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Abstract

Objectives: This attempt is made to investigate the problem of a study of thin film flow for lift while considering a steady,
incompressible, non-isothermal, Phan-Thien Tanner fluid on a vertical belt with slip condition. Method/Comparative
analysis: The nonlinear differential equation has been derived from the continuity and momentum equations. Exact
solution has been obtained, which gives us velocity-profile of fluid, flow rate, temperature, average velocity of fluid and
net upward flow. The special cases such as the linear PTT (LPTT), quadratic PTT (QPTT), cubic PTT (CPTT), exponential
PTT (EPTT) and upper convected Maxwell (UCM) models are considered, from the same model of PTT fluid. The behavior
the velocity and depth is discussed, in effect of various parameters. The velocity and temperature are compared for those
special cases. Findings: The analogy of the EPTT, CPTT, QPTT, LPTT and UCM fluid models for the velocity profile and
temperature distribution reveals that the velocity profile of the UCM fluid model increases quickly as compared to the
velocity of the EPTT fluid. The temperature distribution for EPTT fluid is higher than the temperature for its special case:
UCM fluid model. The velocity of PTT fluid is observed to be increased with incorporation of slip condition on vertical belt.
Improvements: None of the previous work has been done using no-slip boundary conditions, however slip conditions are

used in piece of work. Also, a thorough discussion on cases is novelty in this work.

Keywords: Exact Solution, Heat Transfer, Lift Problem, Phan-Thien Tanner, Thin Film Flow

1. Introduction

The non-Newtonian fluids have applications in many
areas including biology, chemical engineering, polymer
industry. Thus it has attracted overwhelmingly attention
from researchers recently. Because of its vast applicability,
the non-Newtonian fluid problems are hard to be modeled
using a single model (1). Thus many equations have been
proposed over the time to model problems involving
non-Newtonian fluids (2-5). Such models include Phan-
Thien-Tanner fluid model, Sisco fluid model, second and
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third order fluid model, and Power law fluid model. Out
of these, the Phan-Thein Tanner fluid model is extensively
researched, because of its clarity, simplicity and various
applications in many areas of engineering and industry
(6-8).

For these models, the techniques to obtain exact
solution are rarely discussed for the equation of motion
specially for non-Newtonian fluids, because of the
nonlinear nature of these equations (9,10). The accuracy
of numerical techniques is compromised in general and
such techniques are of less use especially for fluid problem,
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as parameter tuning become more difficult. The exact
solution techniques are more preferred (5,11-14), for
reasons, including above, that those methods give simple
dynamics of fluids, also help for validation. Also the
accuracy is not compromised, leading to fair comparison
with results obtained from simulations and experiments.

Here our principal concentration is investigation of
thin layer flow concerning a PTT fluid with slip condition
(8,15). The fluid is partly bounded at side, whereas another
liquid is considered at next boundary. The study of thin
layer flow is significant concerning chemical processing.
The flow of a films in the human eye membrane, paint
on the wall and rainwater falling down the window
(6,7,16,17) are some real life examples.

In this manuscript, we studied thin-film flow on belt
moving upwards, lifting thin layers, considering PTT
fluid along with slip condition on boundary of solid
wall. The exact solution of the consequential differential
equation has been chalked out, while considering
boundary conditions. For the slip parameter, we obtain
velocity in case of linearly viscous fluid (6). Four estates
are examined, namely CPTT, QPTT, LPTT and UCM. As
the best of our insight the results by using perturbation
method is not accounted anywhere.

This paper is structured as follows: Section 2 provides
basic equation’s for the PTT fluid. The formulation of the
problem and solution is chalked out in Section 3. Section
4 is dedicated to Results and discussion and conclusions
are drawn in Section 5.

2 Basic Equations

The governing equations for incompressible PTT fluid
including thermal effects are (5)

V-V =0. (1)
DY v pepf+ves
—_— + =+ -,
P ptp (2)
) bo_ KV20+11r(SA,) 3)
Dt 2

The symbol V represent velocity vector, p constant
density, p dynamic pressure, b body force, S extra
stress tensor, # is the constant viscosity, 6 is the
temperature, Cp is specific heat constant, k is thermal
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conductivity. The operator D denotes the material
Dt

derivative and A  be the 1** Rivlin Ericksen tensor,
which is

A =VV+(VV). (4)

The equation of an incompressible PTT fluid model (6,8)
can be read as

g 5

f(rS)S+AS=nA,, (5)

Here A is the relaxation time and g be the upper
convected derivative which is

V. DS . 6
S :E—((VV) S+S(VV)) (6)

Five PTT models, frequently used are

1. UCMModell 1 f(trS)=1 (7)
2. LPTT Model f(trs)= l+ﬁtr8 (8)
n
3. QPTT Model
5 2
f(trS)= 1+ 4 +—1[ﬁtrsj )
n 2\ 7

4. CPTT Model

5 s ’
f(trS)=1+€—/ItrS+71[ﬁtrS] +?[ﬁtr8] (10)
n n n

5. EPTT Model gl
f(trS)=exp 7#5 (11)

Where ¢ is elongational behavior and §, §, are
parameters for QPTT and CPTT. Higher the value of
parameter ¢ , the thinner the fluid is. In other words,
the value of & defines the shear thinning effect. In
such case, flow problem is modeled using Phan-Thien
Tanner flow model. Further the exponential PTT is
specified for thinner fluid, than in case of linear PTT.
Also the e is inversely proportional to elongational
viscosity®5.
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3 Formulation of the Problem
and Solution

Consider a belt, of substantial width, is moving vertically
inacontainer filled in PTT fluid, against gravitational force
in the container with constant velocity U, as illustrated in
Figure 1. While moving, a film of fluid is moving along-
with belt. The 6 is thickness of the film, which uniform.
Further assumptions are; the flow is steady, laminar and
parallel under atmospheric pressure p. Accordingly we
assume that

V =[0,v(x),0] S=S(x) 0=60(x) (12)

The corresponding free space and slip boundary
conditions are:

S =0 and = 0 at x = & Free space

Xy
condition (13)

v=U —[SSXy|X:0 and 0 = 6, at x = 0 Slip boundary
condition (14)

It is permanent to note that the equation (12)
satisfies continuity equation (1). Further, incorporation
of equation (12) into equation (2) gives the non-zero
momentum at atmospheric pressure

ds,, 15)
dx

and equation (3) leads to energy equation, with
incorporation of equation (12),

0=—pg+

2
Q_FS dV

—_—. 16
dx* Y dx (16)

0=k
Also the value of first Rivlin Ericksen tensor is used in
equation (16).

Integrating equation (15) with respect x and
incorporating boundary conditions from equation (13),
it leads to equation

S, =pg(x-9) (17)

Inserting equation (12) into the equations (4)-(6),
after considerable calculations once we obtain:

fitrS)S_=fitrS) S_=f(trS)S, =0 (18)
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dv
f(8)8,. =S — (19)
dv dv
trS)S. =n—+AS._ — 20
f(f)xy 77dx = dx (20)
f(trS)S, —24S ¥y (1)
b4 yx dx

Since f(#rS) has one of the values given in equation
(7) - (11), therefore. f(#rS) # 0 Which implies that

S =S =S =0 (22)

By applying these values from equation (22) into the
equations (19)-(21) we get

S,=0 (23)
dv
f(#r8)s,, = - (24)
f(trS)S =248 dv (25)
b rx dx

Joining equations (24) and (25), we get
2
_ 228,
n

(26)

b4

The shear and normal stresses are related in Eq. 26.

After applying equations (22) and (26), the trace of
extra stress tensor is given as

2
228, (27)
n

trS=

The normal stress is obtained from equation (26),
while using sheer stress from equation (17), which is
given as

_20°g*(6-x)" (28)
n

b

equation (24) can be rewritten as

Q _ pg ftrS)(o—x) (29)
dx n
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Exact solutions of this equation along with the
boundary conditions (13)-(14) are obtained for five cases
(7)-(11) in the following sections:

3.1 Solutions of UCM Model

Figure 1. [Illustration of the vertical moving belt through
PTT fluid.

Velocity Profile

Using UCM model, which is given in (7), in equation
(29) and then applying equation (14), we get

v(x)=U+ fpgs 25 (26x - x*) (30)
2n

Flow Rate

The Q denotes the flow rate between 0 to 8, which is

5
Q= IO v(x)dx (31)
Using equation (30), we get
3
Q=Us+ ppgs® ~ P82 (32)
3n
Average Velocity

The equation (33) is average velocity;

7-Q (33)
o
VoU+ fpgs-£80 (34)
3n
Net upward flow

The net upward flow of the fluid described as ¥ > 0,
hence net upward for equation (34)
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pgo”
U>—/3Pg5+3—77 (35)

Energy equation

By substituting equations (17) and (30) into the
equation (16), hence solution of equation (16) after
applying boundary conditions (13) and (14) is,

2 2
=6, +f2]fn(54 —(5—x)“) (36)

3.2 Solutions for Linear PTT (LPTT) Model

In the same way as in Section 3.1, the solutions for velocity
profile, average velocity, net upward flow and energy
equation for LPTT model (8), as follows:

pg(52 —(§—x)2) Py (54 -(¢ —x)4) (37)

v=U+fpgd-
Brg 2 2

o 28 p ¢S 38

n

2 2 3 34
\7=U+,Bpg5—p§§ _2“5”55 (39)
n

2 2 3 34

Pgo +25 pgo (40)

3

U>-— o+
Prg 30 51

B ngz e 4) 8/12,04g4 s 6)
9_9°+12kn(5 (=) |+ (6°=(6-f) (an)

Solutions for Quadratic PTT (QPTT) Model

Now by substituting the value of QPTT model (9), all the
required solutions are:

v= UJr,Bpgé'—pg(é2 —2575—96)2) -

g (54 —(5—x)4) ) @)
21

psgs(ﬁ6 —(§—x)6)

3
s,
37

(43)

pg53_2822p3g355_2515214p5g557
3 5

=Ud+ fpgé’ -
Q Prg 5 =

Indian Journal of Science and Technology



Syed Mansoor Shah, K. N. Memon, Syed Feroz Shah, Abdul Hanan Sheikh, Abbas Ali Ghoto, A. M. Siddiqui

V=U+fpg

3

o1

pg52 28/12p3g3§4+

5o pgs 261°p'g’8 2564 p'g’S
3n ’

U>-— O+ +
BPrg 30 57

3.3 Solutions for Cubic PTT (CPTT)

" ) gf;(& ~(5-x)')
(45) ngfng (56 (5—")6) 51)
55 Apg’ (53 —(5—x)8)
28kn
e W)
(46)

3.4 Solutions for Exponential PTT Model
(EPTT Model)

Finally replacing the value of QPTT model (11), all the
required solutions are given

In the same manner substituting the value of CPTT model

(10), hence the required solutions are:

pg[8* (5] | Py (6*-(6-x))

v=U+ fpgo -
2n

6 224 5 5 5 16
DELPE (5 0808

5

3n 1217

Q=US+ fipgs — P8
3n

2°p°g°8° 25,84 p' g7
517 70
28,8A°p'g’ S
271

V:U+ﬂpg5—&52—
3n
26 2p3g354
i
2584 p°g°6°
7

_2548316p7g758

2717

U> ,Bpg5+pg5

2e0°p’g’s" . 26,84 p°g°S°
517 7n
+254g316p7g758
271

5
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(58 —(5—x)8)

[zazplng (zalngz(mf\
n e 7 J

v=U+ o———e —e 52
Bpg py—E (52)
(47) {Zsﬂ.zngzb J
Q:U5+,b’pg52——776 e d
4pgel (53)
\/an \/ipgé'/ﬂ
1652/13 L )
(48) ( 2.2 2 2\
LZM ng 5 J
\7:U+ﬂpg5— n/lze d
P8¢ (54)
N s L\/Epgé‘/lj
3
1652/13p2g25
( 2.2 2 2\
28A°p g0
19 =)
(49) U>-fpgd+ 1 -e d
4pgel (55)
NCY T s . rﬁ(x/;pg&J
3
16822 p’°g*s g
( 2 (-6} szgzelZf\
-2 Le o T J+1600p2g2kf]3/14
(50) 0: léplgzlkr]fr/l4 (56)

Pg\/gs}bﬁ{(x_ [\[Pgsllx 5)J {xfpg&ﬁﬂ
i 1 ]
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4 Results and Discussion

We have extensively discussed steady thin film flow
problem for lift, which is modeled by a Phan-Thein
Tanner fluid for uniform thickness. The fluid is
characterized as isothermal, steady incompressible.
This leads to nonlinear differential equation. The
exact solution, which gives velocity profile of fluid
and temperature distribution, is obtained. The
various parameters influence the behavior of velocity
vx and temperature distribution 6(x) of fluid. The
relation of various parameters to velocity and
temperature is investigated. The effects of the Slip
parameter 3, uniform thickness J, constant viscosity
1, elongational behavior ¢, relaxation time A, constant
density p on velocity of fluid are presented in Figs.
2-7 respectively. The effect of the uniform thickness
0, elongational behavior ¢, constant density p, thermal
conductivity k, relaxation time A , constant viscosity
n on temperature distribution are shown in the
Figs. 8-13. In the Fig. 2-7, one can observe that the
parameters f3 and # are directly proportional with the
magnitude of velocity; i.e. increase in these parameters
causes increase in velocity. Further, the parameters §
€ A and p are inversely proportional to the magnitude
of velocity; i.e decrease in these parameters leads to
the increase in velocity. In the Fig. 8-13, it can easily
be perceived that the temperature profile decreases
when the increase in parameter k and A . Also one
can observe that an increase in parameters § ¢ # and
p causes increase in temperature. The velocity profile
of PTT fluid with velocity of fluid with the velocity
of fluid for its special cases is thoroughly compared
in Table 1, when certain parameters are fixed. Such
mention can be comprehended from caption of Table.
The numerically computed velocity at normal axis to
the belt is presented in Table 1.The lower velocity of
EPTT fluid, as compared to the velocity of its special
cases is evident in Table 1. In the same pattern, Table
2 presents comparison of temperature distribution of
PTT fluid with temperature distribution of its special
cases. The caption of table indicates the parameters,
which are kept fixed. Table also indicates that the
temperature of EPTT fluid at various normal axis to
the belt is higher than the temperature of fluid of its
special cases.
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Table 1. The velocity profile for various cases when

7 =600 poise,06 =1, =1,6,=1,U =1,
=0.0001, e = 1.2, A = 50, p = 0.65¢/cm’
P &

x |UCM LPTT QPTT CPTT EPTT

0 1.00064 | 1.00064 | 1.00064 | 1.00064 | 1.00064

0.2 | 0.998726 | 0.997666 | 0.997368 | 0.997339 | 0.997301

0.4 |0.99724 | 0.995677 | 0.995292 | 0.995258 | 0.995214

0.6 | 0.996178 | 0.994429 | 0.994026 | 0.993992 | 0.993947

0.8 | 0.995541 | 0.993749 | 0.993344 | 0.99331 | 0.993265

1 0.995329 | 0.993534 | 0.993129 | 0.993095 | 0.99305

Table 2. The temperature distribution for various
cases when 1 = 600 poise, € = 1.2, A = 50,
p=09¢g/cm’,6=1,6 =1,6,=1,

0 = 1K, = 450 poise, k = 23W/(m-K)

X UCM LPTT QPTT CPTT EPTT
0 1 1 1 1 1
0.2 1.00037 | 1.00115 | 1.00215 | 1.00302 | 1.00467
0.4 1.00055 | 1.00155 | 1.00273 | 1.00377 | 1.00544
0.6 1.00061 | 1.00166 | 1.00286 | 1.00391 | 1.00558
0.8 1.00063 | 1.00168 | 1.00288 | 1.00393 | 1.0056
1 1.00063 | 1.00169 | 1.00288 | 1.00393 | 1.0056
T ; ;
2 -}“\ -
DA%, ~ =01
LR SN, - 5=05 | |
D, [ oo
~ 0998 [ AN - =13 |
‘\: a ‘A‘w
. e v,
0996 | P ]
"“'-.:' e
“"I--h - - — o
0584 T “:-.._______‘_'_.
N N N N -.-'7’ ------ =
0.0 02 04 0§ 08 10

Figure 2. The velocity profile for different values of f,
when U = 1, # = 600 poise, p = 0.65g/cm> A = 50,
e=12,6=1
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Figure 3. 'The velocity profile for different values of 4,
when U = 1, 5 = 600 poise, p = 0.65g/cm> A = 50,
e=1.2,3=0.0001
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Figure 4. The velocity profile for different values of n,
when U =1, p = 0.65¢g/cm’, , f = 0.0001, A = 50,
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Figure 5. The velocity profile for different values of e,
when U = 1, 5 = 600 poise, p = 0.65¢/cm’, A = 50,
0 =1.2,=0.0001
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Figure 6. 'The velocity profile of different values of A, when
U =1, n =600 poise, p = 0.65g/cm’, ¢ = 1.2,
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Figure 7. 'The velocity profile for different values of p,
when U = 1, # = 600 poise, € = 1.2, § = 0.0001,
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Figure 8. The temperature distribution for different d,
when e =2.2,1 =50, p = 0.9¢/cm’, 6, = 1K, 11 =
450 poise, k = 23W/(m"K)
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Figure 9. The temperature distribution for different values
of the &, when § =1, 1 = 50, p = 0.9g/cm’, 6 = 1K,
1 =450 poise, k = 23W/(m-K)
T T Ly arelocamamsmareiedente T
1.005 e ]
"
£
)-P
1.004 s 1
!f - T = -
= ¥ s
2 1.003 :.u P E
; mmmmAmmm—mm—————
wnf J 7 e s —
t:!,, ,..-1“-""'--'---- = =075
i s = =08
& o H
1001 A L, il
’,“ - p=08
1.000 . . . : e
0.0 02 04 06 08 10

Figure 10. The temperature distribution for different p,
when § =1, A = 50, ¢ = 2.2, 6, = 1K, 1 = 450
poise, k = 23W/(m-K)
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Figure 11.

X

The temperature distribution for different
values of k, whene=2.2,1=50,6 =1, 90 = 1K,
1 = 450 poise, p = 0.9g/cm’
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Figure 12. The temperature distribution for different
values of A, when e = 2.2, p = 0.9g/cm’, 6 =1, 0,
= 1K, n =450 poise, k = 23W/(mK)
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Figure 13. The temperature distribution for different
values of 7, when e = 2.2, p = 0.9g/cm’, 6 = 1, 0,
=1K,6 =1,k =23W/(m-K)

5 Conclusions

We have obtained the exact solutions of the thin film
flow using Phan-Thein Tanner fluid model, characterized
as incompressible and isothermal thermal for uniform
thickness on a vertical belt. We have also obtained
solutions of the special cases such as UCM, LPTT, QPTT,
CPTT and as well as EPTT. Here we have noted that if we
increase the slip effect on a vertical belt then PTT fluid
model will uplift quickly as compare to no slip, EPTT
fluid model will flow against the direction of gravitation
slowly as compare to CPTT, QPTT and UCM fluid model
and for temperature distribution UCM fluid model has
les temperature as compare to LPTT, QPTT, CPTT and
EPTT.
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