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Abstract
Objectives: This article presents the results of simulations that describe the simultaneous effect of tangential stresses 
and volumetric stresses, in the generation of velocity profiles in a ferrofluid. Methods: The system of ferrohydrodynamic 
equations was solved by means of finite differences for both the dynamic and the magnetic problem, separately. For the 
present case, the flow was considered in a channel of square cross-section, under the effect of a rotating magnetic field of 
high magnitude and frequency. Findings: The results obtained show that the tangential stresses are more representative 
than the volumetric stresses in the flow generation. Likewise, it was observed that the lateral walls of the geometry 
generate counter-rotation in the translational velocity profiles, reaching saturation with the increasing of the magnetic field 
intensity, situation reported in the literature for experimental measurements. Applications: A complete understanding of 
this process will facilitate the design of new ferrofluid systems under the effect of rotating magnetic fields.

1. Introduction
There is a great amount of physical phenomena induced 
by the presence of magnetic fields. Within this extensive 
area, it has been possible to classify specific topics such 
as magnetorheology, magnetohydrodynamics and fer-
rohydrodynamics, among others. The latter has received 
very little attention from researchers compared with, for 
example, magnetohydrodynamics, where SCOPUS (RM) 
reports for the first only 151 documents (1964-2019), 
while for the second 31917 (1952-2019). Despite this 
situation, there is a great potential to the application of 
ferrohydrodynamics, especially in areas such as medicine 
and fluid transport, as an example of this trend, recently1. 

Reported a study based on the fundamentals of ferrohy-
drodynamics, analyzing the effect on the heat transfer and 
blood flow in a channel of to the presence of a permanent 

magnetic field. They simulate this process by discretiz-
ing the model using the finite volume method, together 
with the material balance equation. Among its find-
ings, it is highlighted that according to the simulations, 
there is an increase in the heat flow from the inside of 
the blood stream (in the presence of a magnetic drug) to 
the encloses. Likewise, they found that the loss of energy 
was due to the existence of shear stresses. Something 
additional that stands out is related to the occurrence of 
an increase in the transfer of heat from the inside of the 
blood flow (in the presence of a magnetic drug) to the 
walls, on the other hand, and in a recently reported work2. 
Numerically simulated the effect of a not uniform mag-
netic field on the flow of a biomagnetic fluid in a duct 
with an adjustable choke. They analyzed the influence of 
varying the strength of the magnetic field and the per-
centage of the opening of the strangulation on the flow 
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of the magnetic material. Their results show an evident 
relationship between the magnetic field intensity and the 
flow of the biomagnetic material. It is important near the 
origin of the magnetic field (a wire that carries a variable 
current for this case and at a distance from the pipeline 
that carries the biomagnetic material). Applying a field 
of sufficient intensity, they found that downstream of the 
restriction considerably decreases the recirculation that 
occurred. Equally, they established that the existence of 
magnetic field disturbs the shear stresses on the wall. The 
literature reports a series of works in these areas that for 
brevity are not described here in detail3-7.

Ferrofluids are materials with super-paramagnetic 
characteristics, composed of nanoparticles of 8-15nm 
in diameter8, suspended in a continuous phase usually 
an organic or inorganic liquid. These substances have 
attracted attention due to their particular rheological 
response, such as, for example, the increase in viscos-
ity in the presence of a permanent magnetic field9-10, the 
changes of this parameter due to the effect of a Rotating 
Magnetic Field (RMF)11-13, and the generation of flux in 
the ferrofluid in response to an external RMF14-19. Among 
the applications that have been given to these particu-
lar substances, we can highlight the sealing of electronic 
devices that involve rotating axes20, applications in micro-
electro-mechanical systems21, heat transfer applications22, 
biomedical applications, specifically in controlled drug 
release processes, in treatments against cancer based 
on hyperthermia23, applications in Nuclear Magnetic 
Resonance (NMR)24, to mention just a few.

On the other hand, with the objective of describ-
ing the behaviour of ferrofluids flow under the effect of 
a RMF several hypotheses have been proposed, among 
which the Internal Angular Momentum Diffusion 
Theory25 (TDMAI) stands out. It attributes the flow gen-
eration to the magnetic nanoparticles rotation, which 
produces a diffusion of the Internal Angular Momentum 
(IAM). It in turn generates the rotation of the continu-
ous phase. Additionally, the outset of the flow is also 
occasioned for the curvature in the fluid-air interface14. 
This hypothesis establishes that the flow of the ferro-
fluid is generated by tangential magnetic forces that act 
on these points. In the work reported15, for a cylindrical 
geometry, they measured experimental velocity profiles 
inside a ferrofluid and in the presence of a RMF; using 
the technique called Ultrasound Velocity Profile (UVP).
These measurements confirmed the existence of a ferrofluid 
flow, not only on the interfacial surface, but also at points 
far from the free interface of the fluid. These data showed 

azimuth velocity profiles with the features of a rigid body 
movement, co-rotating with the RMF in the internal part 
of the ferrofluid, in qualitative agreement with TDMAI 
predictions25. In contrast, the flow direction on the sur-
face of the ferrofluid in contact with air is opposite to the 
direction of the RMF, as it is established in the work26. In 
the same way, the measurements reported up to that date 
allowed us to propose that in the flow generation operate 
two mechanisms of different nature: 1. superficial tangen-
tial forces, for the fluid near the ferrofluid-air interface, 
and 2. volumetric effects, for fluid areas away from the 
interface. These measurements suggest that the flow fields 
obtained on the surface are inadequate to validate flow 
theories, which only apply at points away from it, such as 
TDMAI, proposed9-15.

Taking into account the above27 proposed the descrip-
tion of the flow from the use of a boundary condition of 
forces, with slippage in the linear moment, and coupled 
with a slip boundary condition for the internal angular 
momentum. For this purpose, they implemented the 
TDMAI for a sample of ferrofluid, contained in an infi-
nitely long rectangular channel in the axial direction, 
under the effect of a rotating magnetic field (CMR) of 
low amplitude and frequency. Subsequently, the literature 
reports similar studies but implemented the proposed 
magnetization equation Shliomis (Sh-72) and the one 
proposed by Martsenyuk, Raikher and Shliomis (MRSh-
74) in order to compare the results28. These works used 
a rectangular geometry with a one-dimensional domain, 
finding, in this way, the profiles according to the vertical 
coordinate, that is, ( )vz x= zv i  and ( )y yx iω ω=  27-28.However, 
although the previous results are the first reported, which 
assumes a joint effect between volumetric and tangential 
efforts, do not allow the validation of these, since they are 
not obtained for a physically achievable geometry. For 
this reason, in this article the TDMAI is implemented 
in a square cross section with bidimensional domain, in 
order to describe the flow fields in all the points of the 
cross section of the square channel, i.e., ( )v ,  z x y= zv i  and 

( ) ( ), , x x y yx y i x y iω ω ω= + , which will allow to take into 

account the presence of the side walls of the duct in the 
velocity profiles. Consequently, in this paper we present 
the implementation of the TDMAI, to describe the veloc-
ity profiles of ferrofluids under the influence of CMR 
of high amplitude and frequency, in two-dimensional 
(square) domain geometry, considering the joint effect of 
the stresses tangential in the interface and the volumetric 
efforts in the internal part of the ferrofluid.
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This document is organized as follows: after this brief 
introduction, the hydrodynamic and magnetic equations 
appear which constitute the central component of the 
phenomenon math model we are analyzing. Subsequently, 
the implementation of the numerical methodology to 
solve the partial differential equation system is shown. 
This methodology is validated with the analytical solu-
tions, simulating magnetic fields of low amplitude and 
frequency. Once this validation stage has been carried 
out, the flow profiles for magnetic fields of high intensity 
and frequency are generated, with the analysis of results 
and trends found.

2. Materials and Methods 

2.1 System of Hydrodynamic Equations
The continuity equation, the linear momentum balance 
equation and the internal angular momentum equation, 
which form the system of hydrodynamic equations, valid 
for any magnetic field amplitude and any value of the phe-
nomenological coefficient «spin viscosity( ' 0η ≠ ), appear 
below29-30 :
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, represent the Reynolds number of trans-

lational and spin, respectively. In order to differentiate 
the variables dimensions, the symbol was included˜, on 
top of these. The scales of length and time were imple-
mented in the magnetic problem, obtaining equations 
without dimensions of order one, which were previously 
reported29. Now, to perform the steady-state analysis, an 
approximation based on the Reynolds number is required, 
and according to Deen31, it must be fulfilled that,
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2.2 System of Magnetic Equations
This system is composed of the magnetization equation 
(Sh-72 or MRSh-74), the Langevin equation and the 
Maxwell equations.
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Similarly, the dimensionless constants of the parallel and 
perpendicular relaxation times are,
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And finally, the Langevin parameter, , is defined as:

( )2 2 23 3 .
2 2 x zH H Hα ε ε= = +  

3. Results and Analysis
Next, we present the main simulation results of the ferro-
fluid flow in a square geometry of flat and parallel plates 
whose domain is two-dimensional. Figure 1 illustrates the 
physical situation where the magnetic field is generated by 
axial field strength Hz and a cross-sectional field density Bx.

Figure 1. Channel plan of square cross section for the 
illustrative problem of flow.
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3.1 Solution for High Intensity Magnetic 
Fields
For the case of magnetic fields of high intensity, the inter-
nal angular momentum balance equation, including Eq. 
(4) is:
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Now, with the coordinates in which the internal angu-
lar momentum is presented (coordinates x and y), their 
corresponding scalar equations are deduced as shown:
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In eq. (12) and (13) it can be observed that, unlike the 
cases studied previously by other authors, cross-related 
derivatives are presented associated to the horizontal and 
vertical coordinates of the physical system.

3.2 Methodology of Numerical Solution
In order to illustrate the numerical methodology for the 
solution to the ferrohydrodynamic system, the flow dia-
gram of Figure 2 is presented.

Figure 2. Methodology Flow diagram of the numerical 
algorithm, ferrohydrodynamic model.

The methodology is described through the following 
steps: 

1. Enter: a. The ferrofluid characteristics, b. The geom-
etry of the container and the physical properties of the 
system, such as: viscosity of shear η , viscosity of the 
carrier liquid 0 η ; initial magnetic susceptibility  χ ; 

volumetric fraction φ , relaxation time  τ  (assuming 
that the nonmagnetic particles with just Brownian type 
motion, Bτ ); the permeability of space 0 µ , the mag-
netic field strength  H , the viscosity of vortex  ζ , the 
dimensions of the study system  δ , number of system 
nodes (both geometric and temporal); the initial aver-
age torque values at each point of the geometry;  and the 
maximum number of iterations of the algorithm.

2. From the average torque calculated in the previous 
iteration (in the case of the first iteration, the initial 
average torque value supplied by the user is assumed), 
the translational and rotational velocity profiles are 
calculated, taking into account ( ),  z yv f x ω=    that  
and ( ), y zxf vω =   .

3. If the velocities do not reach convergence, go back 
to step 2. Otherwise, it is set to, ( )z xv   and ( )y xω 

, as the velocity profiles corresponding to the average 
torque value of the iteration and, in this way, the solu-
tion of the magnetic problem is continued, in order to 
obtain the values of, ( ) x xM  , ( ) z xM   ( ) x xH   and 

( ) z xH  .

4. The instantaneous torque calculation for each spatial 
and temporal node of the system under study is car-
ried out. Additionally, the average torque calculation 
is made for each point of the geometry. 

5. If the average torque does not reach convergence, 
1%≥  go back to step 2. Otherwise, it is set ( )z xv   

and ( )y xω   as the resulting velocity profiles.

3.3 Validation of Algorithm I
A direct way to evaluate the performance of numerical 
solution algorithms is to obtain the same analytical solu-
tions, when simulating for low intensity fields, where the 
analytical solutions have physical validity. Starting from 
the data in Table 1, we proceed to compute the velocity 
profiles, assuming that  1α  , and a value of  0η′ = , 
since for values of ' 0η ≠ , there is no analytical solution 
available so far.

In Figure 3, the curves shown correspond to the pro-

file of ( ),zv x y     at half the height of the channel, that is
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 0.5x = ; this is ( ) 0.5;zv y  . Figure 3, FFT is the ana-
lytical solution through the Finite Fourier Transform 
method and MRSh is the numerical solution of the sys-
tem implementing the average value of the instantaneous 
torque obtained by means of the algorithm.

Table  1. Characterization of ferrofluids

Ferrofluido WBF-1 WGBF-1 GBF-2

3

kg
m

ρ  
 
 

1.03 1.26 1.29

( )m Pasη 1.03 76.1 109

( )0 m Pasη 1.02 81.2 995

( )0 sM mTµ 1.14 2.01 4.02

( )%φ 0.213 0.376 0.753

χ 0.106 0.200 0.301

( )sτ 51.67 10−× 32.45 10−× 31.84 10−×

Figure 3. Validation of numerical solutions, of models at low 
and high fields, with analytical solution.

3.4 Validation of Algorithm II
A second way of validating the results is proposed. For 
this, numerical simulations are carried out for values   of 
the aspect ratio “ a ”. This parameter in the case of two 
linear dimensions of an object is called aspect ratio, for 

example: 
length
height , 

width
length  among others. For this particular

case study, the aspect ratio will be defined as the quotient 
between the width and the height of the channel, that is:

 width Wa
height H

= = . It would be expected that, just as the 

aspect ratio tends to infinity ( )a ∞→ ,

( ) ( ), y | .  z a zv vx x∞→ =   

       (14)
As shown in Figures 3&4, there is a match between 

the numerical and analytical solutions, for this reason, 
this algorithm will be implemented for the prediction of 
velocity profiles of ferrofluids contained in a square sec-
tion channel, under the effect of magnetic fields of high 
amplitude and frequency, α≫1, where the analytical solu-
tions have no physical validity. 

In Figure 4, 2DMS represents the numerical solu-
tion of the two-dimensional system (implementing the 
numerical algorithm for high intensity fields). 1DMS is 
the analytical solution of the one-dimensional system 
proposed in the literature (Figures 5&6).

Figure 4. Numerical algorithm validation for 0η′ ≠  . Axial 

linear velocity profiles in  0.5y =  [dimensionless].

3.5 Velocity Profiles for 1 á
Next, the results for a magnetic field density of 11, 3 [mT], 
which is the highest field density reported. In32 for the 
ferrofluid sample WBF-1, in a cylindrical geometry. This, 
due to the lack of experimental data, for a square geom-
etry of flat and parallel plates, with which a comparison 
can be made with the simulation results. Additionally, in 
Figures 7, 8 and 9 the linear and angular velocity surfaces 
are presented, along the two-dimensional domain.
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Figure 5. Linear velocity profiles as a function of the 
horizontal and vertical coordinate for WBF-1.

Figure 6. Angular velocity profiles as a function of the 
horizontal and vertical coordinate for WBF-1.

In Figure 7 a backflow can be seen in the region 
near the lower wall of the channel (values of x≤5 [mm]
approximately), as well as, it can be observed, as in the 
velocity profiles reported by other authors, that velocities 
of greater magnitude occur in the points that are part of 
the ferrofluid-air interface. For its part, in Figure 8&9 it 
can be observed that the angular velocity ωy s two orders 
of magnitude higher than ωx. Therefore, it could be said 
that, when taking into account the horizontal coordinate 
in the analysis, the greater prevalence of the rotation of 
the particles, as in the results where only the vertical 
coordinate was taken into account. It is represented in 
the horizontal component of the angular velocity vector, 

i.e. ωy.The former is related to the assumption made ini-
tially, where it was defined vz (x,y) s the only component 
of the translational velocity.Likewise, it can be seen on the 
surface of angular velocity for ωx an antisymmetric char-
acteristic, with the axis in y=10 [mm], which represents 
a counter rotation in the magnetic nanoparticle spin, 
absent behavior in the surfaces of ωy .

 

Figure 7. Linear velocity surface vz depending on the 
horizontal and vertical coordinate for WBF-1.

Figure 8. Angular velocity surface ωx depending on the 
horizontal and vertical coordinate for WBF-1.

In order to compare the results of the velocity pro-
files with experimental data reported32, we obtained from 
simulation those values for amplitude and frequency 
magnetic field changes. The sample was WBF-1. The pro-
files reported in Figure 10 correspond to vz (x,10 mm), for 
a channel of flat and parallel plates, whose aspect ratio is 
one (a=1).As in the experimental results. 
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Figure 9. Angular velocity surface ωy depending on the 
horizontal and vertical coordinate for WBF-1.

Figure 10. Average velocity profile vzi in the square channel. 
Left: f=150 [Hz] . Right: B=5,62 [mT].

In32, despite working with different geometries, you 
can notice saturation in the magnitude of the velocity, 
from an approximate value of 7,9 [mT]. According to the 
results of Figure10, it could be suggested that the satu-
ration phenomenon of the velocity profiles may be more 
related to the ferrofluid characteristics, than to the geom-
etry of the container in which it is located. Likewise, it can 
be observed that, for the simulation values   implemented, 
the saturation phenomenon occur when the amplitude 
value increases, but not the magnetic field frequency. This 
figure shows the effect of different magnetic field densities 
(for a constant frequency of 150 [Hz]), and for different 
frequencies (for a constant magnetic field density of 5,62 
[mT]). The profiles are based on the vertical coordinate X, 
for a constant horizontal co-ordinate of y=10 [mm]. For 
this reason, it is necessary to take into account the opera-
tion point in each of the simulation carried out (Figure 
11). The extreme values of amplitude and frequency of 
the magnetic field must be in the curve of constant fre-
quency, α=1,81 and Ωτ=0,016 (saturation zone), while for 
the constant magnetic field curve, α=0,90 and Ωτ=0,021 

(zone of non-saturation). Finally, in order to study the 
effects of increasing the density and the frequency of the 
magnetic field in the translational velocity, the solution 
algorithm was operated, with the objective of obtaining 
the maximum value of translational velocity for a den-
sity range of magnetic field between 1-100 [mT]. This 
according to the field measurements reported in the lit-
erature, which is equivalent to a range of the Langevin 
parameter, α=[10-1-101 ] , approximately. The results are 
presented in Figure 11, in which an increase in the maxi-
mum translational velocity is observed, as the magnetic 
field increases, for a value of the Langevin parameter 
from 10-1 to 100, approximately. For values of α≥100 the 
saturation phenomenon is presented, from which, when 
the applied magnetic field intensity increases, the velocity 
does not show considerable increases. These results can-
not be compared with that reported33-34, due to the lack 
of knowledge of the characteristics of the ferrofluids used 
in these experiments, since they were not reported by the 
authors. On the other hand, the results obtained with the 
simulations in the bidimensional domain system, with 
the existence of a ferrofluid-air interface, are in qualitative 
and quantitative agreement with the data reported28, with 
a one-dimensional domain without ferrofluid-air inter-
face. This suggests that, as analyzed with the cylindrical 
geometry, the saturation phenomenon is more related to 
the intrinsic thermophysical properties of the ferrofluid, 
than to the characteristics of the container itself. In this 
figure, the curve on the left was obtained for the constant 
frequency f=150 Hz, while the curve on the right for a 
density B=5,62 [mT].

Figure 11. Effect of α and Ωτ in the maximum values of 
velocity, vz, in WBF-1.

4. Conclusions
In this article the combined effect of volumetric and 
superficial stresses in the flow of ferromagnetic fluids, 
generated by a RMF, in geometry of flat and parallel plates 
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of axial length Z infinite was analyzed. In the same way, 
the TDMAI was implemented to predict the profiles and 

surfaces of translational velocity and rotation, ( ) , yzv x  , 

( ), yx xω    and ( ), yy xω    for samples of moving ferroflu-

ids in square geometry ducts.Additionally, the equation 
MRSh-74 was implemented, within the set of ferrohydro-
dynamic equations of the TDMAI, in order to predict the 
velocity profiles, under the effect of high intensity rotating 
magnetic fields. It should be considered that the profiles 
of translational velocity and rotation, resulting from the 
simulations carried out for this article, are valid only for 

24 ' o

e

Rηζλ
η

 . The previous assumption was required 

to obtain the solution to the system of ferrohydrodynamic 
equations, Eq. (2) and (3), due to the lack of reported 
experimental measurements of the volume viscosity 
coefficient of “spin viscosity”, λ',  both for the sample of 
ferrofluid WBF-1 and for other samples of ferrofluids.
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