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Abstract
Objectives: To study the energy conditions of the universe and to find
unique solutions of the Einstein’s field equations. Methods: A mathematical
formulation developed to study the energy conditions of the universe and
a new way of unique solutions of the famous Einstein’s field equations with
appropriate theoretical and mathematical analysis of the theory of general
relativity. Findings: With the reference to the power series expansion of the
mass function M̂(u,r) developed by Wang and Wu (1999), we have derived two
new ways to solve Einstein’s field equations by introducing new values of n
as n=2 and n=-2. Novelty: With the reference to the power series expansion
of the mass function M̂(u,r), we have found new ways to solve Einstein’s
field equations with n=2 and n=-2. And we have derived a total of four new
solutions of the Einstein’s field equations. And the solutions are very innovative
and different from (i) Schwarzschild solution and (ii) de Sitter solution. The
solutions own (i) the first solution with the line element in the equation (11)
describes a stationary solution. It has coordinate singularity at r = (2m)−1 . (ii)
The second solution with the line element in the equation (14) will be reduced
to those Schwarzschild black holes when m=0 with singularities at r=2M. Also,
it will be that dark energy when M=0 with singularities at r = (2m)−1 . (iii) The
third solution with the line element in the equation (17) describes a stationary
solution. It has coordinate singularity at r = (2m)

1
3 (iv) The fourth solution with

the line element in the equation (20) describes a stationary solution. It has
coordinate singularity at r = (2m)

1
3 .

Keywords: The Mass Function; Schwarzschild Solution; Einstein’s Field
Equation; The Theory of General Relativity; Space - time Curvature

1 Introduction
A detailed study of the energy conditions of the universe and to find unique solutions
of the Einstein’s field equations are carried out in this paper. With the reference to the
power series expansion of the mass function M̂(u,r) , we have found new ways
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to solve Einstein’s field equations with n=2 and n=-2 . And we have derived a total of four new solutions of the Einstein’s field
equations. And the solutions are very different from(i) Schwarzschild solution (ii) de Sitter solution. The first solution with
the line element describes a stationary solution. It has coordinate singularity at r = (2m)−1. The second solution with the line
element can be reduced to those Schwarzschild black holes when m=0 with singularities at r=2M. Also, it will be that dark
energy when M=0 with singularities at r = (2m)−1. The third solution with the line element describes a stationary solution.
It has coordinate singularity at r = (2m)

1
3 . The fourth solution with the line element describes a stationary solution. It has

coordinate singularity at r = (2m)
1
3 .

2 The Energy Conditions of the Universe
To study the energy conditions of the Universe in the lights of the theory of general relativity, we begin with orthogonal null
tetrad vectors such as a time – like unit vector ua and three space – like unit vectors va,wa,za such that, (1,2)

ua =
1√
2
(la +na)

va =
1√
2
(la −na)

wa =
1√
2
(ma +ma)

za =− i√
2
(ma −ma)

(1)

All four vectors exist with the normalization conditions – (3,4)

uaua = 1,vava = wawa = zaza =−1

uava = uawa = uaza = vawa = vaza = waza = 0
(2)

Thus, the metric tensor can be written with the help of these four orthogonal tetrad vectors such as, (5,6)

gab = uaub − vavb −wawb − zazb (3)

Here we are considering four velocity vectors for non – space like observers such that (7,8)

Ua = α̂ua + β̂va + γ̂wa + δ̂a (4)

Where, α̂, β̂ , γ̂, δ̂ constants. The four velocity vectorsUa based on the following conditions that can be described by (9,10)

UaUa =
(

α̂ua + β̂va + γ̂a + δ̂ za
)(

α̂ua + β̂va + γ̂wa + δ̂ za

)
= α̂2 − β̂ 2 − γ̂2 − δ̂ 2 ≥ 0

(5)

For non – space like vectors,
(i) When β̂ = γ̂ = δ̂ = 0, α̂ =±1

UaUa = α̂2 = 1

(ii) When γ̂ = δ̂ = 0, α̂ = β̂ =±1

UaUa = α̂2 − β̂ 2 = 0

(iii) When β̂ = δ̂ = 0, α̂ = γ̂2 =±1

UaUa = α̂2 − γ̂2 = 0
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(iv) When β̂ = γ̂ = 0, α̂ = δ̂ 2 =±1

UaUa = α̂2 − δ̂ 2 = 0

Thus, we summarize that the above conditions can be written as

(i) β̂ = γ̂ = δ̂ = 0, α̂ =±1,UaUa = 1

(ii) γ̂ = δ̂ = 0, α̂ = β̂ =±1,UaUa = 0

(iii) β̂ = δ̂ = 0, α̂ = γ̂2 =±1,UaUa = 0

(iv) β̂ = γ̂ = 0, α̂ = δ̂ 2 =±1,UaUa = 0

3 The New Solutions of the Einstein’s Field Equations
In this paper, we will present a class of exact solutions, stationary and non – stationary for the Einstein’s field equations which
describe non – empty, conformally flat space – time. We will also study the very physical properties of the solutions.

Wang andWu (1999) introduced a mass function M̂(u,r) in the general line – element expressed in the form of power series
expansion with the radial coordinate r (11,12). Recently it is found that themass function M̂(u,r) plays a very very important role
in generating embedded and non – embedded exact solutions of the Einstein’s field equations (13,14). The mass function M̂(u,r)
can be expressed in the following way as power series expansion as follows:

M̂(u,r) =
∞

∑
n=−∞

qn(u)rn

Where qn(u) is an arbitrary function of retarded time coordinate u.Themass function can be utilized to generate non – rotating
embedded solution by choosing qn(u) corresponding to the number n. In the later stage, the expression is extended to find
rotating system and found the significant role in generating rotating embedded solution of the Einstein’s field equations (15,16).
The meaning of the power in the expansion series as follows:

• n=0 corresponds to the mass function M̂(u,r) of the vacuum Kerr family solutions such as Schwarzschild, Kerr.
• n=-1 corresponds to the mass function M̂(u,r) of the charged term Kerr family solutions such as Nordstrom, Kerr -

Newman.
• n=1 corresponds to the mass function M̂(u,r) of the global monopolies solutions.
• n=3 corresponds to the mass function M̂(u,r)of the de sitter cosmological models, rotating and non – rotating solutions.

The Wang – Wu power series expansion turns out to be the most convenient form to generate new embedded and non –
embedded solution of the Einstein’s field equation if one uses Newman – Penrose formalism ( NP formalism) ( Newman and
Penrose, 1962). From the above identifications of the power n, we can observe that n=2 and n=-2 are not observed before, so
far in the correspondence to the exact solutions of the Einstein’s field equations.

This is themain aim of this paper to generate exact solutions of Einstein’s field equations with n=2 and n=-2 to find the actual
physical meaning and to investigate the properties of the energy momentum tensors describing the matter distributions of the
space – time geometry.

It is a fact that, although there is no straightforward way of solving Einstein’s field equations, but a deliberate attempt is made
with n=2 and n=-2 in power series expansion developed by Wang and Wu. It is believed that n=2 and n=-2 will provide exact
solutions of Einstein’s field equations with physical interest and reasonable good interpretations of the matter distributions in
the stationary and non – stationary space – time.

But first we find the exact solutions of Einstein’s field equations, then, consequently we will find the physical interpretations
of the line elements by studying its properties. For this very purpose, we choose Wang – Wu function qn(u) as follows:

qn(u) =
{

m · for ·n = 2
0 · for ·n ̸= 2

Such that mass function takes the form

M(u,r)≡
∞

∑
n=−∞

qn(u)rn = mr2
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Where m is constant and u=t-r is retarded time coordinate. Using this mass function, we find a stationary line element.

ds2 =

(
1− 2

r
mr2

)
du2 +2du dr− r2dΩ2

ds2 = (1−2mr)du2 +2du dr− r2dΩ2

Here, m is constant and regarded as the test particle to be present in the space – time. And it is non – zero in the matter
distributions in the geometry.The line element in the equation (11) describes a stationary solution. It has coordinate singularity
at r = (2m)−1 . It is called Lorentzian Horizon. Thus, it is observed that the line element is different from (i) Schwarzschild
solution having n=0 with guu = 1− 2M/r and singularity at r=2M, where M is the Schwarzschild mass (ii) de Sitter solution
having n=3 with guu = 1− (1/3)r2Λ and singularity at r± =±(3Λ)1/2 .

For deriving an embedded Schwarzschild – dark energy solution, we can consider the mass function in the power expansion
series if we choose Wang – Wu function gn(u) as follows:

qn(u) =

 M · for ·n = 0
m · for ·n = 2
0 · for ·n ̸= 0,2

Such that mass function takes the form

M(u,r)≡
∞

∑
n=−∞

qn(u)rn = M+mr2

Where m is constant and u=t-r is retarded time coordinate. Using this mass function, we find a stationary line element.

ds2 =

(
1− 2

r

(
M+mr2))du2 +2du dr− r2dΩ2

Here, m is constant and regarded as the mass of the dark energy. And it is non – zero in the dark energy distribution in the
Universe.The line element in the equation (14) will be reduced to that of Schwarzschild black holes whenm=0with singularities
at r=2M . Also, it will be that dark energy when M=0 with singularities at r = (2m)−1. Thus, it is also observed that the line
element is different from (i) Schwarzschild solution having n=0 with guu = 1−2M/r and singularity at r=2M, where M is the
Schwarzschild mass (ii) de Sitter solution having n=3 with guu = 1− (1/3)r2Λ and singularity at r± =±(3Λ)1/2

Now we find the exact solutions of Einstein’s field equations with n=-2, then, consequently we will find the physical
interpretations of the line elements by studying its properties. For this very purpose, we choose Wang – Wu function gn(u)as
follows:

qn(u) =
{

m · for ·n =−2
0 · for ·n ̸=−2

Such that mass function takes the form

M(u,r)≡
∞

∑
n=−∞

qn(u)rn = mr−2

Where m is constant and u=t-r is retarded time coordinate. Using this mass function, we find a stationary line element.

ds2 =
(
1− 2

r mr−2
)

du2 +2dudr− r2dΩ2

ds2 =
(
1−2mr−3

)
du2 +2dudr− r2dΩ2

Here, m is constant and regarded as the mass of the dark energy. And it is non – zero in the dark energy distribution in the
Universe.The line element in the equation (14) will be reduced to that of Schwarzschild black holes whenm=0with singularities
at r=2M . Also, it will be that dark energy when M=0 with singularities at r = (2m)−1. Thus, it is also observed that the line
element is different from (i) Schwarzschild solution having n=0 with guu = 1−2M/r and singularity at r=2M, where M is the
Schwarzschild mass (ii) de Sitter solution having n=3 with guu = 1− (1/3)r2Λ and singularity at r± =±(3Λ)1/2
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For deriving an embedded Schwarzschild – dark energy solution with n=-2, we can consider the mass function in the power
expansion series if we choose Wang – Wu function gn(u) as follows:

qn(u) =

 M · for ·n = 0
m · for ·n =−2
0 · for ·n ̸= 0,−2

Such that mass function takes the form

M(u,r)≡
∞

∑
n=−∞

qn(u)rn = M+mr−2

Where m is constant and u=t-r is retarded time coordinate. Using this mass function, we find a stationary line element.

ds2 =

(
1− 2

r

(
M+mr−2))du2 +2du dr− r2dΩ2

Here, m is constant and regarded as the mass of the dark energy. And it is non – zero in the dark energy distribution in the
Universe.The line element in the equation (14) will be reduced to that of Schwarzschild black holes whenm=0with singularities
at r=2M . Also, it will be that dark energy when M=0 with singularities at r = (2m)−1. Thus, it is also observed that the line
element is different from (i) Schwarzschild solution having n=0 with guu = 1−2M/r and singularity at r=2M, where M is the
Schwarzschild mass (ii) de Sitter solution having n=3 with guu = 1− (1/3)r2Λ and singularity at r± =±(3Λ)1/2

4 Conclusion
With reference to the theory of general relativity, the first solution with the line element in the equation (11) describes a
stationary solution. It has coordinate singularity at r = (2m)−1. The second solution with the line element in the equation
(14) will be reduced to that of Schwarzschild black holes when m=0 with singularities at r=2M. Also it will be that dark energy
whenM=0 with singularities at r = (2m)−1.The third solution with the line element in the equation (17) describes a stationary
solution. It has coordinate singularity at r = (2m)

1
3 . The fourth solution with the line element in the equation (20) describes a

stationary solution. It has coordinate singularity at r = (2m)
1
3 . The limitations of the solution are that there are many solutions

of the Einstein’s field equation. So, there is not any absolute or unique solution. The proposed work can be extended for other
values of to get other sets of solutions of Einstein’s field equation.
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