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Abstract

Objectives: The purpose of this paper is to obtain several results in the
field of generalised neo-pseudo projective recurrent Finsler space. Methods:
A generalization technique is employed to solve the resulting problem. We
provide its application in the study of space-time. Findings: In section 1, we
have defined and studied some of the basic and useful results for later work.
Section 2 deals for the neo-pseudo projective recurrent curvature tensor. The
notion of neo-pseudo projective recurrent space of second order has been
delineated in the section 3. In the section 4 we have studied the generalised
neo-pseudo projective recurrent space and established several new results.
Novelty/Conclusion: In this paper we have studied some recurrent properties
of neo-pseudo projective curvature tensor in a Finsler space. We have obtained
several new results which are as follows:

+ Ifthe space F" admits a neo-pseudo projective curvature tensor Qfys then
Qs is skew-symmetric with regard to last two indices.

* If the neo-pseudo projective deviation tensor Qf and pseudo deviation
tensor field Ty coincides to each other for g = 1 then space is W-flat.

« If F" admits the projectively flat Q-recurrent space then the relation
Vgng+ V0% +Vng‘B =0 holds good.

+ If a Finsler space F" admits projectively flat Q-birecurrent space then the
relation Ke, Of, + Kpp Q% + Kyp Qg = 0 holds good.

+ If the space is Q-birecurrent then the generalised Q-recurrent space is Q-
symmetric.

+ For the projective flat generalised Q-recurrent space the relation
VoVeQ7s +VpV,05, +V,p V505, = 0 holds good.
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1 Introduction

Let F" be an n-dimensional Finsler space with a positive definite metric g, g , which admit a projective deviation tensor field
Wéx and pseudo deviation tensor field Tﬁ“ satisfing

0% =pWg +qT¢ (L1)

where in p and q are scalars which are positively homogenous of degree zero in x*.
Prof. U.P. Singh and Prof. A.K. Singh while developing the theory of neo-pseudo projective curvature tensor, obtain two
kinds of curvature tensor ng and ngs (M, With a view to defining the projective deviation tensor field and pseudo deviation

tensor field, he constructed the quantities Qg (x,x) which behave like neo-pseudo projective deviation tensor.
With the help of tensor Qg (x,x) the absolute differential of concerning vector referred to the scalar function Q(x, %) is defined

as follows 1-3);
1. )
05, = +(3505 — 3,0§) (12)
and
Of,5 = 95055 (1.3)

It is easy to verify that the neo-pseudo projective curvature tensor satisfies the following relations 4):

Oys +Qpop gy =0 (1.4)
ng B = 04 (1.5)

and
0% 5 W= 0% (1.6)

Moreover, these curvature tensor also satisfy the following identities

0f.5 ¥ 4 = 0F (1.7)

and
o #=0 (1.8)

As it is well known, in the Finsler space a scalar function Q(x,x) is given by
Qg = (n—1)qT (1.9)

Let us consider a curvature tensor Wéx in Finsler space, is termed as projective curvature tensor in the Finsler space and is

defined as follows 2>9);
o __ o o
Wﬁ _HB +Tﬁ (1.10)

Wherein H g‘ is positively homogeneous of degree one in x*.
In analogy with the relation (1.1) the projective curvature tensors W[;"y and Wéxya in the Finsler space with the condition p =

q = 1 may be defined as follows >”):

Wﬁ“:HE‘—i—Qg (1.11)

o __ o o
Wpy = Hg, + g, (1.12)
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and
Weys = Hgys + Opys (1.13)

In view of above discussions, we have the following theorems:
Theorem 1.1:
For the neo-pseudo projective curvature tensor the relation

o8, ~ 0% (119

holds good.

Proof:

Interchanging 3 and ¥ in equation (1.2) and adding this with new equation, we get the desired result.

Theorem 1.2:

If the space F" admits a neo-pseudo projective curvature tensor ngé then nga is skew-symmetric with regard to last two
indices.

Proof:

Interchanging ¥ and 8 in equation (1.3) and adding the new equation to the equation (1.3), we obtain

Of 5+ Qf5y = Q55 + Jp 03, (1.15)
From equations (1.14) and (1.15), we get
ngg = _Qggy (1.16)

Theorem 1.3:

If the neo-pseudo projective deviation tensor Qg coincides with geodesic deviation tensor field H l‘;‘ in the Finsler space F*
then projective deviation tensor field Wéx and the neo-pseudo projective deviation tensor Qg are identically equal to each other.

Proof:

If the neo-pseudo projective deviation tensor Qg‘ coincides with geodesic deviation tensor field Hﬁo‘. Consequently, from
equation (1.11) follows

wg = 04 (1.17)

Hence projective deviation tensor field Wﬁo‘ and the neo-pseudo projective deviation tensor Qg are identically equal to each
other.

Theorem 1.4:

If the neo-pseudo projective deviation tensor Qg and pseudo deviation tensor field TB"‘ coincides to each other for q = 1 then
Finsler space admits the condition Wﬁ“ = 0ie. W-flat.

Proof:

Inseting q = 1 in equation (1.1), we obtain

0f = pWg' +Tf' (1.18)

If the neo-pseudo projective deviation tensor Qg and pseudo deviation tensor field TBO‘ coincides to each other then from
equation (1.18) we observe that

We =0 (1.19)

This manifests that the space is W-flat.

Theorem 1.5:

If the neo-pseudo projective deviation tensor Qg and projective deviation tensor field Wé" coincides to each other then the
geodesic deviation tensor field H g vanish identically i.e. H-flat.

Proof:
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If the neo-pseudo projective deviation tensor Qg and projective deviation tensor field Wﬁ“ coincides to each other then from
equation (1.11) follows the result

HE =0 (1.20)

Consequently, the space is H-flat.
Theorem 1.6:
If the projective deviation tensor field Wéx and geodesic deviation tensor field H [‘j‘ coincides to each other then the neo-pseudo

projective deviation tensor Qg vanish identically i.e. Q-flat.

Proof:
If the projective deviation tensor field Wéx and geodesic deviation tensor field H g coincides to each other. Consequently,

from equation (1.11) follows
Q05 =0 (1.21)

Therefore the space is Q-flat.

2 Recurrent neo-pseudo projective curvature tensor in Finsler space

In view of the investigation of Prof. U.P. Singh and Prof. A.K. Singh(!) we observe that if the neo-pseudo projective deviation
tensor Qg is necessarily recurrent then projective deviation tensor and pseudo deviation tensor are proportional to each other.

As a consequence of this follows the result
Wg' =1 Ty (2.1)

wherein t is a scalar.
As a consequence of equations (1.1) and (2.1), we obtain

Qg =g Tﬁ‘" (2.2)

wherein s = pt + q is any scalar and positively homogeneous of degree zero in x%.
Definition 2.1:
A Finsler space whose curvature tensor is recurrent is called Q-recurrent Finsler space.
In view of the definition it follows that for a recurrent space, we have

VeQf 5 = Re Of s (2.3)

wherein R, is a non-zero vector termed as the recurrent vector field.

Definition 2.2:

An n-dimensional Finsler space F" is called Q-symmetric when the covariant derivative of curvature tensor is everywhere
zZero i.e.

Definition 2.3:
A Finsler space Fn is said to be Q-flat when its curvature tensor vanishes identically.
As a consequence of this definition follows the result:

Ofys =0 (2.5)
Contracting (2.3) with P and use of equation (1.6), we obtain
VeQls = Re Qs (2.6)
Again contracting (2.6) with %7 and making use of equation (1.5), we get

VeQg = Re 04 2.7)
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Thus, we have now the following theorem:
Theorem 2.1:

For the recurrence vector space Re in the Finsler space F" there exists the relation (V,Ve — VV,) (logT) = (VpRe —

VeR)p).
Proof:
Differentiating (2.3) covariantly with regard to x°, we get
VoVeQS s = (VpRe +ReRp) Q% 5
Interchanging € and J in equation (2.8) and subtracting the new equation from equation (2.8), we obtain
Vp Vngyg - stp ngg = (VpRe - VeRp)ngg
Contracting (2.9) with %P %7 and use of equation (1.7), we get
VpVeQ5 — VeV 05 = (VpRe — VeR ) Of
Contracting o and 6 in equation (2.10) and use of equation (1.9), we obtain
(VpVe— VeVy) (logT) = (VpRe — VeRy)

Definition 2.4:
If the neo-pseudo projective curvature tensor ng in the Finsler space F" satisfies the relation

VeQp, = Re Of,

then F" is termed as Q-recurrent with recurrence vector field R.
Consequently, we have a theorem:
Theorem 2.2:
If F" admits the projectively flat Q-recurrent space then the relation V, Qg‘y +Vg Qg,‘g + Vng‘ﬁ = 0 holds good.
Proof:
If the space is projectively flat then from equation (1.12), we have

o [0 20—
Hpy+Qp, =0
Differentiating (2.13) covariantly with respect to x%, we get
o o
VeHg, + V05, =0
Taking the cyclic permutation in f3, 7, € and adding, we have

(nggy +VpHE + VyHgﬁ) +(VeQp, +VpQ0ye +V407p) =0

The first part of equation (2.15) vanishes due to commutation formula (®, equation (6.13), p.128), hence we obtain

VeQ% + V0% +V,0% =0

3 Neo-Pseudo Projective Recurrent Space:

Definition 3.1:
Neo-pseudo projective curvature tensor ng s of a Finsler space satisfies the relation

VpVe nga = Kep ngs

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(3.1)

wherein K, is non-zero recurrent tensor, then it is called neo-pseudo projective recurrent space of second order or briefly a

Q-birecurrent space >,
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Definition 3.2:
If the covariant derivative of neo-pseudo projective curvature tensor ng(s vanishes identically then the space is termed as

Q-bisymmetric.
As a consequence of above definition follows the result

VpVeQS s =0 (3.2)

In this regard we shall now establish the following theorem:

Theorem 3.1:

The necessary and sufficient condition for Finsler space to be Q-bisymmetric space is that the neo-pseudo projective tensor
vanishes identically.

Proof:

Since neo-pseudo projective tensor vanishes i.e. ng = 0. Consequently from equation (3.1) it follows that V, V¢ ng5 =0.

This manifests that the space to be Q-bisymmetric.
Conversely, if the space to be Q-bisymmetric then the converse of theorem is immediately proof.
Remark 3.1:
It is noteworthy that every Q-recurrent is necessarily Q-birecurrent.
Theorem 3.2:
In a Finsler space F", the recurrent tensor field K¢, is not symmetric in general.
Proof:
Contracting o and 0 in equation (3.1) yields

VpVeOpy = KepOpy (3.3)
Interchanging € and p in equation (3.3) and subtracting the new equation from equation (3.3), we obtain
VoVeOpy—VeVp0py = (Kep — Kpe)Opy (3.4)
Contracting (3.4) with %8 %7 and use of equation (1.7), we get
VpVeQ—=VeVp0 = (Kep — Kpe)Q (3.5)
Using commutation formula (®, equation (6.10), p.126) and equation (2.2), we obtain
(Kep — Kpe) Q = (9 Q)H, (3.6)

From equations (1.9) and (3.6), consequently, follows

Kgp _Kpg = 96 (logT)ng (3.7)
Yields the result
Kep # Kpe (3.8)
Theorem 3.3:
If a Finsler space F" admits projectively flat Q-birecurrent space then the relation K¢, ng + Kpp O + Kyp Qg‘ﬁ = 0 holds
good.
Proof:

Differentiating equation (2.16) covariantly with respect to x°, we get
VoVeQp, +VpVp0y +VpVyQps =0 (3.9)
Since the space is Q-birecurrent then equation (3.2) assumes the form

KepQp, + KppQye + Kyp Qg =0 (3.10)
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4 Generalised Neo-Pseudo Projective Recurrent Space:

Let us consider the relation
Vo Vngﬁ =R, V&ng(s +Kep ng(s (4.1)

wherein R, and K, are recurrence vector and recurrence tensor fields respectively.
Definition 4.1:
The neo-pseudo projective curvature tensor ngs of Finsler space F" satisfying the condition (4.1) is called generalised

neo-pseudo projective recurrent curvature tensor 4,

Definition 4.2:
Finsler space F" equipped with the generalised neo-pseudo projective recurrent curvature tensor nga is called generalised

neo-pseudo projective recurrent Finsler space(3’9).
In this regard, we have the following theorems:
Theorem 4.1:
The necessary and sufficient condition for Finsler space F" to be Q-symmetric is that the space has to be Q-birecurrent.
Proof:
If the space is to be Q-symmetric i.e. Vngya =0,
Consequently, from equation (4.1) follows

vangyg =Kep ngg (4.2)

which is the condition of Q-birecurrent.

Conversely, let us assume that the space be Q-birecurrent, follows the condition (4.2). Inserting equation (4.2) into equation
(4.1), we obtain VgQg,yE = 0. Hence the space is Q-symmetric.

Theorem 4.2:

If the space F" is Q-symmetric and Q-flat then its generalised neo-pseudo projective recurrent space vanishes identically.

Proof:

If the space be Q-symmetric i.e. V¢ nga = 0 and Q-flat i.e. ngé = 0. Consequently, from equation (4.1) follows
VoVe ngé = 0. This establishes the validity of the theorem.

Remark 4.1:

It is noteworthy that if F* to be Q-symmetric and Q-flat follows that the generalised neo-pseudo projective recurrent space
necessarily vanishes. Consequently, the space is simply generalised Q-symmetric one.

Theorem 4.3:

If space F" admits Q-symmetric and Q-flat then the space is a generalised Q-symmetric one.

Proof:

It follows immediately from theorem 4.2.

Theorem 4.4:

In Finsler space F", if the space is Q-birecurrent then the generalised Q-recurrent space is Q-symmetric.

Proof:

It is obvious from equations (2.4), (3.1) and (4.1).

Theorem 4.5:

For the recurrence vector R, the relation

RyVeT —ReV,T =0 (4.3)
holds good.
Proof:
Contracting (4.1) by o and 6, we obtain
VoVeQOpy =RpVeQpy+ KepQpy (4.4)

Interchanging € and p in equation (4.4) and subtracting the new equation from equation (4.4), we get

vaeQﬁy - stp Qﬁy = RstQﬁy - RSVPQﬁy + (KSP - Kps)Qﬁy (4.5)
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Contracting (4.5) with P %7 and use of equation (1.7), we get
VpVeQ—VeVp0Q =RpVeQ —R:Vp O+ (Kep — Kpe)Q (4.6)
By virtue of equations (3.5) and (4.6), we get
RyVeQ—R:V,0=0 (4.7)

Inserting equation (1.9) in equation (4.7), we get the desired result.
Theorem 4.6:
For the projective flat generalised Q-recurrent space the relation V,V, Q% +Vp V05, +VpVs0¢, = 0 holds good.
Proof:
Contracting (4.1) with P, we obtain

VpVeQls = Rp VeQls + Kep Qs (4.8)
Taking the cyclic permutation in €, ¥, § and on making use of equations (2.16) and (3.10), we observe that

VpVeQls +VpVy 05, +Vp V50, =0 (4.9)
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