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Objectives: We study some algebraic properties of the operations disjunction (\/L) and conjunction (/\L) from

Lukasiewicz’s type over Pythagorean fuzzy matrices. Methods/Statistical Analysis: We extend these operations of

intuitionistic fuzzy matrices to pythagorean fuzzy matrices and proved their algebraic properties. Findings: We discuss

some algebraic properties like distributivity, associativity, commutativity, and complementary of these operations. We

establish the set of all Pythagorean fuzzy matrices forms a commutative monoid under these operations. Also, we describe a

monoid homomorphism over pythagorean fuzzy matrices. Application: Yager constructed the Pythagorean fuzzy decision

matrix and its aggregation operators which is used to solve multicriteria decision-making problems.
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1. Introduction

The idea of Intuitionistic Fuzzy Matrix (IFM) was
introduced by'. In*> and® to generalize the concept of*
fuzzy matrix. Each element in an IFM is expressed by
a;/ € [0,1].The sum

a, + a;/ of each ordered pairis less than or equal to 1.

an ordered pair a;,a; with a

> i
Since the appearance of IFM in 2001, many researchers®®
have importantly contributed for the development of IFM
theory and its applications.

Pythagorean Fuzzy Set (PFS) was introduced by'.

In'2, they are discussed some results for PFSs and its alge-

braic properties. In® studied the PFS and state of the art

*Author for correspondence

and future directions. In'* introduced Pythagorean Fuzzy

Matrix (PFM) and studied its algebraic operations. In**,we
defined two new multiplicative operations &, , and ®,,
on PFMs, and investigated their algebraic properties.
Also, we discussed the De Morgan’s laws, absorption and
distributive properties of PFMs.

In'® introduced the operations Vv, and A, from

Lukasiewicz’s type over IFSs. In*” introduced two opera-
tions Vv, and A, from Lukasiewicz’s type over IFMs are
studied. In'é, they are proved the set of all IFMs is a com-
mutative monoid under these operations.

We studied the algebraic properties of two operations

Vv, and A, from Lukasiewicz’s type over PFMs. Also,
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using the relations between Vv, and A, using modal
operations.

This study as follows. In Section 2, we will briefly review
PFMs and their opertions and Section 3, some properties
of the operations v, and A, from Lukasiewicz’s type over
PFMs are studied. The set of all PFMs forms a commuta-
tive monoid under these operations. Also, we describe a

monoid homomorphism over Pythagorean fuzzy matrices.

2. Preliminaries

This section, we will summarize the PFMs and their oper-
ations.

Definition 2.1'* : An PFM is a matrix of pairs

A= (al],a )of a positive real numbers alj,a € [0,1]

filling the condition al.]. + al.j <1 foralli,j.
Definition 2.2' :For any two PFMs 4,B € F

mn?

()42 B iff a; 2 b, and a, <b,.

(ii) A€ =(al'.j.al.j).

(iii)AvB (max(a b, ) mm(a b, ))

lj’

y’

ij

(ix)4®,, B= ( max (a? bz)ab..).

(x)A®,, B= (a b, ,\Jmax(a,’, 2)).

(xi) An PEM O (0,1) for all entries is known as the Zero
matrix.
An PFM J (1,0) for all entries is known as the Universal
matrix.
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Definition 2.3": Using intuitionistic fuzzy form of
Lukasiewicz implication, we will introduce a disjunction

Av, B= (\/min(l,a§ +b5)’ \/max(O,a;jz +b,}2 —1)).

We will call the new disjunction Lukasiewicz
Pythagorean fuzzy disjunction.
Also, we can constract,

AN, B= (\/max (O,a; +b;. —1), \/min(l,a;.z +b£/.2)).
We will call the new conjunction Lukasiewicz

Pythagorean fuzzy conjunction.

Definition 2.4: A homomorphism between two monoids

(M, *) and (N, ) is a function f from M to N such

that

(i)f(x*y) = f(x).f(y), forall x,ye M .
(ii)f(em) =e¢,, where €_ and e_ are the identites

of M and N respectively.

3. Some Results of PFMs

This section, we introduced the operations Vv, and A,
from Lukasiewicz’s type over Pythagorean fuzzy matrices.
Some results of these operations are studiedwith other

predefined operations.
Definition 3.1 :Let A=(al.j,a;j) be an mXn PFM.

Then we define

( )A is reflexive iff (a a; ) (l, 0),

i

(ll)A s irreflexive iff (a a,; ) (0,1),

(iii)A is symmetric iff 4" = A,
(iv)A is nearlyirreflexive if (a a, )<( a;,a ) for all

i, J.

Property 3.2 :For any two PFMs A4,B € F, , we have
(i) If A and B are reflexive then 4V, B and AA, B
are reflexive.

(ii ) If A and Bare irreflexive then AV, B and

AN, B areirreflexive.
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Above equations (3.1) and (3.2) we get
(iii) If A and Bare symmetric then Av B and , ,
(c c )>(c c )

AN, B are symmetric.

) AV, B is nearly irreflexive.
(lv) If A and B are nearly irreflexive then 4V, B and

AN, Bi ly irreflexi b d anal ly.
An, B are nearly irreflexive, ; B is nearly irreflexive can be proved analogously.

Property 3.3: Forany PFM A€ F |
Proof : ( )and (ll) by Definition (2.3).

' (l) I v, (A vV, AT) is reflexive.
(iii) Since A and B are symmetric (al.j, aij) = (ajl., ajl.), (jj) .~ (A v, . ) s symmetric,

(by-3) = (B ) (iii) 1, v, (Av, A7) =1,v(4v, 4").
Let (cij,c;.j)and (dy,,d;j)areAvLB and AN, B. Proof:

(Cij’clij):(\/min(l,a;+b;) ,\/maX(O’a;i2+b£j2 _1)) Let Az(aij’a;j)’AT =(aﬁ,a.-ﬁ).
Av, A" :( in(l,a2+a?), W v‘iz_l)
:(\/min(l,afi+b;), \/maX(O’a;‘iz'i'b}iz—l)) ( \2’ ) \/mm( aj+aj) \/max( a +a, )

( , ) =(Si/’si/')‘
Ji2 i

= Av, B is symmetric. LetRI(l’y,l’;})Iln Vv, (AVL AT)
Similarly we prove (dl.j, d,,) = (dﬁ,d}i )

= A A, Bis symmetric.

(\/mm \/max 0,0+s, —1))zf i=j
(iv) Since 4 and B are nearly irreflexive ( \/
mln

(aii,a;i)S(ay.,a;j), ( )
, , (l) Suppose that i = j,|7,,7; | = (1,0).
(bﬁ ’ bﬁ) = (bij ’bij) = R is reflexive.

Let AV, B is (ii) Suppose thati # j,
(cij,c;j) = (\/min(l,a; +b;) ,\/max (O,Q;j2 +b,’ _1)) (,fi]_,rl./'.)z (\/min(1,1+sﬁ) ,\/max(0,0+s;i —1)) = (sij,s;i)

(cﬁ,c;.l.) :(\/min (1,a§ +b,-§), \/max (O,a;f +b,’ _1)) _ (\/min (l,a; + af'i) ,\/max (O,a;jz 4 a'ﬁz _1))

aé < a; andblf < b;. = (aé +bl.f) < (b; + a;)
= (\/min (l,af.i + a;) , \/max (0,01'ﬁ2 + al'.j2 —1))
:>\/min(1,a5+b§) S\/min(l,a;+b;) --(3.1) '

Similarly = (SA,-,-,S'J-I-) = (I”jl., rﬂ)

\/max 0,1+s, —1)) ifi#]j

\/ (0 T 1) \/ (0 EE 1) = R is symmetric.
max (0,a,” +b,” —1) >,/max(0,a,” +b," —1)-—-(3.2
’ ’ G2 (iii) Suppose that 7 = j,(rﬁ,ri;.) = (1, O) or
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(o) = (535,
Let
Iv(Av, 47)= (I’O)V(SUDS;,):(LO) L
(O,l)v(sij,sy)=(sij,sij) ifi#j
:[lle(AvLAT):Inv(AvLAT).
Property 3.4: For any three PFMs A4,B,C e F, ,
Av(Bv,C)=(AvB)v, (4vC).
Proof :
Let (di/’di'f):D’ (ey"e;f):E’ (ﬁj,ﬁ})=F
, (gij,g;j)=G and (hii’h;i):H are the PFMs of
(Bv,C), (4vB), (AvC), Av(Bv,C) and
(AvB)v,(4vC).

Now,

(0, = Jmin (165 +c7) yJmax (0.8 +¢;7 -1))
(06, ) = (max (4,0, min(.)
(- 13) = (max 4, ¢, ). min(a ;)
(5,.8)) = (max (., ). min(. ;)
WAE (\/min (L& +17) . Jmax(0.6)2 + £ —1)).

Weprove(gl.j,g;j)ﬁ (hl.j,h;j).

Thatis g, <h,, g; >fij.

1. Suppose that (aij,a;.j) > (bU,b;j),(ay,al;,) > (cij,c;),
(ei]_,el'_j)= (al.j,a;./.), (fwfzy"): (aii’a;')'
(hy,hy) = (\/min (1,2%2.) ,\/max (0,2411'].2 —1)).

1.1 Suppose that (gij,g;./.) = (aij,a;.j) < (hi/,hi;.).

1.2 Suppose that (gl.j, gl]) = (dij, d;j),

B ¢ | Vol 12 (10) | March 2019 | www.indjst.org

2a; > (b} +c})=> min(1,2a; ) > min (1,5} +c; |
= h>d; =g,
Similarly 2a,” —1< max (0,5,” +c,” -1)
= hy < dij = gy
(g,j,g;j)é (hy’hi;‘)'
1.3 Suppose that(gij,g;j) = (aij,d;j) .
Then it is true from(1.1) and (1.2).

2. Suppose that(a[j,a;j) < (b[j,bl;) ,(aij,a;j) < (cij,cllj),
=6 5=
(hy. 1) = (\/min (107 +¢7) fmax (0.6 +c)? —1)) =(d,.d,).

2.1 Suppose that(gl.j, gU) = (a[j, a;j),

_ 2 . 2 2\ _
g; =a; < m1n(l,b4./. +c[/.)— hy = g; <h,.

Similarly al‘.j > hi;'>(gy'ag;,‘) < (hy«,h,;-)-

2.2 Suppose that(gij,g;j) = (dij,d;j) = (hy,hl;.).
(2.3)and (2.4) trivial from (2.1) and (2.2).

3. Suppose that(al.j, al‘.j) < (bij,bgi ) , (al.j, a;j) > (cii’cz;') ,

WAE (\/min (16} +a2) . max (0.5} +a’ —1)).

3.1 Suppose that(gij, glj) = (aij, a;.i),

min(l,b;+a;)>a;. = h; > g, and b;jz—ISO
'2 ‘2 '2
= (a;,”+b,” —1)<gq,
= max(O,a;.].2 +b,’ —1) <a,;’

=h,<g,.
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3.2 Suppose that (gij,gy) (dy ,d. )

2 2 . 2 2 . 2 2 _
a; >c; :>m1n(1,aij +bl.j)>m1n(1,bij +cl.j):>hij >d; =g,

Similarly ]’l;j < dl; = g;] = (gg;:g;;) (hu’h )

(3.3) and (3.4) trivial from (3.1) and (3.2).
4Supposethat( a;,a ) (by,b) ( a;,a )<(CU,C )

hy hy)z(\/min l,a;+c;. ,\/max O,a;jz+c;j.2—l)).

The proof of (4) similarly to (3).
Hence, from all the above cases we conclude

Av(Bv,C)=(AvB)v, (4vC).
Property 3.5 :For any three PFMs 4,B,C e F, ,
(i)(Av,B)v,C=4v, (Bv,C).

(ii)(AAr, By, C=Anr, (BA,C).

Proof:
(i)Let (4Av,B), (Bv,C), (4v,B)v,C and

Av (B v, C ) are as follows

(\/mln la;+b;) ,\/max(oja;2+bivj2_l)

U)

:(\/minlb2+cu \/max 0,6, +c;” -

e;,e;

1
fy,fy (\/mln 1d2+cl/ \/max Odlfj.2+c;.j.2—l)

gy gl] (\/mln la +elj \/max Oa —l—e —1)

Now we have to prove (fu,flj)= (gy.,gi/.).

1. Suppose that a; +b;. <1, a;jz +bl;'2 —1<0, then

f,,’fy (\/mln la;+bi]2.+c§) ,O).

1.1 Suppose thata; +b; +c; <Lf,= (aijz. +b; +c§).

Vol 12 (10) | March 2019 | www.indjst.org

In this case b; + c;) <1,
. 2 42, 2\ 2,42, 2
g; —mm(l,alj+bij+clj)—aij+by +c; = f;-
. "2 g2
Since a; +by -1<0,
either bi'jz+cltj2—1S0 or > 0.
i . :
Suppose b, +¢;”"—1<0,g, =0=f,.
Suppose bl.'j2+c;.j.2—l>0,
glj = matx(O,a;j2 +b;j2 +c;j2 —1—1)
(g2 2 "
_(bij +¢, —1)+max(0,ci]. —1)

1. ZSupposethata +b2 +c >1 (fl/,fll)z(l,O).
In this case bij +cl.j <lor>1.

Suppose that b% + C% <l1.

gygy (\/mmla +e ,)

= (\/min(l,a; +b; +CUZ') ’0)
=(1,0)
:(fwfu)

Suppose that b.z. + c% >1.

gy,gy (\/mm la +1 )

=(1,0)
- (ﬁwﬁ})'

2. Suppose that a; + b; >1,

S .
a’+b’-1<0,(f,./,)=(10).
Since,a;+b;.21:>a;+b;.+c;21,

bi'jz+c;.j2—1S0 or > 0.
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= b, +c; 21 or <1,b7 +¢,> —1<0 or 20.

2.1 Suppose that b; + C; >1,
. :
b +c, -1<0,(g,.g,)=(L0).

2.2 Suppose that b; + C; >1, bl.'jz + Cl‘.j2 -12>0,

g,,,gy ( \/max Oalfj.2+bl.'jz+c;jz—1—1))

= (1, \/max (0,(a;./.2 +b,’ =)+ (c;” - 1)))

= (1,0)
=(f,-17).

2, 2 F NP
2.3 Suppose that b +¢; <1,b,” +¢,” —1<0,

(g,»j,g,'-j)

:(\/min (La} +5] +c)) \/max oa;j.2+b,?j.2+c;j.2—1—1))

- 1 fmax 00, <o)

=(1,0)
=(1-13):

2.4 Suppose that b; + cj <1, a;/? + bgjz -1>0.
From(2.2) and (2.3) this is true.

2, 32 NP
3. Suppose thata; +b, <1,b," +¢,” —1>0.

fwfx/ (\/mm la +b2+c,/ \/max 0 a;f2+b;f2—1+c;/.2—1)).

3.1 Suppose that ay2'+by2'+cy2' <1,
2 g2, 2
a;”+b; " +c¢;”—2<0.

From(1.1) f = g, and fy =0.
Now,

al+br+c?-2=(a -+ (b} +c~1)<0.

B ¢ | Vol 12 (10) | March 2019 | www.indjst.org

Either b;jz + c;/Z —1<0 or >0.
Suppose that b;jz + c;jz —1<0, then
, ) :
g, =max(0,a,>+0-1)=0= f,.

Suppose that b;iz + C;jz -1>0,
g = max(O,al'.j2 +b, +c¢;’ —1—1) =0=f,.
2, 42, 2
3.2 Suppose thata; +b; +¢;,; <1,
a;’ +b’ +c”=2>0,

2, g2, 2
Jy=a;+b;+c; from(1.1) g, = f,.

v '2 '2 '2 _ '2 '2 '2
fo=a b2 +c =2= (@) ~1)+(b +c, =120
=b’+c;’—1>0

T A SRS PO
=g, =a, +b +c¢, -2=7f,.
2,72, 2
3.3.Suppose thata; + b, +¢; > 1,
EENEAE R
a;"+b; +c¢;”—2<0.

From(1.3) and (3.1) this is true.
3.4 Suppose that a; + b; + C; >1,

2 2, 02
a;"+b,"+c,”—=2>0.
From (1.3) and (3.2) this is true.
(25-25) = (- 17)-

4. Suppose that a; + b; >1, a;jz + b;jz —-12>0.
It is obvious from (2) and (3).

(ii)(A~, B)A, C=An,(BA,C).

Let
d;.d (\/max O a; +b;. —1),\/min(1,a;j2 +b,.'j2))
U, (\/max O b +c; —1),\/min (l,blfj2 +c;j.2))

Indian Journal of Science and Technology



D.Venkatesan and S. Sriram

flj,fy (\/max 0 d;. +C,-,2- —1) ,\/min(l,d;j2 +c;j.2))

g,j,gy (\/max 0 .a; +e; —1) ,\/min(l,a;j2 +e;j.2)).
We have to Prove (fy,f”) = (gl.j,g;j).

1. Suppose that af + bf -1<0, a;z + bliz <1, then

(f,j,f,j ( \/mlnla +b” +¢; ))

1.1 Suppose that

a +b +c <1 fy,fy ( \/mlnla;2+b;2+c;2))

. 2 2, 2
either bl.j +¢; <1, bq+cy'_l<0

(,-21) ( \/mm1a;fZ+b£fz+c;f2)):(ﬁf=ﬁ})‘

2, 2 2, 2
Suppose thatb; +c¢; —=1>0,b," +¢; <1,

g,/,g,/ (\/max 0 .a; +b; +c; —2) ,\/min (l,a;/.Z +h7+ c;/_z))

- (0,\/min(1,a;j2 +b,’ +cl'.jz)), = (fy,fy)
1.2 Suppose that a;jz + bi'j2 + C;].Z >1, then
(fy-43)=(0.1)

Suppose that b;. + c; -1 <0, bl.;z + c;jz >1.

(855) = (0.1)=(/,-15).
Suppose that b; + cijz. -1<0, bl.'j2 + c;jz <l1.

(g,»j,g,'.j)z(o,l): (f,,afy)

2, 2 2 2
Suppose thatb; +¢; —1>0,b," +¢,” > 1.

(8085)=(0.1)= (. 75)-

2, 2 PN
Suppose thath; +¢; —1<0,b;," +¢,” <I.

Vol 12 (10) | March 2019 | www.indjst.org

(g,-j,g,'j)= (0.1)= (ﬁy”ﬁ})'
2. Suppose thata; +b; —1<0,a,” +b,> 21, then
(£5-13)=(0.0).

Clearly it is true from (1.1) and (1.2).

3. Suppose that a;. + b;. -1>0, a;jz + bi'jz <1,

(1) = \fmax (0. 57 4.3 =2) fmin (1. +57 ;7).

3.1 Suppose that aijz. + b;. + c;. -2<0,

'2 '2 '2
a;”+b,” +c,” <1,

(ﬁj’ﬁ;):(o,a;z_pby_'_c;z)‘
For any values of (b b) (U, )’

U’
(fwfi/)z(gi/’gi/)
3.2 Suppose that a; +bl.]2. + cijz. -22>0,

'2 '2 '2
a;”+b," +c¢,” <1,

f,],fy (\/max O a; +by2. +c,.jz. —2) ,\/min(l,a;j2 +blfj2 +c;j2)).

. 2 2 2 ) 2 2
Since,a, +b; +c; —2=(a; =)+ (b] +¢) =1)>0

=b +czfl>0 g g (\/max 0aj+b‘.f+6572) ,\/min(l,a;f2+b;/2+c;,2))
- (fz'j’fzy‘)'
3.3 Suppose thata, +b. +c- —2<0,
y g g
G B >

Clearly fy g f 1.
Suppose that bl.j + Cij >l= gy =1.

Suppose that bi'/z + c;/z <l=> g;’/ =1.

4. Suppose that a; + b;. -1>0, a;jz + bijz, >1,

fy,fy (\/max Oa;+b;+c;—2) ,1)

Indian Journal of Science and Technology I 7 -
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From (3) we getfi/. =g,

'

4.1 Suppose that b;j2 + C; 21, then g;/ =1=f or

ij
Suppose that bi'/2 + C; <1, then g;/ =1= fl/
Hence, from all the above cases we conclude

(]F'J’Jpl;): (gy'ag;j')-

Property 3.6 : For any two PFMs 4,B € F,

(i)(4v, B) <4°v, BC.
(ii)(A A, B) > A° A, B.
Property 3.7: . is the set of all PFMs. Then we have

(i ) (F,,,V,,0) is a commutative monoid.

(ii ) (F,,-~;»J) isa commutative monoid.

Proof:
By Definition 2.3 and Property 3.5.

»V1>0)
A,,J)and a function f:F —F = such

Corollary 3.8: For any two monoids (F,
and (F,

that f (A) = A, then there exists a monoid homomor-

n

phism under Vv, and A, operations.

Proof: Let as consider 4,B € F, .

f(4v, B)= f(\/min(l,a; +87 ).\ Jmax (0,47 +5;* - 1))
= (\/max (O,a;.j2 + blsz - 1) , \/min (l,a; + b;))

- ((a;/’ai/)AL (bi;’b”))

=A° A, BC

:f(A)/\L f(B)
Hence, f(AV, B)=f(A)/\Lf(B).
f(0)=0“=J f(J)=J =0.

Definition( 2.4) there exists a monoid homomor-
phism.
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4. Conclusion

In this work, we studied some results of two operations
and from Luckasiewicz’s type over Pythagorean fuzzy
matrices. In addition we discussed some properties like
distributivity, associativity, commutativity, and comple-
mentary of these operations. Also we described amonoid
homomorphism over Pythagorean fuzzy matrices.
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