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Abstract
Objective: Rate equations model has been formulated to simulate the
simultaneous generation of two passive Q-switching pulses using one active
medium. It is possible to separate them and employ each pulse in practical
applications. Methods: The model was solved numerically by used Rung–
kutta–Fahelberg method. This model was tested in the study of the effect of
saturable absorber

(
Cr+4 : YAG

)
ions concentration on the duration, energy,

and power of the dual pulses which are generation by passive Q-switching
of Nd+3 : YAG. Finding: The results of the numerical solution showed that
the temporal behavior of photons density of passive Q-switching pulses
and the population inversion density of active medium is good agreement
with studies which dealt the theory of passive Q-switching, which enhances
reliability using this model.Novelty: Themathematical model included six rate
equations instead of three or four rate equations. It is based to simulate the
4F3/2,

4I11/2,
4I9/2 spectrum lines as a 4-level and 3-level energy schemes of

Nd+3 : YAG active medium to get two passive Q-switching laser pulses at the
same time (instantaneously) instead of one pulse. Can be separated into two
pulses to employ each of them in applications.
Keywords: Laser; Passive Q-Switching; Solid state lasers; Nd+3

1 Introduction
Passive Q-switching (PQS) lasers technique exhibits many advantages, such as simple
structure, small size, low coast, improved durability and reliability, and does not
require complex extra-cavity modulation devices. It produces short pulses and high
peak powers (1,2) that have made it widely applied. The applications of this technique
are: high-precision processing, laser medical treatment, space detection, radar, and
laser communication (3–5). Materials commonly used for PQS are organic dyes, doped
crystals, and semiconductors (4–6). The Neodymium (ND+3) additive to another host
for using active medium laser is the one of commonly used type of the solid state
laser (5–7). ND+3 ions doped fiber (AM) used as active medium in this study. The main
laser transition in ND+3 ions occurs between the upper spectrum line 4F3/2manifold to
spectrum line 4I11/2 manifold referred as R2 at 1064 nm, this transition represents four
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level scheme. While the laser transition which occurs between the upper stark level of the 4F3/2manifold to stark level within
the 4I9,2 manifold referred as R1 at 946 nm, this transition represents three level scheme Nd+3 ions are excited from the ground
state to the pump band, then followed by a rapid relaxation viamulti phonon emission through non-radioactive processes to the
upper metastable laser level 4F3/2 manifold. The 4F3/2 level is split into two stark levels R1 and R2, and hence their population
exist in a Boltzmann distribution. Lasing takes place from 4F3/2 to 4I11/2 or 4I9/2 spectrum lines as a four and quise-three
levels schemes respectively. However, there population is replenished by thermal transition until both levels are depleted (7,8),
resulting in the emission of photons, has 1064 nm and 964 nm wavelength as shown in Figure 1. PQS technique using saturable
absorber (SA) is one of the techniques that can be utilized in obtaining high power pulses, Cr+4 : YAG has wide absorption
band, it is an excellent SAmaterial for passive Q-switching in the wavelength range 800 nm to 1200 nm. (8) TheSA ofCr+4 : YAG
was used in this study, is a typical 4-level system as shown in Figure 2 (7,9). The transition from the ground E1 to E3 and E2 to
E4 dependent on the absorption cross sections of E1 and E2 levels (σsg,σse) respectively. The lifetime of the levels E3 and E4
are assumed to be short compared with lifetime of E2 level (τse). These three parameters σsg,σse and τse can well describe the
dynamics of the SA (7).

Fig 1. Energy level schemes of ND+3 showing Both the 1064 nm and the 946 nm line (8)

Fig 2. Energy-levels scheme of Cr+4:YAG as a saturable absorber (7,9)
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2 Methodology
The mathematical rate equations model of PQS has been presented in this study included six rate equations. The novelty
represents the development of rate equationsmodels consisting of three equations as the reference (10–12), or four equations as the
reference (13,14). The model based to simulate the 4F3/2,

4I11/2,
4I9/2 spectrum lines as a 4-level energy schemes (the transition

from spectrum line 4F3/2 to spectrum line 4I11/2) and 3-level energy schemes (the transition from spectrum line 4F3/2 to
spectrum line 4I9/2) of Nd+3 : YAG active medium to get two passive Q-switching laser pulses instantaneously instead of one
pulse as in previous mathematical models.Themodel was tested by using it in numerical simulation of a laser system consist of
Nd+3 : YAG used as AM andCr+4 : YAG as a SA.The temporal behavior of each photons density of passive Q-switching pulse
and population inversion density of AM ions resulting from the simulation showed good agreement with studies which dealt
the theory of passive Q-switching (15–17). This benchmark enhances reliability using the model.

3 Theory
The presented rate equations model as the following:

dφ1

dt
= φ1 (Kam1Ng1 −Ksg1nsg −Kse1nse − γc1] (1)

dφ2

dt
= φ2 (Kam2Ng2 −Ksg2nsg −Kse2nse − γc2] (2)

dNg1

dt
= Rp − γp1Kam1Ng1φ1 + Ng1/τg (3)

dNg2

dt
= Rp − γp2Kam2Ng2φ2 + Ng2/τg (4)

dnsg

dt
=−Ksg1nsgφ1 −Ksg2nsgφ2 +nse/τg (5)

dnse

dt
= Ksg1nsgφ1 + Ksg2nsgφ2 −nse/τg (6)

where φ1,φ2 is the photons density
(
cm−3

)
of PQS pulses which are generated from λ1, λ2 laser respectively ( φ1 belong to 4

-level scheme, while φ2 belong to 3-level scheme). Ng1 is the population inversion density (PID) of ions
(
cm−3

)
between 4F3/2

and 4F11/2 spectrum lines. Ng2 is the PID of ions between 4F3/2 and 4F9/2 spectrum lines. Kami(i=1,2) =
2σailam

τr
is the coupling

coefficient between the φ1,φ2 photons and the ions of excited level of AM
(

4F3/2
)
.σai is the emission cross sections

(
cm2

)
of

AM at 4-energy level, 3- energy level schemes, lam is the length of AM. τr =
2lc
c is the round trip transit time, lc is the cavity

optical length. c is the speed of light in vacuum. Ksg j( j=1,2) =
2σsg j ls

τr
is the coupling coefficient between φi photons and the

ground state ions of SA respectively. Kse j( j=1,2) =
2σse j ls

τr
is the coupling coefficient between φi and the excited state ions of SA

respectively. σsg( j=1,2) is the absorption cross sections
(
cm2

)
of ground state of SA, σse j( j=1,2) is the absorption cross sections(

cm2
)
of excited state of SA, ls is the length of SA. γc j( j=1,2) =

(
ln 1

R j
+L j

)
is the cavity decay rate represents the sum of losses

inφ j because of the reflectivity (R j), absorption and scatteringmechanisms in cavity (L j). γp j( j=1,2) is the reduction population
factor equals 1,2 for four and three energy levels schemes of AM system respectively nsg,nse the ions population (No. of ions
density) of the ground and excited levels of SA respectively. τg the fluorescence lifetime of the upper laser level

(
4F3/2

)
,τse the

lifetime of the SA. RP is the pumping rate. The build-up time of PQS laser pulses in generally very short compared the τg and
RP

(13), then it is possible to neglect the terms of pumping rate and spontaneous decay of the upper laser level (term land term
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3 in Equations (3) and (4)) during pulse generation, so τse is very long compared the build-up time of PQS laser pulses (1), then
it is possible to neglect the third terms of Equations (5) and (6).

The initial population inversion density (IPID) between the spectral lines 4F3/2 and 4F11/2(Ng01) ,
4F3/2 and 4F9/2 (Ng02)

can be estimated at initial time by boundary conditions, nsg ≈ no or nse ≈ 0, where (ni = nsg +nse) is the total ions of SA.
dφi
dt ≈ 0 in Equations (1) and (2) because of φ j is very low in value, then the IPID values Ng01,Ng02 for laser medium can be
predicted from Equations (1) and (2) respectively, as the following:

Ng0 j( j=1,2) =
Ksg jni + γc1

Kam j
(7)

Threshold population inversion (TPID) for the four and three levels schemesNth1, Nth2, respectively can be estimated at time of
maximumphotons density (when the number of photons inside the optical laser cavity reaches to peak of pulse) by Equations (1)
and (2). At TPID the most of SA ions population in the excited state ( nse), can be regards nse ≈ ni (nsg ≈ 0); then can be
considering dφ j

dt ≈ 0, to get:

Nth j( j=1,2) =
Kseini + γc j

Kam j
(8)

The pulse energy can be estimated by the expression.

E j =
(Ngo j −Ng f j)

γ j

(
Ngo j −Ng f j

)
hv j

No j
(9)

Where Ng f is the final population inversion density (FIPD) it is get from computations. The pulse power can be estimated by
the equation:

Pj ≈−
hv jγc j

γ j

[
Nth j −Ngo j −Nth jln

(
Ngo j −Nth j

Ngo j

)]
(10)

The duration of pulse can be estimated by

τ j =
E j

Pj
(11)

4 Results and Discussion
After the verification steps mentioned in the methodology paragraph. Software computer program has been prepared in this
study. The rate equations solved numerically by Rung-Kutta -Fehelberg method to simulate the effect of SA ions density on
characteristics of the dual generation of passive Q-switched Laser Pulses from laser system consist of N+3 : YAG used as AM
andCr+4 : YAG as a SA. The input data has been used in computation reported in Table 1.

Table 1. Input data of computation
Parame. Value Parame. Value
σa1 2.8×10−19cm2 (18) σsg1 7×10−18cm2 (7)

σa2 5.1×10−20cm2 (19) σsg2 4×10−18cm2 (19)

λ1 1.064µm (12) σse1 2×10−18cm2 (20)

λ2 0.946µm (8) σse2 1.1×10−18cm2 (19)

γ1 1 (10) R1 0.94
γ 2 2 (10) R2 0.99

Figure 3 Show the simulation of the time behavior of the dual passive Q-switching laser pulses which are releases
instantaneously from one active medium of passive Q-switching represent 4-levels scheme. One of these pulses related to
the spectral transition represent 4-levels scheme which emits 1.064 micrometer wavelength. While the other related to the
spectral transition represent 3-levels system which emits 0.964 micrometer laser. It is observed that both pulses are released in
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Fig 3. Profile of PQS pulses, which are release from 4 and 3 levels schemes instantaneously as a function of SA ions density

Fig 4. Behavior of population inversion density related from 4 and 3 levels schemes as a function of SA ions density

Fig 5. Profiles of PQS pulses, PID as a function of SA ions density (a,b for 4-energy levels, c,d for 3-energy level of AM)
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an advanced time as the value of ni increases as shown in the Figure 3(a, b). The study explains this because of the increase in
the values of initial population inversion density of the systems as shown in the Figure 4(a, b) and the Figure 5(a, b, c, d).

Figure 6 shows an increase in the initial value of the population inversion density (IPID) of the two levels schemes as a
function of SA ions density (cm-3)(ni), and this behaviour is an enhancement of the study’s interpretation of the Figures 3, 4
and 5. Figure 7 represents the difference between the initial and final values of the population inversion density, as we observe
an increase in the difference value with an increase of ni which leads to increase the density number of pulses photons.

Fig 6. IPID as a function of SA ions density

Fig 7. Difference of PID as a function of SA ions density

The characteristics (duration, energy, and the power) of both PQS pulses have been simulated. Figure 8 shows decreasing
in duration of both pulses as a function of SA ions density. The study explains this because of the rapid construction of both
pulses.This is demonstrated by decreasing the rising time as shown in Figure 9, and the decreasing in the falling time as shown
in Figure 10. Figure 11 shows the increasing in the energy of both pulses by increasing ni. The study explains this because of
the increased the initial value of the population inversion density as shown in Figure 6, which resulted in an increase in the
maximum value of each pulse’s photons as shown in Figure 12. Figure 13 shows the increased value of each pulse’s power by
increasing ni. The study explains this because of increased energy and decreased duration time of both pulses as shown in
Figures 11 and 8.
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Fig 8. Pulse duration as a function of SA ions density (cm-3)

Fig 9. Rising time as function of SA ions density (cm-3)

Fig 10. Falling time as a function of SA ions density (cm-3)
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Fig 11. Pulse energy as a function of SA ions density (cm-3)

Fig 12. Max.of Photons density as a function of SA ions density (cm-3)

Fig 13. Pulse power as a function of SA ions density (cm-3)
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5 Conclusions
1- The mathematical model presented in this study suitable in related studies on the generation of passive Q-switching laser
pulses. Physically and mathematically, it is established to employ the spectral lines of gain medium that form four level energy
or quasi three level energy laser systems.2- The increasing of ions density of SA leads to increase the energy of the dual
passive q-switching laser pulses, while the duration decrease as a function of ions density of SA, which provides a good
chance of getting high power laser pulses. Where was the energy, duration, and the power of PQS pulse at 1.064um are
0.388J,14.134ns2.745× 107 Watt respectively at ni = 3× 1018cm−3, while for ni = 4× 1018 the energy, duration, and the
power have become 0.518J,10.572ns,4.898×107Watt respectively. It has been noted for 0.964um, that the energy, duration,
and the power of PQS pulse are 0.875J,18.58ns,4.709×107 Watt respectively at ni = 3×1018cm− 3, while for ni = 4×1018

the energy, duration, and the power have become 1.169J,13.94ns, 8.38×107 Watt respectively.
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