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Abstract

Objectives: To identify a new family of (k, d) graceful graphs. Methods : The
methodology involves mathematical formulation for labeling of the vertices of
a given graph and subsequently establishing that these formulations give rise
to (k,d) graceful labeling. Findings: Here we define a three-distance tree as the
tree possessing a path such that each vertex of the tree is at most at a distance
three from that path. In this paper we identify two families of three distance
trees that possess (k, d) graceful labeling. Furthermore, we show that the three
distance unicyclic graphs obtained from these three distance trees by joining
two end vertices of their central paths are also (k, d) graceful. Novelty: Here,
we give (k, d) graceful labeling to two new families of graphs, namely some
classes of three distance trees and three distance unicyclic graphs. This effort
is the first of its kind which involves exploration of 3-distance (k, d) graceful
graphs.

Keywords: (k; D); graceful labelling; Hairy cycle; Firecracker; Three distance
tree; Three distance unicyclic graphs

1 Introduction

Acharya and Hegde " defined (k, d) — graceful labeling of a graph G with ¢ edges as
a surjective mapping of the vertex set of G into the set {0, 1, 2, ..., k + (¢ — 1)d}
for some positive integers k and d. A (1, 1)—graceful labeling is called a graceful
labeling and a (k, 1)—graceful labeling is called a k-graceful labeling. Bu and Zhang
established that K,,, , is (k, d)— graceful for all k and d and K, is (k, d)—graceful if and
only if k = d. Hegde and Shetty® showed that a tree T which can be transformed
into a path by carrying out successive elementary transformations and the tree formed
from T by subdividing each edge of T is (k, d)—graceful for all kK and d. Some more
results on graph labeling problems are found in some recent papers“~'%. For details of
the literature involving (k, d) graceful graphs one may refer to the latest dynamic survey
on graph labeling problems by Gallian .

From the literature survey it is found that there exist only some specific classes of
graphs, namely K, ,,, K;,, and transformed trees which admit (k, d) graceful labeling.
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So, there is huge scope to explore in this area. In this paper we give (k, d)- graceful labeling to some new classes of three distance
trees and three distance unicyclic graphs. Before deriving our results, we would like to have a recap of some of the existing graph
theoretic terminologies and some new terminologies required for proving our results.

Definition 1.1Y By a firecracker we mean a tree possessing a path known as the central path such that each
vertex of the path is attached to the center of some star. Here we denote a firecracker by P, © Ky, 1,1,. m; > 0,i =
1, 2, ..., n,wheretheivertexofthepathP,is attached to the center of the starK,,, 1.

Definition 1.2 A three distance tree T is a tree which contains a path H such that each vertex of T \ H is at a distance at most
three from H. We call the path H as the central path of 7. Figure 1 represents a three-distance tree. A three distance unicyclic
graph is a graph consisting of one cycle C, such that each vertex of the graph is at distance at most three from C,. Figure 2
represents a three distant unicyclic graph.

The three distance (k, d)—graceful trees in this paper are obtained by attaching leaves to the leaves and central path of
firecrackers. The three distance unicyclic (k, d)— graphs in this paper are obtained by joining the end vertices of the central
paths of three distance trees.

Here we use the method involving mathematical formulation for obtaining labeling of the vertices of a graph and then show
that such a labeling is a (k ,d) - graceful labeling of that graph.

2 Results and Discussions

Constustion '3.1 consider the fire crackerT =P, ® Kni1,, 1 = 1, 2, . .., n, whose vertices on the
centralPjarecy, ¢2, ¢3, ---, ¢,. The verticesT \ P,adjacent toc; arec;;, i = 1,2, ..., nTcarec;; j, Jji =
1, 2, ., mj, i = 1,2, ..., nConstructa 3-distance treeT'by attaching leaves to the verticesc;; jand denote
thembyc; ;. jiti o By ji= 1, 2, ... s j,wheres; ;is the number of leaves adjacent toc;; ;. All the verticesc;; ;need not be

attached to leaves. Say, out ofm;vertices attached toc; ; ,r;of the mattached to leaves. Letr = max!"_, (r;) .Assume thatm;> rfor
eachi. Let (E (T)| = ¢. Obviously,g=2n—1+Y", (m; + (Z;” Si, j;)} .
Theorem 3.1 The three distant trees in Construction 3.1 admit (k, d) graceful labeling with d 1 k.
Proof: Consider the three distant trees 7 in Construction 3.1. Define the mapping f:V (T ) — — {0, 1,2,3,4, ..., k +
(g — 1)d} as follows.
(E=0042) 4 ifiisodd
Fori = 1,2, ..., n,f(¢;) =
ort 2 mf(c) ( ’(r+2))d if iiseven
k+(g= 2 1) a ifiisodd
and f (ci;) = ( o /

(j(r+2)—1]d if iis even
Fori = 1,2,...,n,j;= 1,2, ..., m,

Jid if jisr i i
. . . :1
(g+r—jild if Ji>r} v l
0D 1l Foaisr | ddandio
, , if iisoddandi>
fleiij) = (q—w— p (mp—r“‘Z;,,:lsp,jp)+r—jl}d if Ji>r
k+(q (=2)(rt2) l—j,}d if ji<r
- . . . ' if iis even
k+(T+ZP=1 (mpir+szzlsp!jp)+]i72:|d lf .Ii>r
Fori =12, .., nji= 12, .., my j= 1,2, "'asi,jivf(ci7i7ji,ti,j,-) =
k4 (mi—r+1,)d if Ji=1 : -
k+ ml—r+zjl_11S1Z+j1—1+lljl)d if ji>1 i e
k+(w+2§;l1( r+ZZ lspz>+m,—r+tll)d if ji=1 if > lisodd
if i>liso
k+(w+ + ( por Xl sz)*m"ﬂ:"lsw“wr 1)d Mozl
(q_oirﬂ £ (mp =+ X2 sy ) —mik r =1 = 1) d if ji=1 L
if iiseven

i—2)(r+2 . i ; . .
(qfwfﬁf):pzl(mpfrJr):;‘:lsp,Z) m+r7):]1s,Z t,',jl.)d if ji>1
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Defining the labeling g on E(T ) by g(u, v) = |f (u) — f (v)|, we have
Fori = 1,2,...,n—1, g(ci, civ1) = k+ (g — i(r + 2)]d;

fori = ,2,...,n,ji = 1,2,...,m,~,ti,i,j,.: 1,2,...,5‘,',["]',.,

[kt (g—(i—-1)(r+2)—1)d ifiisodd
g(circii) = < k+(g—i(r+2)—1]d if iiseven ’

8 (Ci,i,jia Cii jisti, i“f,')

k+(m —r+t,—1)d if ji=1
k+<m1—r+):£'=711s17z+t1_”,-,71>d if ji>1

k+( o (mp—r+):§glspZ)+m,-—r+t,»,1—1)d if ji=1

kot (Z5 (mp—r+ X2 5p2) i = r B st = 1) if i

if i=1
if i>1isodd

We find that g(u, v) assumes values {k, k + d, k + 2d, ..., k + (¢ — 1)d}. Therefore, the labels of the edges of T constitute

theset{k, k + d, k + 2d, ..., k + (¢ — 1)d} and hence the mapping f is a (k, d) graceful labeling of T, i.e. T is a (k, d)
graceful tree with d 1 k.

Theorem 3.2 The three distant unicyclic graphs obtained from the three distant trees in Construction 3.1 by joining the
vertices ¢ and ¢, admit (k, d) graceful labeling withd t kif n = (0 mod 4).

Proof: Consider the three distant unicyclic graph G in Theorem 3.2. Define the mapping

f:V(G) —— {0,1,2,3,4,, k+ (g — 1)d} as follows.

Fori = 1727 ., N, PP = 17 27 Tty lia ji: 17 27 s, My, ti,j,‘ = 17 27

s Sijjis
(i— ])(r+2)d if

iisodd and i< 3
fley={ (= ’*”H}d if iisoddandi>" ;
k+( -5 r+2]d if iis even
k+ (f—(z—l)(r+2)—l] if iisodd
flei)= (’<r+2) 1}d if iisevenandi<?5 ;
5(r+2)d if iisevenandi>

fleii )=

1=

2

<(q+il—dj1)d i; ji:} vl
(MJFJI}Q' if Jisr
Q*%*ZFH("ZP r+zj=lsf’7jp>+r7j'} vodimr
(w+ +1}d if gisr | ,
| if iisoddandi>*%

2 Lo (Mp—r+ij:1Sp7jp>+r_j’} Wodizr 2 |

ket (g — 22— ] oy
N if i<
k+ (M;z) —22;11 (mp—r—l—Z_r,-p:lsp,jp) i 1} i dizr

f (Ci,l} Jidtij; ) =
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k+(m1—r+t1_,1)d if jizl ) -
kot (m—r b D st a1 [
ke (2 gt (m —r+):j”1spz)+mi—r+ril)d if =1\ o
(i—1)(r+2) if 1 <i<jiisodd
k+<7+11+2’ 1(m,, r+ZZ ls,,z>+ml—r+):]‘1s,z+t,j, l)d if ji>1
ko (2 ey (my =+ £ sy ) bmi—r 1y + 1) d if ji=1
(i—1)(r+2) j ji—1 . . lf iisodd and i > %
k+(7+11+):p l(mp r+Yl s +mi7r+ZZ’:1 si7z+ti.ji>d if ji>1
_ 2)2(r+2)_ ;11( r+Z§lepz)—m,-+r—z,-1)d if ji=1 o
if iiseven

(q— 22— jim i (m, r+z;;sp,z) mor= Y s —)d if i1

Defining the labeling g on E(G) by g(u, v) = | (u) — f (v)|, we have
. B k+(g—i(r+2)]d if i<
fOVl—1,27-..,7’l7g(CiaCH—I)_(k+(qi(r+2)1]d if iZ
fori:1727"'7n7ji:1727"'7mi7ti,i,ji:172u"'aSi,i,j,'

>

NSNS

k+(q—(i—1)(r+2)—1]d if iisoddandi<

g(ciycii) = k+(g—(i—1)(r+2)—2]d if iisoddandi>"1%

o k+(q—i(r+2)—1]d if iisevenandi<}% ’
k+(q—i(r+2))d if iisevenandi>?%

(ST ST

k+(q—j—1Dd if ji<r if i=1
k+(ji—r=1)d if ji>r
kt(g—(i=1)(r+2)—j, - 1)d if ji<r
o (mp =+ X5, ispy ) —rHii=1)d if >
kt(g—(i—1)(r+2)—j, —2)d if ji<r

( ) if iisoddandi<?3
k+(2§,_:11 (mp—r—i—Z;p:lsp,jp)—r—|—ji—1>d if ji>r

if iisoddandi> 35

k+(qg—@Gi—1)(r+2)—j;)d if ji<r

i . e ] di<?
kot (X2 (mp = r b 5 ispgy ) i) d i s [ TEevenandis=s
kt+(g—=(—=1)(r+2)—j,—1)d if ji<r | . i

i ’ . . . if iisevenandi> %
k—l—(Z’P:l] (mp—r—l—sz:lsp’jp)—r+],'—1)d if ji>r ! 2

8 (Ci,i,jwci-,i,jhfi,_j,-) =

k+(m1—r+t11—l)d if ji<r . -
k—l—(ml—r—l—ZJ 1 Stz th g, — l)d if ji>r foi=
kot (X2 (mp =+ 222 spc) 4 mi—r 0 —1)d R
. : . ) ) 1 1>
k+( ;_:11 (m,,—r—kZ;":ls,,,Z)+m,-—r+):£’:11slyz+tl.’ji—1>d if ji>r
Find that g(u, v) assumes values {k, k + d, k + 2d, ..., k + (¢ — 1)d}. Therefore, the labels of the edges of T constitute
theset {k, k + d, k + 2d, ..., k + (¢ — 1)d} and hence the mapping f is a (k, d) graceful labeling of G, i.e. Gisa (k, d)

graceful graph when d 1 k.

Theorem 3.3: The 3-distance tree derived from the 3-distance tree in Theorem 3.1 with some or all vertices of P,attached to
some leaves is (k, d) graceful with d 1 k.

Proof: Let T be a tree derived from the 3-distance tree in Theorem 3.1 with some or all the vertices of B, may be adjacent
to some leaves. Let the vertices on the central path B, be ¢, ¢, -+ ,c,. Let ¢; be attached to /; leaves apart from the vertex ¢; ;.
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Let the /; leaves adjacent to ¢; be x; »,,p; = 1, 2, ..., ;. The remaining descriptions and notations involving the tree T are the
same as those in Theorem 3.2. Define the mapping f : V (T ) — — {0, 1, 2, 3,4,,k+ (¢ — 1)d} as follows.

Fori:172 npl:1527"'7ll'7 ji:1727"'ami7tiji:1 2 : sl,],7
f@_( (=0)(+2) >r+2> ifiisodd o K+ (g- w 1)d if iisodd
' k+( fé(r+2))d ifiiseven 77 " (Z(r+2)71]d if iiseven ’
k+(p1—1)d if i=1
Flxip) = k_,_(w_kzg—:ll (l —l—mp—r—&-Z;-p:lsp’z)—li+r—ji+1}d if i>1lisodd

(q_tr+2 Z (lp—|—mp r—i—{‘,]p1 ) mi—|—r—Z£":1si7z—l,~—p,~—|—l}d if iis even

(qurilldi*ji]d z? jiiz} ! -
(2] a TIET e i edd

fleii ) = (Q—Lz(rw_ " (l +mp—r+¥; flsp,fp)_l"+r_j"+l}d iz B
k+(q (=2)(rt2) _ 1—j,}d if disr if  iiseven

e (2 (1,,+m,, P i8p,) 2] if i

f (Ci% Jiti, j,-) =

k+ (i +my—r+t,)d if ji=1 . -
k—|—<ll—|—m1—r+):]'1 s1,Z+11—1—|—t1]|)d if ji>1 if 1=
k+(w+ (l +m —r+ZZ_ spz)+l'+mi_r+ti1)d if ji=1 S
(i= )(r+2) i o if i>1lisodd
k+( +Jji+ (lp+m r—l—ZZ lspz)—i-l—i—m—r—&-):‘ | Siz i — l)d if ji>1
(q,( >2<r+z>fzp=1 (l,,+mp—r+Zzzls,,z)flfm,Jrr— lfl)d if =1 -
(i=2)(r+2) _ . i~1 Jp ji— o if iiseven
(q— 2 —Ji T Lp=1 (lp—&—mp—r—kzzzlsp@) l; —m Hr=Yr s,Z ti,ji)‘l if ji>1

Defining the labeling g on E(T ) by g(u, v) = |f (u) — f (v)|, we have
fori = 1,2,...,n—1, g(ci, civ1) = k+ (g — i(r + 2)]d;

fori = 1727...,71,].[' = 172?""mi?ti,i,ji: 1727.._75".,[’!.”
(ciycii) = k+(g—(i—1)(r+2)—1)d ifiisodd
sl = k+(g—i(r+2)—1]d ifiiseven ’
k+(p1—1)d if  i=1
2 (Cisxip) = k+( o (lp+mp—r+2§p:1sp,z)—l,»+r—j,-+1}d if i>lisodd ;

+():;;11 (lp-l-mp—""‘ng:,Sp,z +m,~—r+):§":1s,-,z—|—l,'—|—p,-—l] if iiseven

kt+(g—ji—1)d if ji<r i i
k+(j1—r—1)d if ji>r
k+(g—(i—1)(r+2)—j;—1)d if ji<r e odd and o1
o) — i . . . >
g(Cz,lycz,l,]l‘) - k+(z;:11 (mp_”‘f'Z;'p:]SpJ,,)—r+]i—1)d lf ji>r lf 1 1sodd and 1
k+(g—(i—1)(r+2)—j)d if ji<r

k+ ():; 2 (m,,frJr): p_lsp7]p)*r+jj*1>d if ji>r if Hseven

https://www.indjst.org/ 634
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8 (Ci-,i-,ji? Ciijiti i, j,-)

k+(m1—r—|—t11—l)d if ji=1 ) -

k+(m1—r+zj 1 s1Z+t1/1—1)d if ji>1 if 1=
= k+(Z  (mp—r 5 s7)+m>—r—|—t‘1—1)d if =1 '
’ ) l ’ if i>1 isodd

k+( (m,,—r—&-)j,, 15p, Z)—i—m, r+Z” | 81,2+t l)d if Jji>1

Find that g(u, v) assumes values {k, k + d, k + 2d, ..., k + (¢ — 1)d}. Therefore, the labels of the edges of T constitute
theset {k, k + d, k + 2d, ..., k + (¢ — 1)d} and hence the mapping f is a (k, d) graceful labeling of T ,i.e. T isa (k, d)
graceful tree with d 1 k.

Theorem 3.4 The three distant unicyclic graphs obtained from the three distant trees in Theorem 3.4 by joining the vertices
¢ and ¢, admit (k, d) graceful labeling withd t kifn = (0mod 4).

Proof: Consider the three distant unicyclic graph G in Theorem 3.4. Define the mapping

f:V(G) ——{0,1,2,3,4,, k + (g — 1)d} as follows.

Fori=1,2,....n,pi=1,2, -, l;; ji=1,2,---, m, tij;, = 1,2, -, Sijis

iri2) if iisoddandi<"
fley=| (=2 sila if disoddandi>}
k+(q—4(r+2)]d if i is even
k+(g—SG—1)(r+2)—1] if iis odd
fcii) (i“;rz)—l}d if iisevenandi<5 ;
L(r+2)d if iisevenandi> 7%

k+(pr—1)d if i=1
(i—1)(r+2) i—1 . Jp o . .
k+ | —5%— +Zp=1 lp+mpy—r+Y.  sp.)+pi—1|d if 1<i<3 ,iodd
fxip) = kot (S oy (lytmy —r 4 X2 5 ) il dif disodd, > 8 ;
(51_ i<r;2) _Z;;ll (lp—|—mp —r+Z§ilsp,z —mi+r+2£i:1Si,z—Pi+ 1} d if iiseven

feii i) =

jid if Jis<r .
. P =1
( (g+r—ju)d if ji>r } if i
(L2 4 i a ifogsr | o
(i—-1)(r+2) i1 p ) ) ) if disodd, 1 <i <73
49— 73 T Llp=1 lﬂ‘“" _’+ij=1sp,jp)—li‘f'V—]z} if ji>r
(i—1)(r+2 i1 ) ) ) if iisodd,i>3
(q—i Y- 1(1 +m, r—|—ijzlsp,jp)—li+r—]i} if ji>r
b (o- 242 ] ANE -,
o (2 it (o , ' o] y if diseven, 1 <i <73
2 p=1 \tp TN, V‘*’Zj,,:lsp,j,, +Ji if ji>r
if iiseven,i>3

k+(@,z;’ 11(1 +m, r+):;p:1sp7jp)+j,-fl} if ji>r

f (Ci,l} Jidtij; ) =

https://www.indjst.org/ 635
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k+(ll+m1—r—|—t1 1)d if ji=1 ) .
ket (LAmy —r+ X0 sy 4 i — 1+r1,,»1)d if g>1 (YT
k+((i71)2(r+2>,+2p:1 p+mp—r+ZZ:1sm>+l-+ mi—l’+ti1>d if ji=1 o
k+ M_F ',+Zi*1 l + _ j1J l ji— 1 d . . | lf 11S O s <1 <
5 Jit X, (ptmp—r+ Yl spe ) Flitmi—r+}; ls,z—l—tlj, if  ji>
k+ w+zi*1 (lp+mp_r+sz1Sp,z>+li+mi_r+ti,]+1)d if ji=1 ) - o
kot ((G=D0t2) e S if iisoddandi> %5
+(f+],+2 (l,,—i—m,, r—k):,Z 1sz)+li+mi—f”+zz=1 Si7z+tj7ji>d if ji>1
q—7<i72)2(r+2> —Ji— i_ - <lp+mp—r+):z£1 SpA,z) —li—mi+r—li,1—1)d if Ji=1 e
(q— 22— -y (l oy —r A X sp) —lh—mitr =T s —ng)d if i i diseven
2 14 P 7=1°P2 i i 7=1 iz i,ji Ji

Defining the labeling g on E(T ) by g(u, v) = |f (u) — f (v)|, we have
. N k+(qg—i(r+2)]d if i<
f0r1—1,2,---,n—1,g(c,,c,H)— k+(q—i(r+2)—l]d lf i>

fori= 1727"' 7n7ji: 1,27"' 7miati,i,j,' = 1;2""' y Sii, ji

k+(g—({i—1)(r+2)—1]d if iisoddandi<

glciycii) = k+(q—(i—1)(r+2)=2]d if iisoddandi>
v k+(qg—i(r+2)—1]d if iisevenandi<}%
k+(q—i(r+2)]d if iisevenandi>35

IS

(ST ST

k+(p1—1)d if i=1
k+(Z (z mp—r X sm)—i-p,'—l}d if iisoddandi> 1
k—l—( (l —l—mp—r—i—zz lspz)—l—m,'—r—zg 1s,z—l—p,—l} if iiseven

<k+(q—jl—1>d if jiSr} i oiel

8 (Civxl}Pi) =

k+(i—r—1)d if ji>r
k+(g—(@i-1)(r+2)—j,—1)d if ji<r
i, (mp—r+z;p:1s,,,,p)—r+ji—1 d if ji>r
k+(g—(i—1)(r+2)—j, —2)d if ji<r

( ) if disodd,i<73
kJr(Z;;ll(m,,fr+2;p:1s,7,jp>fr+j,‘fl)d if ji>r

if iisodd,i>7%

k+(g—(i—1)(r+2)—j,)d if jisr
if iiseven, ig%

k—l—():lp 11 (mp—r—l—Z;p:lsp’jp)—r—i-ji—l if ji>r
kt(g=(i=1)(r+2)—j,—1)d if Jisr T o
i , o if iiseven,i>%
k+ ():,,211 (mﬂ*”rz;p:ﬁp,jp) —r+ji— 1) d if ji>r 2
8 (cij,j;»ci,i.j[,t;’jl.) =
k+(m1—r+t11—1)d if ji<r ' -
k—|—(m1—r—|—2j 1 Stz th g, — l)d if ji>r foi=
k+ (ZL 11 (m[, r+):zzlspz)+mi7r+ti,1fl)d if ji<r s s
_ : if i
k+( ;_:11 (mp—r—i—Zzilspyz)—km,—H-Z]’ | s12+t 1>d if ji>r
Find that g(u, v) assumes values {k, k + d, k + 2d, ..., k + (¢ — 1)d}. Therefore, the labels of the edges of T' constitute
theset {k, k + d, k + 2d, ..., k + (¢ — 1)d} and hence the mapping f is a (k, d) graceful labeling of G, i.e. Gis a (k, d)

graceful graph when d 1t k.
Discussion:Figures 2, 3 and 4 illustrate our results, i.e., Theorems 3.1 - 3.4
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kei2d 7d & a2d

k+75d

k+73d

Fig 1. A three distance tree of the type in Theorem 3.1  with
n=8my=5my=5m3=5my=5ms=5mg=5m;=5mg=5r=

3,510 =5,84,1 = L,s551 = 1,550 =1,561 = 1,562 = 35,571 = 4,572 =2,581 =
1,582 =35,583=1

k+81d 8d 63d
Sid k+80d k+73d 74 68

k+79d k+74d

dd k+77d k*21d

k+55d k+49d4

26d 22d 23d 24d 25d k+46d
k+d5d

t+21d

Iid

a  graceful labeling.

Here

Fig 2. A three distance unicyclic graph of the type in Theorem 3.2 with a (k, d) graceful labeling. Here n = 8,m; = 5,mp = 3,m3 = 4,mq =

5,ms =5,mg =5,m7; =
S,mg=35,r=3,511=35,501=2,531=1ls41=1,551=1,850=1,561 =
Lisgp=5,571=4,572=2,581=1,582=735,583=1
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k+200ed
k+19d

hr82q  FEE3A pisaa g4

P

S 7id
et Ot

el

k2l
L
ket 0d k+16d

0 k+&id

37 30d 29

k54 KrdSd

k+53d

k+52dd

K+ 30
26d 27d  25d "

Fig 3. A three distance tree of the type in Theorem 3.3 with a (k, d) graceful labeling. Heren = 8, m; = 5, my = 3, m3 = 3, my = 4, ms
3,mg =4, my=4mg=5r=3,511=25,8531=2,5320=1,533=1,8551=1,552=1,561= 4, 562=1,571=2,870=
4,581 =3,582=3,583= 1,11 =1, b=1,5=214=0,Is=1,lg=2,17=2,lg= 0.

kJod

29d

k+69d

k+66d

k+65d be+50d
27d 26d 254 24d k+356d

k+31d

554 Sld 52d S5dd

k+55d

Fig 4. A three distance unicyclic graph of the type in Theorem 3.4 with a (k, d) graceful labeling. Heren = 8, m; = 5, my = 3, m3 =
37 my = 47 ms = 57 me = 47 my = 47 mg = 47 r = 37 S1,1 = 47 52,1 = 17S31 = 17 $5,1 = 17 §52 = 17 56,1 = 57 56,2 = 17 7,1 =
4,570=2,581=3,580=2,583=4, 11 =2, b=1,5=2,14=0,1s5=0,l¢=3,17=2,lg= 0.

3 Conclusion

In this article we give (k  d) graceful labeling to a class three distance trees which are obained from a firecracker by attaching
leaves either to the leaves of the firecracker or the vertices on the central path of the firecracker or both. Find that in Construction
3.1 we assume the condition that m; > r for each i Moreover, here we give (k d) graceful labeling to a class of three distance
unicyclic graphs obtained by joining end vertices of the central path of a (k  d) graceful three distance tree mentioned above.
Our effort is the first of its kind where we give (k d)graceful labeling to a family of three distance three and three distance
unicyclic graph. However, the future advancement of this result requires to cover all three distance trees and three distance
unicyclic graphs, i.e., by generalizing our results dropping the assumption m; > , for each i
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