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Abstract

Objectives/Aim: To find fixed points for integral types of contraction mappings in a complex valued metric spaces.
Methods: We used mathmatical analysis to prove the results as a generalization of weakly contraction self mappings de-
fined in a complex metric space. Findings: We are finding by weakly integral types of contraction self mappings that
there are common fixed points. In this paper we used commutative self mappings for our conclusions . Application/
Improvements: In future it can also be used for the exestense and uniquence of the differential equations solutions.
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1. Introduction

A fixed point theory contains a great number of general-
izations of Banach contraction principle by using different
form of contraction condition in various spaces. But
majority of such generalizations are obtained by improv-
ing underlying contraction conditions which also includes
contraction conditions dscribed by rational expressions.
The concept of complex valued metric space was intro-
duced by'in 2011. The complex valued b-metric space is
introducedby?, which is more general than well-known
complex valued metric space. There are many fixed point
results in complex valued metric spaces*® also in com-
plex valued b-metric spaces>'. In this study we present
a common fixed point result for two self-mappings sat-
isfying a contractive condition in complex valued metric
spaces . This idea is intended to define rational expressions

which are not meaningful in cone metric spaces and thus

*Author for correspondence

many such results of analysis cannot be generalized to
cone metric spaces but to complex valued metric spaces.
A contractive condition of integral type was introduced
by ¢ in 2002. After the paper of Branciari, a lot of research
works have been carried out on generalizing contrac-
tiveconditions of integral type for different contractive
mappings satisfying various known properties. There are
various typies of weakly contractive self mappings in the
last thirty years.

2. Preliminaries

Let C be the set of complex numbers, and for any two
complex numbers z,and z, in C is denoted by
z,,Z, € C If Real part and imaginary part of the com-
plex number are denoted by Re(z) and Im(z)respectively.

Define a partial order on C as follows: Z; Z, ( that is
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mean subordinationif and only ifRe(z,) <Re(z,)
and Im(z,) <Im(z,).

Thus 23 % Z if one of the following holds:

(1) Real parts z, and z,are equal and imaginary parts

and z, are z, equal.

(2) Real part z, is less than Real part z, and imagi-
nary parts z, and z, are equal.

(3) Real parts z,and z, are equal and imaginary part

z, is less than imaginary part of z,

(4) Real part z, is less than real part and imaginary

part z, is less than imaginary part z,

We will write Z; % Z, (subordination and isn’t equal
z,) if Z,and Z,are n't equal and one of (2), (3) and (4) is

satisfied. Also, we will write z, < z, (zl is strictly subor-

dinationif only (4) is satisfied. It follows that:
(i) 0=z, % z;implies| z, |<|z, |
(i) z; <25 and z, < zyimply z, <z,
(i) 0=z, = z,Implies |z,[< |z, |

(iv) For any two real numbers a and b, 0<a<b

and Z4 = Z then a@.zy < b.z,.

Definition 2.1'. Let X be a nonempty setand C be the
set of complex numbers. Suppose that the mapping
d:X*xX — C satisfies the following condititions:

(1) d(x,y) is nonnegative for all x,ye X and
x=y if and only if d(x,y) =0
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(2) d(x,y) and d(y,x) are equal for all xand y in C

(3) d(x,y) is subordination of the sum of d(X,z) and
d(x,y) for all x, y and z in X.

Then d is called a complex valued metric on X , and

(X;d) is called a complex valued metric space.

Definition 2.2'. Let (X;d) be a complex valued metric

space. Then

(1) A point xin X is called an interior point of a set
A in X whenever there exists positive real numberr

such that the open set B(x,r) in A

(2) A point x in X is called a limit point of a set 4

whenever there exists positive real numberr such
that B(x,r) and (A-x) are nonempty set.

(3) A subset A in X is called closed whenever each

element of A belongsto A .

(4) A subcbasis for a Hausdorff topology 7 on X is
a family F={B(x,r):x € Xand 0<r}.

Definition 2.3'. Let (X;d) be a complex valued metric

space, X, beasequencein Xand x € X. Then

(1) If for every 0 < ce C thereis n€ N such that
for all ne N,d(x,,x)<c,then x, is said to be
convergent to x and x is called a limit point of
X,. We denote this by lim _,_x =X or

{X,} 2 Xxasn—o
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(2) If for every 0 < ce C there is ne N such that
forall ne N,d(x, X, )< ¢ where me N, then X,

is said to be Cauchy sequence.

(3) If every Cauchy squence in X is convergent,
then (X,d) is said to bea complete complex valued

metric space .

Lemma 2.4 . Let (X,d) be a complex valued metric
space and let X beasequencein X.Then X, converges

to x ifand only if |d(X,,X) |0 as n —> oo,

Lemma 2.5 '. Let (X,d) be a complex valued metric
space and let x, be a sequence in X. Then x, is a

Cauchy sequence if and only if |d(X X, )—0 as

ntm

n — oo where me N.
In 2002, a general contractive condition of integral
type is given and analyzed by®in the following theorem.

Theorem 2.6 °. Let (X;d) be a complete metric space,

c€(0,1) and let T:X — Xbe a mapping such that for

eachx,ye X,
d(Tx . Ty) d(x,y)
Iy Tew =]l o)
where @ :[0;400) —[0;400) is a Lesbesgue-

integrable mapping which is summable (i.e.with finite

integral) on each compact subset of [0;+c0), non-nega-

o
tive, and such that for each 0> 0, joﬁ(t) >0, then T
has a unique fixed point @ € X such that for each x € X

. no _
sim_ T'x=a.
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Also, the pairwise commutating is defined.
Definition 2.7 14, The two families of self mappings {f; }"

and {g;}] are said to be pairwise commuting if
(1) fif,=ff, fori,je {1,2,...m}

() g,g=¢g g, forkle{l,2,..,n}
3) f.g=gf, forie {1,2,.,m} and le {I,2,...n}

The concepts of weakly commuting, weak  commut-
ing and weak commuting are introduced by

respectively. Next, we introduce the weakly contraction
self mappings in the complex valued metric space.

Definition 2.8. Let (X,d) be a complex valued metric

space. Then

(1) The two self maps f and g are weakly commut-
ing if

d(fgx.gfx) < d(fx,gx),
(2) The two self maps f and g are weak  commut-
ing if

d(fgx,gfx) < d(f?x.g%x)

(3) The two self maps f and  of a complete space
(X,d) are weak " commutingif

f(x) c g(x) for xe X

d(f g g f 1) < Al gngf ™) < d(fg'n g'fx) < d(fgn.gfz) 2 d(fxg'n)

(4) The two self maps f and g of a complete space
(X,d) are m—weak ~ commute,if

f(x) € g(x) forany xe X
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d(f™g™x, g™ f™x) < d(f™gx, gf"x)

<d(fg™x, g™ fx) < d(fgx, gfx) < d(f™x,g™x).

In this article, we denote X to the complex metric
space (X,d), and to a self mapping f:(X,d) — (X,d) by
a self mapping f on X . And we define new concept of

weak commuting in the complex valued metric space as
follows.

1
Definition 2.9. For a real number o 2> 5, the two self

mappings f,andf, defined in a complex valued metric

space (X,d) are said to be 2¢r -weak commuting if
f,(X)ct,(X) and

d[flzﬁ zfrxz ﬁzrrflzﬂz) % d[flﬂﬂfz E,fflmzz}
= fi[.ﬂ mzfmflz)
%d(.ﬂfz fflzj d[fl‘“‘z f‘rx )

The 2¢¢ -weak commuting mapping is a generlization

of various typies of weak commutating maps.

3. The Main Results

By a rational expression of contraction mapping defined

in a complex valued metric space X , we prove the next

resulte of a common fixed point.

Theorem 3.1 Let f; and f, be two self sequentially con-

tinous mappings on a complete complex valued metric
space X such that f;(X) cf,(X) and the order pair

{f,g} is 2c¢r — weakly commuting, also the condition is

satisfied

d( £, *F, %%z, £, %, *“w) < Ad(f, "%z, £,"w)
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A2 w, 2 £ W[ 1+d(F2 2,£7 £2°7))]

+8
( 1+d(f7° 2,6 w)

)

d(£2 w2 £2° 2)[ 1+d(£2* 2,2 £2* w)]

e 1+d(£2 z, £ w)

)

where, 4,4,4>0 and 4+4+8 <1. Then f, and f,

have a unique common fixed point

Proof. Let Z,, be an arbtrary point in X, and costruct

a sequence {z, } such that

20 _ 2 _ .
fl ZZn_ZZnH and f2 z _Z2n+2’ for n—0,1,2,...

2n+1

To show that {z } is a Cauchy sequence in X. Let

20020 _
£ 42,1 =2,1. Then

d(zznﬂlzlnﬂ) = d(ffﬁfzzgzzn—rf:mf1mzznj % M(ffﬁzzn—mfzzgzzﬂ

d( f2°‘z2n ,fz" fZ“ZZH)[H-d( f2°‘z2n 1,f2u fZ“Z2n N
1+d(f2“z2n 1,fZ“ZZH)

5 ( )

d( flza Zy, aflzufzz “2,,)[1+d( f22 2y ’fzz ’ flzu Zy,)]
1+d( fz2 o aflzu z,,)

y( )

20
2a 20020 _ . =
But d(f*z,,.f2*f>*z,, ) =0 since T2 Zan1=Za.

So that
d(Zap+1,Zonsa) = :‘Ld'[flhzzn—b fzmzznj

d(fzu Zy ’fZafZ(x Zyn )[1+d(f2u Zon afzafzazzn )]
1+d(f2“ Z,. 1,f2°‘ z,.)

+8( ).
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Therefore,

| d(Ze15Z0010) [ Md(ffa Zzn-l’fzza z,,)|

T |d(f2a 2naf2mfzmzzn)”1+d(fzol 2n15f2uf22aZ2n-1)|.

1+d(f2

2
Zonrof) Z5,))

Since
1+d(f) z,, 172, )|

=Hd(" 25,1 £ 25, > (£ 25,6725, |
which implies that

<A z,, .65 2,,)]

|d(22n+1 ’ZZn+2 )|

-|-25|d(f12“ Zsn 5f22uf12u Zy)|

and

|d(Z5415Z 002 = ﬁ |d(f2a Zon-1 >f2a Z,, )l
Moreover,

+5( (7 Zop1oF 17" 2o 1HA(E)" 25, £ 65725, )])

1+d(f*z, 2z

2n° 2n+] )

d(flza Zont1 nfzzaflza Zonti )[H'd(fza z
1+d(f, 2y f] 20

2n?° 2n+1)

200200
aohi £ Zoy )]

+0(

)

d(E 2,0, 578" 2, IHA(E " 25, 65767 2501

+7( ).

2 2
1+d(f ¢ ZZn ’f * Z2n+1 )
2 2 2, —
But d(f z,,,,.f7F,"2,,) =0 since
f22°‘ Z, =7, ., So that

d(z:n”,z:ﬂ +!:] = M{Flmz:w F::mz:m +1.;II
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d(f 2, £2F7 2, AP 2, 022, )]

2n°

+ o
( 1+d(f22 “Z,, 7f12“ Zypi1)

) .
Therefore,
(2,120 S MA(E7 25,857 2,

o A 20, £ 6 2, V(S 25, £ 602,
1+d(f 2, 2, )|

Since

| 1+d(f22a Zy, ’flzafzzazzn )= 1+d(f22a Zy, ’flzuZZn-H )

2 2
> |d(£5° 2,172

which implies that

1d(Z52 52003 S A |d(f120L Zznafz20L Zop)|

+25|d(f12°‘ Zyn+1 9f22af12a Zopir)|
and
1d(Zp105Z003)| < F |d(f2a Zsn rfza Zonir) -

R A
Let 0O =——.Then
1-26

4z, 2,,)| £0d(z,.,.2,)| < O*ld(z,,.2,,)] <O |

d(z,5.2,,) [...<0" |d(zy,2,) |.

So that for m > n,

| d(Zn 3Zm) |S |d(Zn 9Zn+1 )|+|d(zn+] SZn+2)|

+|d(Zn+2 ’Zn+3 )|+"'+|d(zm—1 ’Zm )l
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n+l An+2

<O +0" +0" +...+0" ) | d(z,,2,)|

O‘n
<
(I—C‘J

)1d(z,,z,)|—> 0 as n — oo,

Hence, the sequence {z_} is Cauchy. By the complet-
ness of the complex valued metric space X, there exists a
number t€ X such that X, =0 as n — oo Assume

by  the
0=z = d[t fIth) so that

contradiction  that t# flﬁ t and

= d[t’figxt ) % d(_t’ fihzbﬁl )+ d[fgzxzﬂr—ﬁl’ fizxt)

d(taflza t) [ 1 +d(Z2n+1 3f22uz2n+1 )]
1+d(t,f12“ z,,)

I(t,2,,., )FAA(t, 25, )+( )

d(z,,,,.f*O[1+d(t.£% 2z, . )]

_|_
v 1.7, )

)

Hence,

AAE D < | d(t2,,.,) A2,

4+ 8( |Z|[ 1 +|d(22n+1 ’ZZn+2 )|])
[1+d(t,2,,, )l

|d(Z2n+l )flza t)| [1+|d(t922n+2 )l]
|1+d(t,2,,,,)|

+v(

)

Therefore, |d(t,f**t)|=0 As n —>oo which is a

contradiction. Hence t=flﬁ t. In similar arguemnts we
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find that t=£;%t . Also t=f**t=f;"t. Now since £

is sequentially continuous, then

£ (lim, . (£ 2,)) = lim, __ (£ (£"2,)

So that flzafzza t=f12°‘ t.
Since flszz2 °f, (t):flza £, (t) ,and f22 0(flm f, (t):fzz “f, (V)
then

d(tfit ) = d(f, 25660 0) < Ad(f, 0 f, 60 )

d(E" (0.5 O +HE t.£7F, D]

+d
( 1+d(F7 165 (F,0))

)

(" (0.6, £ (O IHE L F 1))

+
" LRI L2 (£0)

) .

Therefore,

(6, O] < Md(E £ (D))

Lo [ (00,65 67 (£ )| 1+ 6757 0)
[1+d(f7 £ (1))

< [Oo+A]|d(t.f, )|

So that |d(t,f;t)[=0 and ft=t since 4+& <I.
Similarly we get f,t=t . Thus t is a common fixed point

of f and g. Let s€ X be another common fixed point

of f, and f, (ie. s=f;s=f,s). Then

d(s.t ) = d(f,**5,s. £ %) < Ad(F,*s.5,%)

Indian Journal of Science and Technology
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d(fy" 66 (E O 1+Hd(F s, £ (£9))]
1+d(fs,£," t)

+0( )

d(£5" s, 6567 (FO)1+d(F" 676 ()]
1+d(£2s,£2 1)

+y( )

Hence,

AL () (S (5)

d(s,b)| S Md(F™s,f£2t)+8
‘ ( )‘ | (1 2 )| ( |1+d(f12as’f22at)|

< [6+A]|d(s, b))
which is a contradicion and s=t since 4+€ <1. This
complete the proof of the theorem. W
Let {f, }{" and {g}]" be two families of pairwise

commuting self mappings on a complete complex valued
metric space X . Define F and G to be a finite products

of self mappings on X. such that F=ff, ---f_and

G=g,g, --- &, . Then we have the next result.

Corollary 3.2. Let {f}]" and {g;} be two families

of pairwise sequentially continous commuting self map-
pings on the complex valued matric space X . Define F

and G to be a finite products of self mappings on X
such that F=ff,---f and G=gg,---g . If
F(X) c G(X), the order pair {F,G} is 2¢r — weakly

commuting and the condition is satisfied

Vol 12 (11) | March 2019 | www.indjst.org

d(F** Gz, G F¥%w) = Ad(F*z, G** w)

d(F** w,G*F**w)[1+d(G** z,F**G*"2)]
1+d(G** z,F** w)

+0( )

d(F*w,F**"G** 2)[1+d(G** z,G**F** w)]
1+d(G** z,F** w)

+7v( )

where, 4,4,8 >0 and 4+24+4 <1.Then F and G

have a unique common fixed point.

Cosider @ :[0;400) —[0;+400) is a Lesbesgue-
integrable mapping which is summable (i.e.with finite

integral) on each compact subset of [0;+e<), non-nega-

6
tive, and such that for each 0 >0, jo @(t)> 0. Then

by using the general contractive condition of integral type
we have the following Corollaries.

Corollary 3.3. Let f; and f, be two self sequentially
continous mappings on a complete complex valued met-
ric space X such that f}(X) C f,(X) and the order pair
{f,g} is 20¢r — weakly commuting, also the condition is

satisfied
dlf, =, 2 5,70, w)

i':flhz_fz )

o(8) < 1 f ()

o 0

(d(ff“L wWAZHEOW)[1+d(F5* z,flz“ff‘*z)])

o)

20 A
1+d(f5™ z, 777 w)
+5 J- 2 #ij
0

(AEPE W AP DS 237wyl

+v ] @)

1+d(F5% 2. 67% w)

where, 4,4,42>0, a+4+a <1 and
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0 :[0;400) —>[0;400) is a Lesbesgue-integrable

mapping which is summable (i.e.with finite integral) on

each compact subset of [0;+o0), non-negative, and such
o

that for each 0> 0, Joé(t) > 0. Then f, and f, havea

unique common fixed point .

Corollary 3.4. Let {f;}]" and {g;};" be two families

of pairwise sequentially continous commuting self map-

pings on the complex valued matric space X . Define F
and G to be a finite products of self mappings on X

such that F=ff,---f

F(X) c G(X), the order pair {F,G} is 20r — weakly

commuting and the condition is satisfied

alf, *F, 2 £,7°1, % w) dlf, "z £, w)
[ ew=<2 [ o
0 o
(d(FZ‘* W,GZHE20 [ 1+d(G2% 2,F29 G20 )]

_|_5J'0 1+d(G2% 7,F2% w) o(t)

(d(an w,anGzo‘ z)[l+d(G2°‘ Z,GZaF2cx w)]

+Y.[0 14d(G2% 7, F2% w) )(p(t)

where, 4,4,42>0, 4+24+2 <1 and
0 :[0;400) —>[0;400) is a Lesbesgue-integrable

mapping which is summable (i.e.with finite integral) on

each compact subset of [0;+o0), non-negative, and such
o
that for each 0 >0, joé(t) > (. Then F and G havea

unique common fixed point.
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and G=gg, g . If
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