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Abstract
Objectives: A model with more generalized scope than those in the literature has been proposed to predict the stress-
strain response of Fiber-Reinforced Polymer (FRP) confined rectangular RC columns under axial compression. Methods/
Statistical Analysis: 255 columns with their experimental data were used as a basis for the model expressions. Their 
database included columns with aspect ratios ranging from 1.0 to 2.0. Furthermore, the cross sectional depth varied from 
100 to 500 mm and the unconfined concrete strength varied from 18.3 to 51.5 MPa. Findings: Based on interpretation of 
the test results, bilinear and post-peak softening stress-strain responses are proposed as referencing models, respectively, 
for columns having a sectional depth of smaller or larger than 300 mm. The softening model is composed of a parabolic 
expression for describing the first stage of the response and two linear expressions for the second and third stages. The 
influences of aspect ratio and size of cross sections, number of FRP layers and internal hoop steel bars on the key features of 
the envelope stress-strain curve model (i.e. ultimate axial stress and strain) are all considered in the model. Application/
Improvements: Reasonable agreement was revealed between the analytical responses of the proposed model with the 
selected tested responses, confirming its ability to simulate the stress-strain behavior of FRP-confined rectangular RC 
columns of small or large sizes.

1. Introduction 
The application of FRPs as confinement wraps has been 
extensively used to retrofit existing concrete columns in 
bridges and buildings. The significance of this subject is 
confirmed by a large number of investigations on circu-
lar specimens confined with FRP wraps and subjected to 
axial compression1–3. Studies on FRP-confined unrein-
forced specimens of noncircular cross sections are also 
available4–6. Due to limited studies available for FRP-
confined RC columns of non-circular cross-sections7–9, 
this paper provides a generalized model considering the 
effects of internal steel reinforcement and aspect ratio and 
size of cross-sections.

It is known that the columns in practice usually have 
internal steel reinforcement; however, the studies have not 
considered the internal steel reinforcement effect. Only 
few models were on FRP-confined RC columns under 
compressive axial loads10,11 of these studies, a research to 
propose a model for the axial strength and strain capacities 
of RC columns with square and rectangular cross-sec-
tions confined with CFRP has been performed10. A series 
of 68 axial compressive tests on FRP-wrapped reinforced 
concrete in 150 × 300 mm rectangular-sectioned and 250 
× 250 mm square and circular-sectioned columns of 500 
mm in height were conducted. The experiments on con-
fined specimens revealed that the internal reinforcement 
bars contribute to the increase of their strength and duc-
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tility. In the studies, the confinement pressure was due to 
the confinement by the FRP wraps and the steel hoops. 

One of the key requirements for proposing a stress-
strain model is the cross-sectional size and aspect ratio. 
Previous research works on FRP-wrapped columns have 
reported that the strength recorded at rupture of CFRP 
jacket decreases as the side-aspect ratio increases, and 
there is no significant improvement in the strength of 
large-sectioned columns (aspect ratio = 2.0). The limita-
tion of aspect ratio considered in the existing studies is 
within the range between 1 and 1.5. Of the recent stud-
ies on rectangular column sections, several column tests 
under compression loading to study the axial strength 
and stress-strain behavior of FRP-wrapped unreinforced 
concrete prisms have been conducted4. The sizes of 
test specimens were 120 × 180 × 300 mm (aspect ratio 
= 1.50) and 90 × 180 × 300 mm (aspect ratio = 2.0). 
Another experimental and theoretical works included 
axially-loaded unreinforced specimens of size 140 × 180 
× 500 mm (aspect ratio = 1.28) and 130 × 200 × 500 mm 
(aspect ratio = 1.54) to investigate and propose a model 
for their stress-strain response5. In reference to the stud-
ies recently introduced; the stress-strain test relationship 
of FRP-wrapped square columns of relatively larger size 
(i.e. 305 × 305 × 915 mm) was different than that reported 
in the existing literature7. Furthermore, in a more recent 
study, 28 large scale RC columns of rectangular sections 
wrapped with CFRP were tested8. The experimental pro-
gram included columns with 200 × 300 mm (aspect ratio 
= 1.5) and 200 × 400 mm (aspect ratio = 2.0) cross sections 
was considered to comprise an acceptable range of col-
umns dimension and height (1000 mm for all specimens). 
The results showed that the confined specimens exhibited 
a post-peak softening behavior with little enhancement in 
axial stress. The lightly-confined specimens experienced 
reductions in their ultimate strengths. Due to the effects 
of column section size and its aspect ratio, the decrease in 
rupture strength was more significant for the 200 × 400 × 
1000 mm (aspect ratio = 2.0) columns compared to the 
150 × 300 × 1000 mm (aspect ratio = 1.5) columns. 

Most existing models on the axial compressive 
response of concrete with external FRP confinement have 
focused on unreinforced concrete specimens of small-
scale, and the proposed models are based on bilinear 
stress-strain test results (Figure 1). To the best knowl-
edge of the writers, the influence of column size and 
internal reinforcement have been only considered for 

CFRP-confined square RC columns of medium 204 × 204 
× 612 mm and large 305 × 305 × 915 mm sizes7. Results of 
their tests revealed the confinement by the CFRP slightly 
enhanced the strength of specimens and resulted in either 
bilinear or a post-peak softening behavior. This behav-
ior was based on the amount of confinement which was 
significantly influenced by the sectional size. Moreover, 
the internal hoop reinforcement has also an impact on 
the stress-strain shape response by enhancing the axial 
strain. No model that considers bilinear and post-peak 
softening responses was also reported earlier for FRP-
confined rectangular reinforced concrete sections. This 
paper, therefore, provides a modified confinement pres-
sure model that incorporates all these effects to give 
accurate predictions for the strength of rectangular RC 
columns with external FRP confinement. In the model, 
the influences of column section size and its aspect ratio 
on the strength and ductility results, effective rupture FRP 
strain and internal hoop reinforcement were carefully 
accounted for. The rectangular sections modeled in this 
research included columns with a sectional aspect ratio 
ranging from 1.0 to 2.0. First, the lateral pressure by the 
FRP wraps for columns exhibited bilinear and post-peak 
softening behaviors was determined. A generalized model 
was then applied to describe the stress-strain curve com-
ponents of FRP-confined columns with different section 
sizes. Finally, the assessment of the model components 
was done against selected test responses available in the 
technical literature.

 Postpeak softening response (section depth > 300 mm)
 Bilinear  response (section depth < 300 mm)

C'

C

Ultimate point

Transition point

Peak point

Axial strain

A
xi

al
 st

re
ss

cε

cσ

( )dt dt, fε

( )cc cc, fε
( )t t, fε

  

 

 

0

A
B

Figure 1. Stress-strain relationships of small and large-sized 
FRP-wrapped columns.
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2. Test Database 
To develop an axial stress-strain model and also to check 
the accuracy of this model, a set of 255 tested specimens 
with different material properties and geometries were as 
a basis for most of the regressed expressions provided in 
this paper. In reference to the reviewed literature, a large 
number of experimental tests were conducted on FRP-
wrapped specimens of square and rectangular sections. 
In recent years, a confinement strength model based on 
extensive test data accumulated from the existing litera-
ture has been provided9. A selection of these results is also 
adopted in this paper to propose the expressions required 
for a complete stress-strain model.

To account for the effects of an acceptable range of 
test factors on the effectiveness of FRP, for the unconfined 
concrete cylinder the strength ranged from 10.8 MPa to 
51.5 MPa and the cross-sectional areas ranged from 100 
cm2 to 1600 cm2. The rectangular section side ranged from 
100 mm to 500 mm and its sectional aspect ratio from 1 to 
2.0, among them (h/b = 1; 148 specimens), (h/b = 1.253; 
6 specimens), (h/b = 1.286; 3 specimens), (h/b = 1.5; 28 
specimens), (h/b = 1.533; 6 specimens), (h/b = 1.538; 3 
specimens), (h/b = 1.725; 12 specimens), (h/b = 1.753; 6 
specimens), and (h/b = 2.0; 43 specimens). Furthermore, 
the strength of FRP wraps under tensile tests varied from 
780 to 4519 MPa, its elastic modulus of from 60 to 257 
GPa, and the thickness of one FRP sheet of from 0.13 mm 
to 1.2 mm. Complete details about the compiled experi-
ments are not provided in this current paper; however, 
the readers are directed to their cited papers. 

3. Overview of Stress-strain Test 
Responses
As mentioned before, tests on the influences of hoop steel 
reinforcement and section size on the behavior of square 
columns of medium and large sizes (respectively as 204 
× 204 × 612 mm and 305 × 305 × 915 mm) wrapped 
with FRP have been conducted7. As it was concluded in 
their studies, the confinement from the CFRP slightly 
increased the strength capacity and the confined speci-
mens exhibited bilinear and post-peak softening behavior 
(Figure 1), which were based on the column section size. 
The internal steel reinforcement significantly influenced 
the stress-strain test results. An axial compression model 
for the stress-strain curve response of FRP-wrapped spec-

imens of rectangular sections (160 × 160 mm, 140 × 180 
mm, and 130 × 200 mm) and a height of 500 mm has been 
developed5. The curve model was bilinear response with 
ascending or descending second component depending 
on the confinement level and the shape and column sec-
tion size. It has been confirmed that, independently of the 
FRP confinement level, the section’s size affects the stress-
strain response branches8. 

In this subsection the bilinear and post-peak soften-
ing stress-strain responses drawn in Figure 1 are used 
herein as referencing models for columns with ( 300h <
) and columns with ( 300h > ). As shown, the post-peak 
softening model consists of three distinct curves, namely 
(1) A polynomial ascending curve (OA), which describes 
the first stage of the response, initiates from the begin-
ning point at which ( c 0σ = , c 0ε = ) and extends to 
the peak point when the confined concrete reaches their 
peak strength and strain, which are denoted as ( c tσ σ=
, c tε ε= ), (2) The second stress-strain curve segment 
(AB) is a descending curve extending from the peak to 
the transitional stress points ( c dtσ σ= , c dtε ε= ), and 
finally (3) The portion (BC) extends from the transition 
stress to the point which represents the ultimate condi-
tion of confined columns were the FRP ruptures at a point 
denoted as ( c ccσ σ= , c ccε ε= ). The bilinear response 
model consists of two branches: (1) an ascending first 
branch (OA) and (2) a linear second branch (AC’).

4. Analytical Modeling 

4.1 Effective Lateral Pressure by FRP 
The lateral stress from the FRP confinement is estimated 
by the following widely-known formula12. 

2
0.5f f fe

lf ef ef f f fu

E nt
f k k E k

D ε

ε
ρ ε= =

  	     
(1)

where, fE = elastic modulus of FRP (MPa); n = num-

ber of FRP-wrapped layers; ft = thickness of single layer 

of FRP (mm); fuε (from coupon tensile tests) = FRP strain 

at rupture; f 4 fnt Dρ = = ratio of FRP layers, in which 
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2 2D b h= + = equivalent diameter of rectangular section 

column; the shape factor (Eq. 2) accounts for noncircular 

section having rounded corners (Figure 2 (a)), given as 

ef e cck A A= .
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where, cr (mm) = radius of edges of FRP-wrapped 

rectangular section; scρ  = vertical reinforcement ratio;

gA (mm2) = area of a rectangular section column having 

rounded corners (Eq. (3)). 

( )( )2
g c4A bh rπ= − −

 			      
(3)

The FRP rupture strain at the section corners decreases 
as the section size increases8,9. An effective rupture strain

feε  which depends on the section size is hence incorpo-
rated in the model. The fe value was obtained from Eq. (4) 
reported in recent literature8,9. 

0.41
fe

å
fu

1 0.38 for 100 400
100

k b mm = = − ≤ ≤      
(4)

where, b (mm) = width of a square section (mm). For a 
rectangular section, b is replaced by the section’s depth, h. 

The effective lateral pressure provided by the internal 
hoop reinforcement is calculated by the following expres-
sion as done by the researchers13.

ls e eff ytf k fρ=
 				      

(5)

where, ytf
 
= yield strength of hoop steel reinforce-

ment (MPa); effρ  = effective hoop reinforcement ratio 

calculated by Eq. (6)11. 
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where, shxA  and shyA  (mm2) = the total sectional areas 

of the hoop bars along the width and depth sides of a rect-

angular section (Figure 2 (b)); xc  and yc  = center-line 

distances between the hoop legs along the section sides 

(mm), respectively; in Eq. (7), the esk and vk  are for the 

steel-confinement effectiveness14.
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where, xiw  and yiw  (mm) = internal clear distances 

between longitudinal bars along the x- and y of a rect-

angular section; x and y (mm) = dimensions to the 

centerline of steel hoops (mm); 's  (mm) = clear spacing 

between hoops in vertical direction; ccρ  = ratio of verti-

cal reinforcement area to area of concrete core. 

Figure 2. Confinement provided by FRP and steel hoops to 
concrete.

4.2 Peak Axial Stress, tσ , and Axial Strain, tε

The peak condition of FRP-wrapped concrete ( tσ , tε ) is 
an important parameter for a stress-strain model. Based 
on a multi-parameter regression analysis of the previously 
cited experiments, the following expression consider-
ing the contribution of internal steel reinforcement and 
CFRP parameters is, thus, proposed, in which the correla-
tion coefficient (R2) is 95 %. 

eff yt sc yl' ef f f
t c ' ' '

c c c

0.91 0.232 1.261 0.985
f fk ff

f f f
ρ ρρσ

 
= + + + 

     
(8)

In this equation, ytf  and ylf (MPa) = yield strengths 

of the internal hoop and longitudinal bars, respectively;

ff  (MPa) = ultimate strength of FRP under tensile tests. 
As for the corresponding peak strain, the interpreta-

tion of results reveals that the influence of the longitudinal 
reinforcing steel bars on this strain is almost negligible7. 
However, the peak strain is found to be influenced by 
the lateral confinement provided by the CFRP wrap and 
hoop reinforcement. As a result, Eq. (9) for calculating 
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the parameter tε is proposed, in which the correlation 
coefficient (R2) is approximately 91 %.

2.242 0.843
eff ytef f f

t co ' '
c c

1 3.55 7.84
fk f

f f
ρρε ε

     = + +          
(9)

where, coε   = axial strain at peak condition for uncon-

fined concrete, assumed as 0.002. 

4.3 Ultimate Axial Stress, ccσ , and Axial 
Strain, ccε  
The ultimate stress, ccσ , and corresponding axial strain,

ccε , are the most important parameters for defining a 
complete axial stress-strain response of confined con-
crete. Based on a multi-parameter regression analysis of 
selected test results, the two expressions for estimating the 
effective strength confinement are therefore proposed in 
which the correlation coefficient 2R  is 90.0 % (as shown 
in Figure 3). Briefly, the proposed confinement model is 
summarized by the following steps: (1) The FRP strain 
efficiency factor ( åk ) is estimated using Eq. (4); (2) the 
effective lateral pressure from the FRP ( lff ) is found by 
Eqs. (1-3); (3) the effective pressure from the hoop rein-
forcement is by Eqs. (5-7); (4) the modified confinement 
pressure ratio RMC  is by Eq. (11), and as a result (5) the 
strength at ultimate loading of rectangular column with 
FRP wraps ( ccσ ) is by 

'
cc c R0.64 3.93f MCσ = +

 			    
(10)
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(11)

As for the ultimate strain ccε , Eq. (12) with an (R2) 
value of 0.8 was calibrated based on a selected test data-
base of small and large scale column tests7,8. 

lslf
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ε
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(12)

4.4 Transition Stress, dtσ  and Strain dtε  
The descending branch of a post-peak softening stress-
strain response was found to be controlled by the hoop 

steel reinforcement ratio, number of FRP layers, and 

aspect ratio of a rectangular-sectioned column. An anal-

ysis was performed on selected test data to propose the 

following expressions of dtσ  and dtε . 
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Figure 3. Strength enhancement ratio cc
'
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σ

versus effective 

confinement pressure ratio RMC .

4.5 Complete Stress-strain Model 
The stress-strain response can be predicted using the 
important features of the curve (points A, B, C and C’ 
(Figure 1). The expressions for describing the three por-
tions of the post-peak softening are provided in Eq. (15). 
The expressions for the bilinear response are provided 
in Eq. (16), which are similar to those provided in many 
existing studies. 
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where,
 
is E11 is the slope of the second segment of 

softening stress-strain response, whereas E21 is its third 

segment’s slope;
 
E22 is the slope of the second portion 

of the two branch response; the A can be obtained as
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Figure 4. Comparison of predicted stress-strain results with existing test relationships for FRP-wrapped columns.
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lus of elasticity15; p t tE σ ε= (MPa) = second modulus 

at peak point (Point (A) described in Figure 2). 

4.6 Evaluation of the New Model 
In Figure 4, the accuracy of the proposed components of 
the stress-strain model is also verified by comparing its 
predictions with results selected from the relevant stud-
ies16. The comparisons of the model responses with the 
selected stress-strain results of confined columns of dif-
ferences section sizes demonstrate that the model can also 
describe the stress-strain curve shapes. 
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6. Conclusions 
In this work, a new model with several proposed expres-
sions to predict the stress-strain response of columns 
reinforced with internal steel hoops and wrapped with 
FRP is provided. The proposed model characteristics are: 
(1) it takes into account the influences of several major 
parameters, namely, (1) section size, (2) aspect ratio, 
(3) internal hoop reinforcement, (4) effective FRP hoop 
strain at rupture, and (5) corner radius; (2) it considers 
bilinear and post-peak softening responses. Close agree-
ment was reported between the responses of the proposed 
model with the compiled test data, confirming its ability 
to simulate the axial stress-strain behavior of rectangular 
RC columns with external FRP confinement. More exper-
iments considering different ranges of sectional area and 
confinement level for columns with different FRP materi-
als and concrete properties is necessary to examine the 
model performance. 
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