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Abstract
Objectives: The present work has been carried out to prove the superiority of IMC based PID control strategy over the con-
ventional PID, based on simulation studies and experimental validation on an annular conical tank liquid level nonlinear 
process. Methods/Statistical Analysis: First principles based Mathematical Model of an annular conical tank liquid level 
nonlinear process has been developed based on the mass balances and outlet flow hydraulic characteristics. Linearization 
of the nonlinear model at a specific steady-state operating point led to the theoretical development of state-space and 
standard first order transfer function models. Open loop and closed loop experimental studies on a computer controlled 
physical setup were performed to identify the parameters of a FOPDT Model with variable gain and time constant. IMC 
based PID controller was designed and compared to the conventional PID controller. Findings: The variation in process 
parameters was attributed to two factors: (a) the variation in annular cross sectional area of the conical tank at different 
levels, and (b) the variation in outlet flow resistance. The IMC based PID controller has been shown to exhibit superior 
performance in terms of quantitative performance indices such as ISE, IAE, ITAE, rise time, settling time and percentage 
overshoot, at four different steady-states. Application/Improvements: Study of Modelling of annular conical tank pro-
cess and a systematic methodology of process system identification from experimental setup have been reported. The 
advantages of IMC based PID controller design over the conventional PID tuning method has been experimentally verified.

1. Introduction
Conical tanks are extensively used in the various process  
industries as  its shape provides better drainage of solid  
mixtures, slurries and viscous liquids.The process non-
linearity in conical tanks is caused by two factors: (a) its 
constantly varying cross-section and (b) the nonlinear 
flow resistance. Various works have been published in 
literature that address the conical tank level control meth-
odologies based on simulation results of selected process 
models. While the simulation results may offer satisfac-
tory control, thereare deviations when implemented on 

practical experimental setups. This may be attributed to 
the dynamics associated with the various components of 
the setup and also the process noise associated with the 
instrumentation. The present work addresses both the 
simulation studies as well as experimental validation on 
laboratory scale physical setup. 

Many researchers have published works on the level 
control of conical tank processes. In1 proposed the PID 
Controller tuning method for open and closed loop sys-
tems and it was utilized for the level control of conical 
tank. In2 proposed the auto tuning method for the (PID) 
Controller, using dominant pole design technique. In3 
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2. Nonlinear Conical Tank Liquid 
Level Process
The experimental setup designed by Apex Innovations22 

is shown in Figure 1 and the technical specification of 
setup has been shown in Table 1. The control objective 
is to maintain the liquid level (as measured by a Level 
Transmitter) at desired steady-state by manipulating the 
inlet flowrate to the tank. The setup is interfaced to a 
computer which records all the desired process variables 

Proposed Closed-loop automatic tuning of PID controller 
for nonlinear systems. In4 proposed presents the synthesis 
and analysis of optimal tuning of (PID) controller tuning 
parameters for (FOPTD), (SOPTD) systems.

Apart from using simple PID to various modified 
PID many model predictive control and fuzzy control 
technique have been studied and published. In5 proposed 

Introduced Design Procedure and Simulation result of 
Internal Model Controller for a Real Time Nonlinear 
Process. In6 proposed Model based Controller Design for 
nonlinear Conical Tank System. In7 proposed Introduced 
Optimal Actuation of PI Controller using Predictive 
Technique for Level Control of Nonlinear Process. In8 
proposed Introduced design procedure of Internal Model 
Controller to establish PID rules with a well described 
approach. In9 proposed Developed nonlinear inferential 
control (NLIC as a method for improving control of non-
linear systems. In10 Proposed Model reference Adaptive 
Control based on neural network for level control 
of non-linear process. In11 developed design of a soft 
computing based controller for level control of non 
linear conical tank process. In12 Proposed Online tun-
ing of fuzzy logic controller using Kalman algorithm. 
In13 Devloped the technique for level control of conical 
tanksystem using fuzzy based model predictive con-
troller (FMPC). In14 Developed a Smart controller for 
level control of non linear conical tank system using 
reinforcement learning algorithm and eliminated the 
drawbacks of PID and fuzzy controllers. In15 Proposed 
level control of non linear conical tank using PID con-
troller and fuzzy logic algorithm. In16 PG Presented a 
comparative study of PI controller, model reference 
adaptive controller and fuzzy logic controller for a cou-
pled tank system.

In17 developed Takagi-Sugeno fuzzy model for direct 
inverse control of conical tank system. In the present 
work, the conventional PID controller and IMC based 
PID Controller18–20 has been implemented on a non 
linear annular flow conical tank process. Our work is 
primarily divided into two sections: (a) Experimental 
and (b) Modeling. Various sections of our work include 
process description, Mathematical Modelling of annu-
lar flow conical tank process, System Identification 
andstudy of steady-state and dynamic behaviour of 
the process (based on experimental runs), Controller 
design techniques21 and  closed loop responses with 
experimental  validation. Figure 1.  Experimental setup of conical tank liquid level 

process.

Table 1. Specification of setup

Product Non Linear Level control trainer
Type of control Direct Digital Control

Level transmitter Range 0–250 mm, Output 4–20 mA
I/P converter Input 4-20mA, Output 3-15 psig.
Control valve Pneumatic type, Linear Characteristic, 

Direct Acting, Size 1/4", Input 3–15 psig. 
Rotameter 10-100 LPH, Make: Eureka

Pump Submersible type having fractional horse 
power.

Process tank Acrylic cylindrical with cylindrical to 
linear conical conversion with 0-100% 
graduated scale. 
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and implements the Direct Digital Control action on the 
process. The setup consists of a reservoir tank, submers-
ible pump, pneumatic control valve (linear, air to close), I 
to P converter, annular conical tank and level sensor. The 
schematic process diagram of the setup is shown below in 
Figure 2. The setup can be operated in two modes: 

(a)	Auto Mode: To control the liquid level in closed loop 
using a PID Controller

(b)	Manual Mode: To study the open loop dynamics by 
manually changing the Controller Output (OP %) sig-
nal which in turn provides step change in the input 
flowrate to the process through the final control ele-
ment (control valve). 

3. Mathematical Modelling of 
Annular Flow Conical Tank Process

3.1 Process Variables and Parameters
Consider the annular flow conical tank process model as 
shown in Figure 3. 

The input-output variables and parameters associated 
with the process model (along with their operating val-
ues) are shown as under:

H= Height of cylindrical tank = 290mm
D= Diameter of the cylindrical tank= 92mm
Fi= Volumetric flow rate of inlet stream (LPH)
Fo= Volumetric flow rate of the outlet stream (LPH)
hmax= Height of cone

h1 = 255mm
h2 = 245mm
d1 = Bottom Diameter of cone= 88mm
d2 = Top Diameter of cone= 25mm 
β = Outlet flow (nonlinear) resistance = 6.03674 LPH/

cm^0.5

3.2 Model Equations
Consider the differential volume of cone at any height:

dV d dhC =
p 2

4


	
(1)

Assume linear variation of diameter with respect to 
the height of cone

d h a h a( ) = +1 2 	 (2)

Evaluate a1& a2 using the Boundary Conditions:

BC  at h  d d  gives d1 0 1 12: ,= = =a 

	
(3)

BC at h h  d d  gives 2 2 2 1
2 1

2

: ,= = =
−

a
d d

h
 	 (4)

The maximum height hmax can be evaluated using 
Equation (2) when d = 0

h
d h

d dmax =
−

1 2

1 2



	
(5)

Total volume of cone can be obtained by integrating 
equation (1)

Figure 3.  Annular flow conical tank process model.

Figure 2.  Schematic diagram of conical tank liquid level 
process.
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(6)

V
a h a

a
Cc =

+( )
+

p 1 2
3

1
112


	
(7)

Evaluate C1 using BC 
BC3: h = 0, VC = 0

C
a
a1
2
3

112
=

p


	
(8)

 
V

a h a a
ac =

+( ) −p p1 2
3

2
3

112


	
(9)

Volume of annulus = Va

Volume of tank = VT

 V V Va T c= −  	 (10)

V D h
T = p 2

4


	
(11)

V h D h a h a a
aa ( ) = −

+( ) −p p p2
1 2

3
2

3

14 12


	
(12)

Mass balance around the annulus:

F F
d V

dti o
ar r
r

− =
( )



	
(13)

Assuming constant density of fluid,

 

dV
dt

F Fa
i o= − 

	
(14)

Assume F h h0 = ( ) =f b  	
(14 A)

dV
dt

F ha
i= − b 

	
(15)

dV
dt

dV
dh

dh
dt

a a= 

	
(16)

Replacing Va From Equation (10), 

dV
dt

d V V
dh

dh
dt

a T c=
−( )

.

dV
dt

dV
dh

dh
dt

dV
dh

dh
dt

a T c= − 

	
(17)

Since 
dV
dh

DT = p 2

4  (From Equation 11)

From equation (1) & (2),

dV
dh

a h ac =
+( )p 1 2

2

4


	
(18)

Substitute into (17)

dV
dt

D a h a dh
dt

a = −
+( )









p p2
1 2

2

4 4


	
(19)

Substitute equation (19) into the mass balance equa-
tion (15),

F h D a h a dh
dti − = −

+( )









b p p2
1 2

2

4 4
	

(19A)

f h F dh
dt

F h
hi

i,( ) = =
− ( )

( )
f

h


	
(20)

where,

 
h p p ph D a h a

D d( ) = −
+( )









= −( )
2

1 2
2

2 2

4 4 4


	
(21)

Equation (20) is the nonlinear differential equation 
that can be solved for steady-state as well as used for 
obtaining the dynamic response. From a control perspec-
tive, in terms of input-output model, the system can be 
viewed as a SISO system. The State space model of the 
system can be represented as:

� …x Ax Bu= + 	 (22)

x h hs= − 

u F Fi is= − 

Here the steady state condition is denotes by sub-
scripts s.

f h F
dh
dt

F h
hs is

s is s

s

−( ) = =
− ( )
( ) =
f

h
0

	
(23)

f bh h Fs s is( ) = =

h
F

s
is=





b

2



	
(24)
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h p p
h D a h a

s
s( ) = −
+( )









2
1 2

2

4 4


	
(25)

The elements of A and B Matrices of state space model 
can be obtained by linearization of nonlinear model 
(based on Taylor Series approximation at desired steady 
state operating point)

 
A

f
x

f
hs s=

∂
∂

=
∂
∂

| | 
	

(26)

From equation (20)

A
f
h h

F
h h

h
hs

i
s s=

∂
∂

= ∂
∂ ( )







− ∂

∂
( )
( )







| | |

h
f
h



	
(27)

Evaluating the individual terms separately:

∂
∂ ( )







= − ( )

∂ ( )
∂h

F
h

F
h

h
h

i
s

is

s
sh h

h
| |2 

	
(28)

From Equation (21),

d h
dh

d
dh

a h a d
dh

Dh p p( )
= −

+( )









+






1 2
2 2

4 4

∂ ( )
∂

=
− +( )h ph

h
a a h a

s
s| 1 1 2

2


	
(29)

Evaluating value of (a1hs + a2) From Equation (25),

a h a D hs s1 2

22
4

+ = × − ( )



p

p h 

	
(29A) 

Now value of 
∂ ( )

∂
h h

h s|  reduced to,

∂ ( )
∂

= − × × − ( )





h
p p h

h
h

a D hs s| 1

2

4


	
(29 B)

Using Equation (29B) Equation (28) reduced to,

∂
∂ ( ) =

× × × − ( )





( )h
F

h

F a D h

h
is

s

is s

sh

p p h

h
|

1

2

2

4


	

(30)

Now, evaluated the second term of (27),

 

∂
∂

( )
( ) = −

( )
( )

∂ ( )
∂

+ ( )
∂ ( )

∂h
h
h

h
h

h
h h

h
hs

s

s
s

s
s

f
h

f
h

h
h

f
| . | |2

1


	
(31)

 

d h
dh

d h

dh hs s
s

f b b( )
=

( )
=| |

2


	
(32)

Substituted Equations (29 B) & (32) into Equation (31),

∂
∂

( )
( ) =

( ) × × × − ( )





( )
+ ( )

h
h
h

h a D h

h

h

s

s s

s

s

f
h

f p p h

h

h

|
1

2

2

4

1    ×× b
2 hs



 	

(33)

Finally, substituted Equations (30) & (33) into 
Equation (27),

A
f
h h hs

s s

=
∂
∂

= − ( ) ×| 1
2h

b


	
(34)

Elements of B matrix,

B
f
u

f
Fs

i
s=

∂
∂

=
∂
∂

| | 
	

(35)

From Equation (20),

B
hs

= ( )
1

h


	
(36)

For SISO system,

G s B
s A

x s
u sp ( ) =

−
=

( )
( ) 	

(37)

In gain- time constant form,

G s
k
sp

p

p

( ) =
+t 1


	
(38)

where, (37) can be re-written as,

G s B

A s
A

p ( ) =
− − +





1


	

(38 A)

where, the process gain and time constant are defined 
respectively as: 

k h B
A

h
p s

s( ) = − =
2

b


	
(39)

t h
bp s s

sh
A

h
h( ) = − = ( )1 2


	
(40)
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The process has a variable gain and variable time con-
stant and since the Eigen value of A matrix (as described 
by Equation 34) is negative, the system is stable. Equation 
(38) suggests that the conical tank system is first order sys-
tem, characterized by its Capacitance and Resistance 

defined as η(hs) and 
2 hs

b
 respectively.

4. System Identification
To begin with, the experimental setup was operated in 
Manual Mode.The parameters of process transfer function 
have been identified from experimental results of open 
loop responses. Since the controller output signal (mea-
sured as percentage of the maximum value) happens to be 
the input signal to the final control element (Pneumatic 
valve), the linear range of operation of the control valve 
was obtained in the controller output range of 42% to 80%. 
The correlation between controller output and liquid inlet 
flowrate is obtained from the experimental data as shown 
in Figure 4 as: 

F OP= − ( )153 97 1 40. . %  	 (41)

An analogous correlation of liquid inlet flowrate 
with the Pneumatic valve stem pressure (input) has been 
obtained and shown in Figure 5 as: 

F p= − ×198 73 11 927. .  	 (42)

The correlation between the Pneumatic valve stem 
pressure and the controller output is obtained and shown 
in Figure 6 as:

p OP= + × ( )3 89 11. . %  	 (43)

Figure 7.  Estimation of outlet resistance (Beta)s.Figure 4.  Relationship between flow rate and OP%.

Figure 5.  Relationship between flow rate and pressure.

Figure 6.  Relationship between pressure and OP%.
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Table 2. Identification of Process parameters corresponding to various steady states

Step 
change in 
Controller 
output

Inlet liquid 
Flow Rate 
(LPH) 
(Eqn 41)

Steady State 
Height 
(Initial-Final) 
(Cm)

Time Constant τp (Sec) Steady State Gain kp  (Cm/LPH)
Using 
Experimental 
Data (Eqn 44)

Using 
Nonlinear 
Regression

Using 
Model 
Prediction

Using 
Experimental 
Data (Eqn 44)

Using 
Nonlinear 
Regression

Using 
Model 
Prediction

42-44% 95.17-92.37 21.94-20.59 41 64.27 85.42 0.48 0.59 1.50
44-46% 92.37-89.57 20.59-19.17 49 54.1 79.36 0.5 0.51 1.45
46-48% 89.57-86.77 19.17-17.44 13 16.27 71.77 0.6 0.53 1.38
48-50% 86.77-83.97 17.44-15.96 35 42.4 65.10 0.52 0.55 1.32
50-52% 83.97-81.17 15.96-14.72 27 42.63 59.36 0.43 0.45 1.27
52-54% 81.17-78.37 14.72-13.74 34 44.37 54.92 0.34 0.34 1.22
54-56% 78.37-75.57 13.74-12.82 38 42.5 50.68 0.31 0.32 1.18
56-58% 75.57-72.77 12.82-12.05 20 22.87 47.11 0.28 0.27 1.15
58-60% 72.77-69.97 12.05-11.36 22 23.29 43.94 0.23 0.25 1.11
60-62% 69.97-67.17 11.36-10.62 18 23.93 40.55 0.24 0.25 1.08
62-64% 67.17-64.37 10.62-9.53 23 27.74 35.61 0.36 0.33 1.02
64-66% 64.37-61.57 9.53-8.71 15 22.94 31.93 0.29 0.29 0.97
66-68% 61.57-58.77 8.71-7.85 15 17.17 28.18 0.27 0.24 0.92
68-70% 58.77-55.97 7.85-7.01 8 12.49 24.57 0.25 0.24 0.87
70-72% 55.97-53.17 7.01-6.15 17 23.48 20.97 0.29 0.25 0.82
72-74% 53.17-50.37 6.15-5.05 11 11.96 16.61 0.38 0.37 0.74
74-76% 50.37-47.57 5.05-3.97 9 12.3 12.51 0.39 0.31 0.66
76-78% 47.57-44.77 3.97-2.99 8 8.56 9.04 0.36 0.25 0.57
78-80% 44.77-41.97 2.99-2.02 4 9.192 5.95 0.33 0.17 0.47

The outlet flow (nonlinear) resistance as defined in 
Equation 14A has been obtained from the open loop 
experiments at various steady-state operating points, as 
shown in Figure 7. The value of beta estimated is 6.03674 
LPH/cm^0.5.

Based on Equation 41, the inlet liquid flowrates cor-
responding to the controller output range of 42% to 80% 
have been calculated to be in the range of 95.17 LPH to 
41.97 LPH.

5. Steady-state and Dynamic 
Open Loop Responses
The physical setup was operated at various steady-state 
operating points by changing the controller output in 
the range of 42% to 80%. The corresponding steady-state 
flowrates were calculated and the steady-state heights 
were measured. 

In order to obtain the transient open loop responses, 
the process was subjected to a small step change in the 
inlet flowrate by manually varying the controller output 

from 42% to 44%, 44% to 46% and so on. The transient 
responses between a pair of initial and final steady-states 
were used for the identification of Process parameters 
(time constant and steady-state gain) corresponding to 
various steady states, as shown in Table 2, using the fol-
lowing methods:

(a)	Although the process is inherently first order, but 
experimental results revealed that there is a delay of 
approximately 5 seconds in the process output. This 
may be attributed to the dynamics associated with the 
other components in the setup. Using experimental 
data, the time constant is calculated by initial slope 
method and ultimate gain is obtained by the final 
value theorem based on the equation for a standard 
first order response: 

y t uk t
p

p

( ) = − −






















∆ 1 exp
t



	
(44)

(b)	A First Order plusDead time (FOPDT) model was 
therefore fitted to the experimental data using the 
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Figure 8.  Comparison of FOPDT Model predictions with the experimental data at different steady-states.

nonlinear regression method. The fitted FOPDT 
Model has been compared with experimental data, as 
shown in Figure 8.

(c)	Model prediction based on the Mathematical Model 
(Equations 39 and 40)

The nonlinear behaviour of the process can be exam-
ined from the variation of process gain and time constant 
at different steady-state operating points, as shown in 
Table 2. In addition, the process parameters computed 
by the Mathematical Model (Equations 39 and 40) show 
significant variation from the other methods. This may 
be attributed to the fact that the outlet resistance (Beta) 
calculated by Equation (14A) and Figure 7 may also be 
varying in real sense.

The variation in process time constant and gain with 
respect to the steady-state heights (as computed by the 
above three methods) has been shown in Figures 9 and 
10 respectively.

6. Controller Design

6.1 Controller Tuning based on Cohen and 
Coon Settings
The open loop experimental process reaction curve 
(data as obtained by operating the setup in Manual 
Mode) was used to tune the conventional PID control-
ler based on Cohen and Coon settings as described 
below:
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Figure 9.  Variable time constant process.

Figure 10.  Variable gain process.

Kc
K

= +





0 67 0 185. .t
q



	
(45)

t q t q
t qI = +

+






2 5 0 185
0 611

. .
.



	
(46)

t q t
t qD =

+






0 37
0 185

.
.



	
(47)

where, KC, τ1 and τD represent the controller param-
eters and K,τ and θ represent the gain, time constant 
and dead time of the process transfer function. The PID 
controller was tuned at four different steady-state heights 
namely 6.15 cm, 10.62 cm, 14.71 cm and 20.59 cm cor-

responding to 25%, 43%, 60% and 84% respectively of 
the total tank height, as shown in Table 3. The transfer 
function parameters were taken from the FOPDT model 
identified earlier.In order to study the servo problem, the 
setup was operated in Auto mode. The closed loop per-
formance of PID controller was studied at four different 
steady-states, in terms of quantitative performance indi-
ces such as ISE, IAE, ITAE, rise time, settling time and 
percentage overshoot. Table 4 shows the comparison of 
controller performance for servo problem, when the pro-
cess was subjected to step changes in set point. Since the 
controller was tuned based on a fixed gain and time con-
stant at a specific steady-state operating point, the PID 
controller performance was not satisfactory for signifi-
cant step changes in setpoint.

6.2 Tuning of IMC PID based Controller 
An IMC based PID controller has been designed to 

overcome the limitations of conventional PID controller. 
Figure 11 shows the closed loop block diagram of an IMC 
PID control system. 

The parameters of IMC PID controller can be obtained 
based on the following equations:
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where, the parameter τC has been set to the minimum 
possible value which is equal to the process time constant 
corresponding to the specified steady-state. The closed 
loop transfer function of an IMC PID based controller for 
servo problem is shown below:
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Figure 11.  Closed loop block diagram of IMC PID controller.

Table 3. PID Controller tuning based on Cohen and Coon settings

Steady State Height (cm) Transfer Function Cohen Coon Setting
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. s
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+
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12.96 11.91 1.81
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64 27 1

5.
. s

e s

+
−

17.12 12.10 1.82

Table 4. PID Controller closed loop performance indices at four different steady states

Performance Indices ISE IAE ITAE Overshoot % Rise Time (Sec) Settling Time (Sec)
Tuned at 
6.15cm

Tested at 6.15 cm 169.21 473.09 3802.38 81.56 9 62
Tested at 10.62 cm 550.57 734.53 6499.44 80.48 9 55
Tested at 14.71 cm 613.01 796.31 7594.3 93.98 9 45
Tested at 20.59 cm 654.45 887.93 8348.50 80.89 9 35

Tuned at 
10.62 cm

Tested at 10.62 cm 169.21 473.09 3802.38 32.82 9 34
Tested at 6.15 cm 361.60 461.73 3600.37 81.86 9 40

Tested at 14.71 cm 345.46 456.92 3540.467 60.30 10 50
Tested at 20.59 cm 361.60 461.73 3600.37 81.86 9 40

Tuned at 
14.71 cm

Tested at 14.71 cm 169.21 473.09 3802.38 78 9 61
Tested at 6.15 cm 638.12 873.14 8125.71 77.59 9 66

Tested at 10.62 cm 732.64 1005.73 9397.98 77.05 9 71
Tested at 20.59 cm 593.74 776.22 7211.60 90.35 9 37

Tuned at 
20.59 cm

Tested at 20.59 cm 182.6327 631.46 5570.29 94.51 8.5 45
Tested at 6.15 cm 1597.99 2499.50 46431.98 96.77 8 114

Tested at 10.62 cm 1597.99 2499.59 46430.58 96.77 8 102
Tested at 14.71 cm 1857.39 2818.19 57305.84 109.8 10 109

Corresponding to the four steady-states described 
in the section above, the tuning parameters of IMC PID 
controller and the closed loop transfer functions have 
been shown in Tables 5 and 6 respectively. 

7. Experimental Validation of 
Closed Loop Response
In order to compare the performance of IMC PID and 
conventional PID controllers, the physical setup was 
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Table 5. Tuning parameters of IMC PID controller

Steady State Height Process Transfer Function IMC PID controller tuning parameters
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Table 6. Close loop Transfer function using  
IMC PID
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Figure12.  Comparison of experimental closed loop 
responses of IMC PID and PID controller.

Figure 13.  Comparison of simulated and experimental 
closed loop response of PID controller.



Dynamics and Control of Liquid Level in Annular Conical Tank Process: Modelling and Experimental Validation

Indian Journal of Science and TechnologyVol 12 (8) | Febraury 2019 | www.indjst.org12

operated in Auto mode by providing the controller 
parameters as obtained in Tables 5 and 6. Figure 12 show 
that the IMC PID controller provides more stabilized and 
superior performance.

In addition to experimental validation, the simu-
lated closed loop responses of the IMC PID and the 
PID controllers were also obtained using the closed 
loop block diagram of Figure 11 and based on the 
FOPDT process transfer function. Figures 13 and 14 
show the comparison of simulated and experimental 
results from the PID and IMC PID controllers respec-
tively.

8. Conclusion
In this work, the dynamics and control of annular coni-
cal tank liquid level nonlinear process has been studied. 
Mathematical model of the process was developed and 
the process parameters were validated using the open 
loop experimental data obtained from the physical setup. 
The superior performance of IMC PID controller has  
been verified from both the closed loop simulations and 
experimental runs.
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