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Abstract

Objectives: To establish a fixed-point theorem on a complete S -metric space.
Methods: By using (E.A)-property of self-maps and applying the concept of
strong comparison function. Findings: Obtained a unique common fixed-point
theorem for four self-maps of a complete S-metric space and validated it with a
suitable example. Novelty: By utilizing weak compatibility together with (E.A)-
property, a unique common fixed point is obtained for four self-maps which is
more robust generalization of the existing theorems in the literature which are
proved by using common limit range property.
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1 Introduction

Fixed point theory is an important branch of non-linear analysis due to its potential
application. In proving fixed point theorems, we use completeness, continuity,
convergence and various other topological aspects. Banach’s Contraction Principle or
Banach’s fixed point theorem is one of the most important results in non-linear analysis.
This theorem has been generalized in many directions by generalizing the underlying
space or by viewing it as a common fixed-point theorem along with other self-maps.

Commutativity plays an important role in proving common fixed-point theorems.
As it is a stronger requirement, in‘, the idea of compatibility was proposed as a
generalization of commutativity. Later in®), the notion of weak compatibility was
introduced as a further generalization of compatibility. Clearly, compatible mappings
are weakly compatible but not conversely. Several researchers employed common limit
range property to obtain common fixed points which require the containment of ranges.
In‘®, the idea of (E.A)-property is initiated to establish common fixed point results.

In the past few years, several generalizations of metric spaces have appeared in several
papers, like G -metric spaces, partial metric spaces, cone metric spaces and S- metric
spaces. These generalizations were used to extend the scope of the study of fixed-point
theory. We can refer® to a new approach of such generalizations.
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Among all generalizations, S-metric spaces introduced in‘® evinced a lot of interest in many researchers as they unified,
extended, generalized and refined several existing results onto these S -metric spaces ©.

In the present paper, we establish a common fixed-point theorem for four weakly compatible self-maps of a S - metric space
which satisfy the (E.A)-property. Clearly, (E.A)-property is weaker than the common limit range property in the sense that the
common limit range property implies (E.A)-property, while (E.A)-property need not imply a common limit range property
in general. As a result, the finding is more refined than that demonstrated in”). We support the conclusions with a relevant
example.

2 Methodology

In this section, we shall give few definitions and lemmas required to prove our main result.

2.1 Definition®) :

Let M be a non-empty set. A function S : M* — [0,0) is said to be a S - metric on M, if for each v, @, 9,1 € M
(i) S(v,0,%) >0
(i) S(v,0,9) =0ifand only if v=m = ¢
(iii) S(v, 0, ¥) < S(v,v,A) +S(w,0,1) +5(F, %, 1)
Then (M, S) is know as a S-metric space.

2.2Lemma® ;

In a S-metric space, we have S(v,v, ®) = S(®, @,v), for all v, 0 € M

2.3 Definition®) :

Let (M, S) be a S-metric space. A sequece (v,,) in M is said to be convergent, if there is v € M such that S (v, v,,v) = 0 asn — oo
. That is, for each U ,> 0 there exists a ng € @ such that for all n > ng , we have S (v, v,,v) < U . We denote it by lim;, o vy = v.

2.4 Definition®) ;

Let (M, S) be a S-metric space. A sequece (v,) in M is said to be Cauchy sequence, if for each U > 0 there exists a ny € e such
that S (v, vn,vin) < U for any n, m > ng

2.5 Definition®) :

A S-metric space (M, S) is said to be complete, if every Cauchy sequence in M converges to some point in it.

2.6 Lemma®):

In a S-metric space (M, S), if there exist two sequences (v,) and (®,) such that lim, v, = v and lim,_ . ®, =
o then limy, e S (Vy, Vi, @) = S(v,v, ©)

2.7 Definition(®):

A mapping f : [0,00) — [0,0) is called as a comparison function, if f (7;) < f(7,) whenever 7; < 1, and (f"(7)) converges
to 0, for every 7 > 0.

2.8 Remark®):

If f:[0,00) — [0,00) is a comparison function, then f(7) < 7, forall T > 0, f(0) =0, and f is right continuous at 0.

2.9 Definition?® :

A comparison function f is called as a strong comparison function, if the series }',~_, f*(7) converges, for every 7 > 0.
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2.10 Definition(? :
In a S-metric space (M, S), two self-maps L, K are called weakly compatible, if LKv = KLv whenever Ly = Kv , for any v € M.

2.11 Definition®) :

In a S-metric space (M, S), two self-maps L, K are said to satisfy (E.A)-property, if there exists a sequence
(vn) in M such that lim,,_,c Lv, = lim,,_,e Kv,, = T, for some T € M.

2.12 Definition(? :

In a § -metric space (M, S), two pairs of self-maps (L, H) and (K, J) of M are said to satisfy common (E.A)-property, if there exist
two sequences (v,) and (@,) in M such that limp_,e Lv,, = limy_ee Hv,, = limy_e0 K@y, = limy_s00 J @, = 7, for some 7 € M.

2.13 Remark? :

Let A/ be the set of all functions g : [0,00)* — [0,0) which satisfy the following properties.
1. g is continuos
2.forany p,0 € [0,0), if
(i) p <g(p,0,0,0) or
(i) p < £(0,p,0,0) or
(ii)) p < £(0,0,p,0)
Then p < f(O), where f is a strong comparison function.

3 Results and Discussion
In this section, we prove a common fixed-point theorem for four self-maps of a complete S-metric space which satisfy (E.A)-

property. With the aid of strong comparison function, a unique common fixed point is obtained.

3.1 Theorem:

Let (M,S) be a complete S-metric space and F be a non-empty subset of M. Let L,K : F — F be self-maps. If there exist some
g € Ay such that forallv,0 € M

(1)

S(Ko,Ko,Jo)S(Jo,Jo,L
S(Lv,Lv,Kw)gg(S(HV,HV,Jw),S(Hv,Hv,Lv),S(Kw,Kw,Jw), (Ko, Ko,J0)S(Jo,Jo, V)>

1+ S(Hv,Hv,Kw)

where H,J : F — M satisfies the following conditions
(i) L(F) C J(F) and K(F) C H(F)
(ii) the pairs(L,H) and (K, J) satisfying common (E.A)-property,
(iii) the pairs (L,H) and (K,J) are weakly compatible,
(iv) H(F) or J(F) is closed in M,
then H, ], K and L have a unique common fixed point in M.
Proof. From the (E.A)-property of the pairs (L,H) and (K,J), there exist two sequences (v,) and (@,) in F such that
limy, 0 Lv,, = limy, 00 Hvy, = limy 00 K®, = lim,, ;o J@, = 1, for some 11 € F. We have J€ =1, for some £ € F
We now claim that K& =, for if K€ # 1
on substituting v = v, and ® = & in (1), we otain

S(Hvp,Hvn, JE) S (Hvy, Hvp, Lvy) ,S(KE,KE,JE),
S(LvnyLVnaKé:)Sg S(K€7K€’J€)S<J§7J57Lvﬂ> (2)
1+S(Hvy,Hvy,KE)

On taking the limit as n — oo

S(n,n,KE) < g (S(nm,n),S(n,nm),S(Ké,Ké,n),
18(07075(77,77,1(6)70)
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from condition (iii) of Remark 2.13., S(n,n,K&) < f(0) =0
S(n,n,K&) =0 which gives K& = 1.
Hence

KE=JE=n

We have Hg = 1, for some ¢ € F as K(F) C H(F).
It follows that Lg = n. For if Lg # 1,
on taking v = ¢, ® = @, in (1), we have

S(HC,HE,Jw,),S(HE,HE,LE), S (Kw,, K®,,J®,),
S(LL,LE Kw,) < g ( S(Kwy,,Kwy,,Jw,)S (J,,Jw,, L) )

1+S(HC HE Ko,)
On taking the limit as n — oo
S(Lg,Lg,m) < g (S(n,n,n),S(n,n,Lg),S(n,mn),

=2(0,8(Ls,Lg,n),0,0)
Again from condition (ii) of Remark 2.13., S(Lg,Lg,n) < f(0) =0
from which we get S(LE,LE, ) = 0, giving
Le=n
Hence

S(n,n,n)S(nm,Lg))
1+S(n,n,n)

Lg=Hg=n

Therefore from (3) and (5), we get
KE=J§=Lg=Hg=n
And from the weakly compatibility of the pairs (K, J) and (L, H), we obtain
Kn=JnandLn =Hn
We now prove that 7is a fixed point of L.

On taking v =1, ® = £ in (1), we have
S(Ln.Ln.KE) < ¢ (S(Hn.Hn.18),S(0m. Hn.Ln) S(KE K, 0), SRS )

S(n,nm)S(n,an))
14+-S(Ln,Ln,n)

S(Ln,Ln,n) <g <S(Ln,Ln,n)vS(Ln,Ln,Ln),S(nvn,n),

= g(S(LnaLnu 71)7070»0)
From condition (i) of Remark 2.13.,
We get S(Ln,Ln,n) < f(0) =0
which gives Ln =7
Hence

Hn=Ln=n
We now prove KN =1

On taking v = ¢, ® = 1 in (1), we have
S(Kn,Kn,Jn)S(Jn,Jn,L
S(Lc.;,Lg,Kn)Sg((Hg,Hc.:,Jn),S(HC.:,Hg,LGLS(Kn,Kn,Jn), ( an(Hz)H(gnKng g)>

S(Kn,Kn,Kn)S(Kn,Kn,n)>
1+S(n,n,Kn)

S(m,n,Kn)<g (S(n,n,Kn%S(n,n,n),S(Kn,Kn,Kn),

= &(5(n,n,kn),0,0,0).
From condition (i) of Remark 2.13., S(n,n,Kn) < f(0) =0
giving S(n,n,Kn) =0
from which we get K =1

3)

(4)

(5)

(6)
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Hence

Jn=Kn=n (7)

From (6) and (7), it follows that Hn =Jn=Kn=Ln=n
proving 7 is a common fixed point of H, J, K and L.
For if, {(# 1) €F is such that
HE=JC=KE=LE=¢

On substituting v =1, = § in (1), we get

S(Ln,Ln,KC) < g (S(HN.HN,JE),S(HN, HN,Ln),S(KE, K, ), SEELE QeI )

which gives
S, < ¢ (50,100,500 m.m).5(6.¢.0), S

1+5(n,n,¢)
= 8(5(717777 C)=O7070)
Again from condition (i) of Remark 2.13., S(n,n, &) < f(0) =
which imply S(n,n,{) =0
provingn = ¢
As an illustration, we have the following example.

3.2 Example:

LetM=[2,11]. If S(v, ®,%) = d(v,¥) +d(®, V) where d(v,®) = max{v, @}, then § is a S-metric on M. Now define mappings
H, ], K and L on M such that
L(v) = { 2 if ve{2}uU(3,11] K(v) = { 2 ifve{2}U(3,11]

3if ve (2,3 4ify € (2,3]

2 ifv=2 2 ifv=2
Hv)=<¢ 4+v ifve(2,3] ,J(v)=<7 ifve (2,3

mLify e (3,11] vl ifv€(3,11]

2

Letg(v,0,8,7) = max{v ®,9,y}and f(1) =

On taking v, =3+ ; and @, = 2, we have

lim,, o Lv,, = limy, e Hv,, = limy, e K@, = lim,, e J®, = 2,

proving that the pairs (L.H) (K,]J) and satisfy common (E.A)-property. (L.H) and (K,J) commute at, which is the coincidence
point.

L(M)={2,3},J(M) =[2,6]U{7},K(M) ={2,4} and H(M) = [2,7].

Observe that L(M) C J(M) and K(M) C H(M)

We now verify the contractive condition (1) stated in Theorem 3.1 in various cases as shown below

Case (i) Letv,0 € (2,3]

S(Lv,Lv,K®) = 8,S(Hv,Hv,J®) = 14,S(Hv,Hv,Lv) = 14,S(K®,K®,J0) = 14

S(Ko,Ko,Jo)S(Jw,Jo,Lv) 196

1+ S(Hv,Hv,Ko) 15
which yields 8 < g (14, 14,14, 11956)
Case (ii) Let v € (2,3], 0 € (3, 11]
S(Lv,Lv,K®) = 6,S(Hv,Hv,Jw) = 14,S(Hv,Hv,Lv) = 14,S(K®,K®,J0) = 12

S(Kw,Ko,Jo)S(Jw,Jo,Lv) 144

1+ S(Hv,Hv,K®) 15
which yields 8 < g (14,14,12, 1)
In other cases, that is either if v, € (3,11}, orif v € (3,11],® € (2,3] can be verified in a similar manner.

Clearly 2 is the unique common fixed point of H, ], K and M.
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4

Conclusion

This article establishes a common fixed point theorem for four self-maps utilizing the (E.A) property and the weak compatibility
feature of self-maps. By utilizing the common limit range (CLR) property, various fixed point theorems were established.
However, utilizing the (E.A)-property, we are able to prove the existence and uniqueness of the common fixed point for four
self-maps with a relatively weaker hypothesis in our current Theorem 3.1. Our theorem strengthens and broadens the one
proven in”), since it is based on the generalized metric space known as the S-metric space. Additionally, example 3.2 is given
to illustrate the findings.

References

1)
2)

3)

Jungck G. Compatible mappings and common fixed points. International Journal of Mathematics and Mathematical Sciences. 1986;9(4):771-779. Available
from: https://doi:10.1155/S0161171286000935.

Jungck G, Rhoades BE. Fixed points for set valued functions without continuity. Indian Journal of pure and Applied Mathematics. 1998;29(3):227-238.
Available from: https://www.researchgate.net/publication/236801026_Fixed_Points_for_Set_Valued_Functions_Without_Continuity.

Aamri M, Moutawakil DEI. Some new common fixed point theorems under strict contractive conditions. Journal of Mathematical Analysis and Applications.
2002;270(1):181-188. Available from: https://core.ac.uk/download/pdf/82144867.pdf.

Mustafa Z, Sims B. A new approach to generalized metric spaces. Journal of Nonlinear and Convex Analysis. 2006;7:289-297.  Available from:
https://www.researchgate.net/publication/265522931_A_new_approach_to_generalized_metric_spaces.

Sedghi S, Shobe N, Aliouche A. A generalization of fixed point theorems in S-metric spaces. Matematicki Vesnik. 2012;64:258-266. Available from:
https://www.emis.de/journals/MV/123/mv12309.pdf.

Sedghi S, Shobe N, Mitrovi ZD. S-metric and fixed point theorem. Journal of Linear and Topological Algebra. 2020;09(03):213-220. Available from:
http://jlta.iauctb.ac.ir/article_676313.html.

Tiwari R, Thakur S. Common fixed point theorem for pair of mappings satisfying common (E.A)-property in complete metric spaces with application.
Electronic Journal of Mathematical Analysis and Applications. 2021;9(1):334-342. Available from: http://math-frac.org/Journals/EJMAA.

Rus IA, Petrusel A, Petrusel G. Fixed Point Theory. Cluj University Press. 2008. Available from: https://www.researchgate.net/publication/265334033_
Fixed_Point_Theory.

Liu Y, Wu J, Li Z. Common fixed points of single-valued and multivalued maps. International Journal of Mathematics and Mathematical Sciences.
2005;2005(19):3045-3055. Available from: https://doi.org/10.1155/I[JMMS.2005.3045.

https://www.indjst.org/ 2114


https://doi:10.1155/S0161171286000935
https://www.researchgate.net/publication/236801026_Fixed_Points_for_Set_Valued_Functions_Without_Continuity
https://core.ac.uk/download/pdf/82144867.pdf
https://www.researchgate.net/publication/265522931_A_new_approach_to_generalized_metric_spaces
https://www.emis.de/journals/MV/123/mv12309.pdf
http://jlta.iauctb.ac.ir/article_676313.html
http://math-frac.org/Journals/EJMAA
https://www.researchgate.net/publication/265334033_Fixed_Point_Theory
https://www.researchgate.net/publication/265334033_Fixed_Point_Theory
https://doi.org/10.1155/IJMMS.2005.3045
https://www.indjst.org/

	Introduction
	Methodology
	2.1 Definition 1560056:26220472 : 
	2.2 Lemma 1560056:26220472 : 
	2.3 Definition 1560056:26220472 : 
	2.4 Definition 1560056:26220472 : 
	2.5 Definition 1560056:26220472 : 
	2.6 Lemma  1560056:26220472:
	2.7 Definition  1560056:26220474: 
	2.8 Remark  1560056:26220474: 
	2.9 Definition 1560056:26220475 : 
	2.10 Definition 1560056:26220475 : 
	2.11 Definition 1560056:26220477 :
	2.12 Definition 1560056:26220471 :
	2.13 Remark 1560056:26220473 : 

	Results and Discussion
	3.1 Theorem:
	3.2 Example:

	Conclusion

