aga- CS, Kis *ago- CS.

Since (S, 7) is *oT***1/2- space, K is *ga- CS.

(S, 7) is xgaT * *x /- space

The reverse implication of the theorem need not be true.
Example 3.29. Let S = {f, g, h}, 7 = {S, ¢, {g}, {f, h}}

“GaC(S, 1) = 1S, ¢, {g}, {f, hi}, aB*GaC(S, ) = {S, ¢, {g}, {f, hi},
*aGacC(S, 1) = {S, ¢, {th{h}, {g}, {g, h}, {f, g}, {f h}}.

(S, 7) is xgaT **x| - space but not *aT***1/2- space.

. {f, g} is * ago- CS but not *g a- CSin (S, 7).

Theorem 3.30. Any *sT***1/2- space is xgoT * #k /- Space.
Proof: Let K be ab*gox- CS.

But every ab*ga- CSis s*ga- CS, K is s*ga- CS.

Since (S, 7) is *sT***1/2- space, K is *ga- CS.

2. (S, 7) is xgaT * *x /- space

The reverse implication of the theorem need not be true.
Example 3.31. Let S = {f, g, h}, 7 = {S, ¢, {g}, {f, h}}

“GaC(S, 1) = 1S, ¢, {g}, {f, h}}, aB*GaC(S, 7) = {S, ¢, {g}, {f, h}},
$* GaC(S, 7) = {S, 9, {f}.{h}, {g), (g b}, (£ g}, (£ h}).

(S, 7) is xgaT **x| - space but not *sT***1/2- space.

. {f, g} is s*ga- CS but not *g ¢- CSin (S, 7).

Theorem 3.32. Any *bT***1/2- space is xga.T * #ky /- Space.
Proof: Let K be ab*gox- CS.

But every ab*ga- CS is b*go- CS, Kis b*ga- CS.

Since (S, 7) is *bT***1/2- space, K is *ga- CS.

(S, 7) is xgaT * *x /- space

The reverse implication of the theorem need not be true.
Example 3.33. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

“GaC(S, 1) = {S, ¢, th}, {f, g}}, aB*GaC(S, 1) = {S, ¢, {h}, {£, g}},
B* GaC(S, 1) = {S, ¢, {f}.{h}, {g}, {g, h}, {f g}, {£ hi}.

(S, 7) is xgaT **x| - space but not *bT***1/2- space.

“.{f, h} is b*ga- CS but not *g - CS in (S, 7).

Theorem 3.34. Any Tc**- space is *gtT * *x; - space.
Proof: Let K be ab*gox- CS.

But every ab*ga- CS is gs- CS, K is gs- CS.

Since (S, 7) is Tc**- space, K is *go- CS.

2. (S, 7) is xgaT * *x - space

The reverse implication of the theorem need not be true.
Example 3.35. Let S = {f, g, h}, 7 = {S, ¢, {g}, {f, h}}

*GacC(S, 7) = {S, ¢, {gh, {£ h}}, aB*GaC(S, 7) = {S, ¢, {g}, {, h}},
GSC(S, ) = 15, 9, (£}, 10}, {gh, {g b}, {f, g, (£ by}

(S, 7) is xgaT **x| - space but not Tc*™*- space.

"."{g, h} is gs- CS but not *g ¢x- CS in (S, 7).

Theorem 3.36. Any o'Tc**- space is xgQT * #x/ /- space.
Proof: Let K be ab*gex- CS.

But every ab*ga- CS is ag- CS, K is ag- CS.

Since (S, 7) is aTc**- space, K is *ga- CS.

2. (S, 7) is xgaT * %% /- space

The reverse implication of the theorem need not be true.
Example 3.37. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}}

“GaC(S, 1) = {S, ¢, {h}, {f, g}, aB*GaC(S, 7) = {S, ¢, {h}, {f, g}},
aGC(S, 1) = {S, 9, {fh{h}, {g}> {g> h}, {f, g}’ {f, h}}.
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Here (S, 7) is a *gT * *x; - space but not aTc**- space.
“.{f, h} is ag- CS but not *g ¢x- CS in (S, 7).

a1

Fig 2. The relation among +g0tT # x; ;- space and other existing spaces

The above figure illustrates the relation among *gaT * *x />~ space and other existing spaces
Theorem 3.38. Any Tp,,, ., - space is independent of g T s+ - space.

Proof: It can be seen by the following example.

Example 3.39. Let S = {f, g, h}, 7 = {S, ¢, {h}}, *GaC(S, 7) = {S, ¢, {f, g}},

aB*GaC(S, 1) = {S, ¢, {t}, {gh. {f, g}}, aC(S, 7) = {S, ¢, {f}.{g}, {f, g}}.

Here (S, 7) isa T, .o~ SPace but not xgatT s s, - space,

*.{g} is ab*ga- CS but not *g - CS in (S, 7).

Example 3.40. Let S = {f, g, h}, 7= {S, ¢, {f, g}, *GaC(S, 1) = {S, ¢, {h}, {f, h}, {g, h}},
aB*GaC(S, 1) = {S, ¢, {h}, {g, h}, {f h}}, «C(S, 7) = {S, ¢, {h}}.

Here (S, 7) is a xg0tT * %, /- space but not ;h*ga— space

" {g, h} is ab*go- CS but not - CSin (S, 7).

Theorem 3.41. Any T, o~ space is independent of *Tb*got- space.

Proof: It can be seen by the following example.

Example 3.42. Let S = {f, g, h}, 7 = {S, ¢, {h}, {f, g}},

aB*GaC(S, 1) = {S, ¢, {h}, {f, g}}, aC(S, 7) = {S, ¢, {h}, {£, g}},

G*C(S, 7) = {S, ¢, {h}{f, g}}, B*GaC(S, 7) = {S, ¢, {f}.{h}, {g}, {g, h}, {£, g}, {£ h}}.

Here (S, 7) isa T, .o~ SPace but not *Tb*ga- space,

" {g} is b*ga- CS but not g*- CS in (S, 7).

Example 3.43. Let S = {f, g, h}, 7 = {S, ¢, {f}, {g, h}},

aB*GaC(S, 1) = {S, ¢, {f},{h}, {g}, {g, h}, {f, g}, {£, h}},

aC(S, 7) = {S, ¢, {f}, {g, h}}, G*C(S, 1) = {S, ¢, {f}, {g, h}},

B*GacC(S, 1) ={S, ¢, {f}, {g, h}}.

Here (S, 7) is a *Tb*got- space but not T, .,
- {f, h} is ab*ge- CS but not - CS in (S, ).
Theorem 3.44. Any *gaT **x| - space is independent of *Tb*ga- space.

Proof: It can be seen by the following example.

Example 3.45. Let S = {f, g, h}, 7 = {S, ¢, {h}, {£, g}},

aB*GaC(S, 7) = {S, ¢, {h}, {f, g}, *GaC(S, 7) = {S, ¢, {h}, {£, g}},

G*C(S, 7) = {S, ¢, {h}L{f, g}, B*GaC(S, 7) = (S, ¢, {f},{h}, {g}, {g, h}, {f g}, {£ hi}.
Here (S, 7) is a *gT * *x; /- space but not *Tb*got- space,

"."{g} is b*ga- CS but not g*- CSin (S, 7).

Example 3.46. Let S = {f, g, h}, 7 = {S, ¢, {f}, {g, h}},

aB*GaC(S, 1) = {S, ¢, {t},{h}, {g}, {g, h}, {f, g}, {£, hi},

- space,
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*GaC(S, 7) = {S, ¢, {f}, {g, h}}, G*C(S, 7) = {S, ¢, {f}, {g, h},
B*GaC(S, ) =1{S, ¢, {t}, {g, hi}.

Here (S, 7) is a *Tb*ga- space but not *gotT  *x - space,
" {f, g} is ab*ga- CS but notxgat- CSin (S, 7).

Tg >< X s 4y

Fig 3. Diagram illustrates the independence among the defined spaces

The above diagram illustrates the independence among the defined spaces

Theorem 3.47. T, , ¢~ SPaceis independent of Tc- space and a'Tc- space.

Proof: It can be seen by the following example.

Example 3.48. Let S = {f, g, h}, T ={S, ¢, {f}, {f, g}},

(XB*GO(C(S, T) = {S> ¢> {g}> {h}> {g> h}}’ (XC(S> T) = {S) ¢> {g}> {h}> {g’ h}},

G*C(S, 1) = {S, 9, {h}, {g, h}, {f, hi},

GSC(S,7) =18, ¢, {h}, {g}, {g h}, {f, h}} = aC (S, 7).

Here (S, 7) isa T, .o~ space but not Tc- space and orTc- space.

" {g} is gs- CS and ag- CS but not g*- CS in (S, 7).

Example 3.49. Let S = {f, g, h}, 7 = {S, ¢, {f, h}}, aB*GaC(S, 7) = {S, ¢, {g}, {£. g}, {g, h}}, aC(S, 1) = {S, ¢, {g}},G*C(S, 1) =
{S, 0, {g}, {t, g}, {g, h}},GSC(S, 1) = {S, ¢, {g}, {f, g}, {g, h}} = aC (S, 7).Here (S, 1) is a Tc- space and o'Tc- space but not T

ab ga-
sp2 ce,
Tobga 2T}
T ./W’ ;,Tl*/*-_;

oTh

Py—.
oI

™
Fig 4. The red line indicates the relationship between the separation axioms of atb*gct- Closed Set and other existing spaces

“(f,g) is ab*gor — CS but not oo — CS in (S, 7)
In the above diagram, the red line indicates the relationship between the separation axioms of ab*ga- Closed Set and other
existing spaces but not conversely and the blue line indicates the independence among the spaces.
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4 Conclusion

In this paper, we have introduced the separations axioms using ab*ga- Closed Set in topological spaces and examined

the properties and characteristics of ¢Typsgq- Space, T

absgo” SPacexgOUT sk p- Space by using ab * got- closed set and

comparison of the defined spaces with other existing spaces. In future, the article can be extended to find the compactness
and connectedness properties of ab*go- Closed Set in topological spaces.
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