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Objectives: To classify the types of G-circuits with length four in G-orbits &  where o is areduced quadratic irrational

number and G is the modular group. Methods/Statistical Analysis: G-orbits of real quadratic fields are evaluated
using coset diagrams of modular group. Findings: There are five distinct types of the G-circuits in all. The number of
disjoint G-orbits containing G-circuits of two types out of these five is four and for the remaining three types of G-circuits
corresponding number of disjoint G-orbits is two. Application/Improvements: With the help of classification of G-circuits
of length four we can find the structure of G-orbits of real quadratic fields.
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1. Introduction and Preliminaries

In this section we give a brief outline of the definitions
and known results.
The set of linear fractional transformations of the

a,z+b,

formz —> , where a,,b,,c,,d, are integers and

cz+d,

a,d, —bc, =1,1s called modular group and it has presentation

G= <x,y X' =y = 1> . A set X with an action of the

group G on it is known as a G-set.
The set

Q*(\/;)={a+\/;:a,c,b= a-n eZ&(a,b,c)zl}

c Cc

is a proper G-subset of Q(\/E) \Q=U,_,O*(Nk’m)
wheren = k’m. Throughout this paper & ,5 ,—x

and —& denote d

- a+\/; —a—++n a+\/; an
C ’ —C ’ —C

*Author for correspondence

—a++In , — _ ,
—— respectively. If & and & have different signs,
c

then @ is called ambiguous number. Whereas if & sat-
isfies the conditions & >1 and —1<a <0, then it

is called reduced quadratic irrational number. Using
coset diagrams idea given it has been shown that there

are only a finite number of ambiguous numbers in

Q*(\/;) and that part of the coset diagram contain-
ing such numbers forms a single circuit and it is the

only circuit in each orbit a® with the second prop-
erty’. Number of ambiguous numbers in Q*(\/;)
have been determined in**. Properties of elements of
Q*(\/;) have been discussed in’. Some G-subsets of
Q*(\/; ) have been explored®. The necessary conven-
tion to make meaningful our classification by a type of

G-circuit of length 2m, is denoted by (k,k,,....k,,,)
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we mean the circuit containing one vertex, fixed by
N k 2k k 23Ky Ky

(™)™ Gey)™ (7)™ () e (%) (). In

other words, it is the circuit of G-orbit of reduced num-

ber « inwhich k, triangles have one vertex outside the

circuit, k, triangles have one vertex inside the circuit,
k, triangles have one vertex outside the circuit and so on

k,, triangles have one vertex inside the circuit’. Length
of G-circuits disagrees with the notion of length in graph.
Two types (1, 1y t5t s ty,) and (U, Uy, Uy, Uy Uy,
are equivalent if and only if they represent the same G-circuit
and we write it as (¢,,4,,8;,L,5eesty,,) ~ (U Uy Uy Uy ey Uy, )
Thus (k. ky, kg by ks, k) S (kg K kLK)
(ks kgsennnnsky, 1 hey, s key ke k) and SO ON Uy, sk ey ek 50Ky, )
are equivalent as they satisfy the condition to start from the
number of triangles having one vertex outside the circuit

and end at the number of triangles having one vertex inside
the circuit. Throughout this paper G-circuit will be repre-

sented in counter-clockwise direction. For example the
path from %1 two @2 in Figurel corresponds to the word
(xy°)” (xy)?. We have discussed properties of reduced

quadratic irrational numbers and classified G-circuits of
length two in”. Throughout this paper p, g, , s denote pair-
wise distinct positive integers and the expression

d N d’ +4ef
d+.\d* +4 h 2
—ef is replaced by h h when
2f 2f
h

(d,(2e,2f))=h>1.1n this paper we classify types
of G-circuits with length four in G-orbits of Q(\/E NQ

and we prove that there are exactly five types (p, ¢, r, 5)
(P, p.7.5)> (pgspis)> (pop,pos) and (pop,r,r)
of G-circuits of length four, in G-orbits c” where
a EQ(\/Z)\Q For a given sequence of positive

integers h>7ps M50 My the circuit of the type

(), 1y, My s Ty 1y Ty Ty Py g By Py y Py ey Py )

where [ divides K, is said to have a period of length 2/
. It can be deduced from the result in® that for a given
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sequence of positive integers, there exist a circuit which
has period of length2/, where [ dividesk . Hence the
circuits of the types (p, p, p, p) and (p,q, p,q) cannot
exist. We also determine reduced quadratic irrational
number & in terms of p, g, r S . The notations used

in this paper are standard and we follow”®. The following
theorem is very crucial.

k- .
iy, o2 —(3

-\/' ' \// — iy
1 times <
5 times

>
— g /\/\

q times
> p times

—{1y ¥y g

Fig-1: G-circuit of (1) = {aa)"

Figure 1. G-circuitof (& )“= (@ ).

Theorem 1.1 (Aslam and Sajjad): An ambiguous

a+n

C

onlyif, | b +c|<2a.

number where ¢ > 0 is reduced number if and

2. Types of G-Circuits of Length 4

We commence this section with an important theorem
of classification of G-circuits with length four that moti-
vated us for the main purpose of this paper.

In it has been proved that there does not exist G-orbits
with G-circuits of length two with the property that

G-orbits &, (-a)“, (E)G and (—E)G are distinct
whereas in this section we prove that all the four G-orbits
a?, (—a)°, (E)G and (—E)G involving G-circuits of
the types (p, q, 1, S) and (p, D, T, S) are mutually

distinct.
In the following theorem we classify G-circuits of
length four.

Theorem 2.1: Let P>4>">S be mutually distinct positive

integers. Then there are exactly five types (p.q.7,5),
(p,p,}",S)) (paq’pas), (p,]?,pas) and (p,p,l",l")

Indian Journal of Science and Technology



M. Aslam Malik and Sajjad Ali

of G-circuits of length four, in G-orbits a® where

o e 0Nm)\Q

Proof: 1t is easy to see that quadruple (p,q,7,s)
of pair wise distinct positive integers p,q,r,s rep-
resent one of the five types of G-circuits of length four.
Whereas if first two coordinates of quadruple coincide
then (p, p,r,s) is another type. However if first and
third coordinates are same while 2nd and fourth are dif-
ferent we get third type namely (p,q, p,s). Similarly
if first three coordinates of the quadruple coincide then
we get fourth type namely(p, p, p,s). Lastly if first
two are same and last two are same we get another type
namely (p, p,7,7) . As given in, all the four coordinates
cannot coincide. Furthermore by the same reference, the
type (p,q, p,q) does not exist. This shows that there are
exactly five types of G-circuits of length four depending
upon pair wise distinct four positive integers p,q,7,s .

Remark 2.2: Obviously (p>q,7,8) ~ (7,5, p,q)
(q,V,S,p)~(S,p,V,C]),(S,I’,q,p)’“(q,p,S,l") and
(PaS,V»C])’“(”,an,S)'

In the theorem given below we derive a formula to
find out the reduced numbers of a G-circuit of length four.

Theorem 2.3: If the G-circuit of an ambiguous num-

ber & in G-orbit a“is of the type (p,q,7,s) then

(pq+p:—qr+rs+pqr:)t\/(pq-*—ps—qr-*—rs-%—pqrs)z +4(p+r+pgr)(g+s+qrs) *
o=
2(p+r+pqr)

Proof: Let (a)(xy2 )p (xy)q (xy2 )" (xy)s =q.

1+ a+ . 5
This implies that (—( 2q) qj(xy2) () =a.
pa+1

(I+ pg)a +q
pa+1

That is
r((l+pq)a+q}1

+s5s=qa.

pa+1

This gives (p+r+ pgrya® —(pg+ ps—qr+rs+ pqrs)a—(q+s+qrs) =0.

H - (pq+ps7qr+rs+pqrs)t\/(pq+psfqr+r:+pqrs)z+4(p+r+pqr)(q+5+qrs)
ence 2p+r+pgr)

In the lemma given below we prove that one of these
numbers is reduced while the other is not reduced.
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Lemma 2.4: (pq -+ ps—qr+rs+ pars) +y(pg-+ ps—qr+rs+ pars)’ +4(p+r+ pgr)(g+s+qrs)

2(p+r+pgr)
a, +n

G

= @, is reduced number while its conjugate

«, is not reduced.

a, +\n
Proof: Let @ =———

G

be as given in the statement.

Then a = pg+ ps—qr+rs+ pqrs, b, =-2(q+s+qrs)
and ¢, =2(p+r+pqr)>0.

Now (b +c¢,)=2(p+r+ pgr—q—s—qrs) and

2a, =2(pQ+PS—qV+’”S+pqu).Weprove

| b, +c < 2q, (b +c)<2a

that that is nd

—(b, +¢,) < 2a,

To prove that (b, +¢,) <24, that is
2(—q—s—qrs+ p+r+ pqr)<2(pq+ ps—qr+rs+ pqrs)

it is sufficient to prove that
(pg+ps—qr+rs+pqrs—p—r—pqr+q+s+qrs)>0
But
pPg+DpS—qr+rs+ pqrs—p—v—pqr+q+s+qrs
=p(s—D+r(s—1)+qr(s—1)+ pgr(s—1)+q+s+ pg
=(s—l)(p+r+qr+pqr)+q+s+pq >0

Because p,q,r,s are positive integersand s —1>0
. Similarly it can be proved —(b, +¢,) < 2a, and hence
| b, + ¢, |<2a,. By Theorem 1.1 it follows that @, is

reduced number. Obviously

7= —(pq+p3‘—qr+rs+pqrs)+\/(pq+ ps—qr+rs+ pqrs)’ +4(p+r+ pgr)(q+s+qrs)
' ~2(p+r+par)

does not satisfy the conditionc, >0. So gl is not
reduced as—2(p+r+ pqr)<0.

Theorem 2.5: If 3 is an ambiguous number such that

(B)(x)" (¥°x)"(yx)" (¥°x)" = f then
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pe 7(pq+psfqr+rs+pqrs)i\/(pq+psfqr+rs+pqrs)2+4(p+r+pqr)(q+s+qrs)
2(p+r+pgr)

Proo; Let Y) (72X () (") = B.

thatis | PP =4 oy 20y = .
1-pp

(I+ pg)B—q
1-pp
1| A+ P9)B-q
1-pp

This gives (p+r+pgr)p* +(pq+ ps—qr+rs+ pars)B—(q+s+qrs) =0.

-5 |=p.

This implies

Thus /3 is obtained as required. Obviously

—(pg + psfqr+rs+pqu)Jr\/(qurpsfqurrSerqrs)2 +4(p+r+pgr)(q+s+qrs) ”
2(p+r+pgr) !

And hence its conjugate is equal to

In the following theorem we prove that &, (—a)°
(E)G and (—E)G are all mutually disjoint.

Theorem 2.6: Let (P.q.7.5) is type of G-circuit
contained inar”. Then(q’r’s’p), (s:7.4, p) and
(p.s.7.9) are the types of G-circuits contained in
()" , (E)G and (_E)G respectively.

Proof: Let p, q, 7, s be mutually distinct positive inte-
gers. Then by Theorems 2.3 and 2.5, G-circuit shown in

Figurel is of the type (p,q,r,s) having reduced num-

bers ¢, and

B (pq—px+qr+rs+pqrs)+\/(pq—ps+qr+rs+pqrs)z +4(q+s+pgs)(p+r+prs) .
2(q+s+ pgs)

@,

Also G-circuit shown in Figure 2 is of the type
(q,7,5,p)

- (pq+ps+qr—rs+pqrs)+\/(pq+ps+qr—rs+pqrs)z+4(q+s+qrs)(p+r+prs)
: 2(qg+s+qrs) '

and contains two reduced numbers

And o = (*pq+ps+qr+rs+pqrs)+\/(qu+ps+qr+Vs+pqrs)3+4(q+s+pqs)(p+r+pqr)
¢ 2(q+s+ pgs) ’

Also G-circuit shown in Figure 3 is of the type
(s,7,q, p) and contains two reduced numbers

_ (pq—ps-*—qr+rs-%—pqrs)+\/(pq—ps+qr-¢—rs+pqrs)2 +4(q+s+ pgs)(p+r+ prs)
2(q +s+ pgs) ’

s
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tumes
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r 1
|
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r times <'
> p times <
g ‘>

\ i
W

5 times
Fig-2: G-circuit of (—ar1 )% = (a3) = (a4)®
Figure 2. G-circuit of (- & )9=(& )¢ = (& )C.
5 times
M
! \
- 1_/\ ] /\ 0y
—ikg -4
-I"t,:
= 4
1 times - <
> i p times
> 5 <
g
f_'LEv \/ .\/—n;; —qry
\ i
)
q tumes
Fig-3: G-cirenit of (1) = (as) = (0g)©

Figure 3. G-circuit of (EI)G =(a)=(a )"

iy 8 —evg
\/ \/ o
LHmes < s times >

< s > p times

—as o' kg

Fig-4: G-circuit of(—rf;]c = (a7)® = (ag)

Figure 4. G-circuit of (—EI)G =(a ) =(ay"

And « _(pq+psfqurerpqrs)Jr\/(qurprqurrSerqrx)z+4(q+x+qrx)(p+r+pqr)
¢ 2(q+s+qrs) ’
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Lastly G-circuit shown in Figure 4 is of the type
(s,7,q, p) and contains two reduced numbers

o= (pq+ps+qr—rs+pqrs)+\/(pq+ps+qr—rs+pqrs)z+4(p+r+prs)(q+s+qrs)
’ 2(p+r+ prs)

and

o= (*qurps+qr+rs+pqrs)+\/(qu+ps+qr+rs+pqrs)2 +4(p+r+ pgr)(g+s+ pgs)
¢ 2(p+r+pgr) '

This completes the proof.
Theorem 2.7: In eachr;, i1 =1,2,.....,8, the expres-

sions under radical signs are equal.
Proof: Expression under radical sign of ¢, is:

(Pq+ ps—qr+rs+pgrs’ +4(p+r+ par)(q+s+qrs)=(pg)’ +(ps)’ +(=qr)* +(rs)’* +(pars)’
+2p2qs =2 pq’r+2pqrs + 2 p*qirs — 2 pars + 2 prs’ + 2 piqrs® —2qris =2 pg’ris + 2 pqris® +
A(pq+ ps+qr+rs)+4(pg’r +qr’s+ pg’r’s)

=(pq)’ +(ps) +(qr)’ +(rs) +(pqrs)’ +2p°qs +2pg’r +2qr’s + 2 pg’r’s + 4(pq + ps +qr +rs)
+8pqrs

And corresponding expression of ¢, is:

—ps+qr+rs+ pgrs)’ + +r+prs)(g+s+ pgs) = ? +(=ps) +(qr)* +(rs)* +(pqrs
(pg=ps+q Pqrs)’ +4(p+r+ prs)(q+s + pgs) =(pg)” +(=ps)’ +(gr)’ pars)’
2pqs +2pq’r+ 2pgrs + 2 pPq’rs =2 pars — 2 prs’ =2 pqrs® + 2qr’s + 2 pg*ris + 2 pgris® +
A(pq + ps+qr+rs)+4(pqs+ prs® + pqrs®)

=(pq)* +(ps)’ +(qr)’ +(rs)’ +(pqrs)* +2p°qs +2pq’r +2qr’s + 2 pg*r’s + 4(pq + ps + qr +rs)
+8pgrs

Similarly we can prove that expressions under radical
signs of other ¢¢;'s are equal to that of ¢, .

All the results corresponding to the type (p, p,7,s)
can be obtained from the corresponding results related to
type (p,q,r,s) just by replacing g by p.

Following Corollaries 2.8 and 2.10 are consequences
of Theorems 2.3 and 2.5.

Corollary 2.8
(i) If the G-circuit of an ambiguous number ¢ in the

orbit ¢
Is of the type (p,q, p,s) then

g Cpst P2qs)+y(2ps + p*qs)’ +4Q2p+ p*q)(q+s + pgs)
22p+p’q)

Gi) If B
(B)x)" (%) (3x)"(¥*x)" = B then

5= —2pstpas) £JQ2ps+p'gs)’ +42p+ p'a)g +5+ pgs)
22p+p’q)

is an ambiguous number such that
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Proof: Replace 7 by p in Theorem 2.3 and 2.5 to get the
required result.
Obviously if

(2ps+p’qs) +(2ps+p’qs)’ +4Qp+ p'g)q+s+pas) _
22p+p’q)

1

Then

(2ps+p*qs) = (2ps + p*qs)’ +4Qp+ pg)q +5+ pas) _—
22p+p*g) ;

~2ps+p'gs) +\2ps+ p'gs)’ +4Qp+ p'g)q+s+pas) _ —

22p+p'q) ‘
And
~(2ps+ pqs)—2ps + p’as) +4Q2p+ p*a)q+s + pgs) -
22p+p’q) :

Theorem 2.9: Let (p,q, p,s) is type of G-circuit con-
tained in a® = (—E)G. Then (g, p,s, p) is the type of
G-circuits contained in (—a)® = (E)G .

Proof: Let p, q, s be distinct positive integers. Then by
Theorems 2.3 and 2.5 and Corollary 2.8 G-circuit shown

in Figure 5 is of the type (p,q, p,s)having reduced

numbers ¢, and

o = Cpa+pies)+ JC@pa+ pas)’ +4Q2p+ ps)g+s+ pgs)
’ 22p+p’s)

g
\/ \/ s

p times < q times " >

< s times
—ary 1 \

oy oy Cry

Fig-5: G-circuit of (1) = (—a1)® = (a2)® = (—a=)

Figure 5. G-circuit of (& o= (—51)G =(a )e= (—52)6
And G-circuit shown in Figure 6 is of the type

(¢, p,s, p) and contains two reduced numbers

o = 2pa+pies)+ J2pg+ p’gs)’ +4(q+s+ pgs)2p+ p’s)
’ 2(g+s+ pgs) '
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q times

W NA N

—
o)
Pp times

p times

a7

s times

Fig-6: G-circuit of (—ay )° = (@)% = (a3)®

= (ag)®
. o NG
Figure 6. G-circuit of (- & )o=(a1)” = (& )= (& 5.

And

g = 2pstpias)+ JQ@ps+ p*gs)’ +4(g+s+ pgs)2p+ p’q)
4 2(qg+s+ pgs) ’
This completes the proof.

The results corresponding to the type (p, p, p,s)

can be obtained from the corresponding results related

to type (p,q, p,s)just by replacing g by p in Corollary
2.8.

Corollary 2.10:
(i) if the G-circuit of an ambiguous number & in the

orbit @ is of the type (p, p,7,7) then

(p2+r2+p2r2)+\/(p2+r2+p2r2)2+4(p+r+p2r)(p+r+pr2)
a=
2Ap+r+p’r)

(i) If B is an ambiguous number such that
(B)Yx)" (V%) (1) (%) =B pen

B —(p*+7 erzrz)Jr\/(p2 +72+ p Y +d(p+r+pr)(p+r+ prt)
- 2p+r+pr)

Proof: Replaceq by p and s by 7 in Theorem 2.3

and 2.5 to get the required result.
Obviously if

(pz+rz+p2r2)+\/(p2+r2+p2r2)2+4(p+r+p2r)(p+r+prz)
=0,
2p+r+p’r)

1

then
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(p*+r° erzrz)f\/(p2 +P 4+ p Y +A(prr+ pir)(prr+prt)  —
2 =&,
2Ap+r+pr)

—(p2+r2+p2r2)+\/(p2+r2+p2r2)2+4(p+r+p2r)(p+r+pr2) i
2(p+r+pzr) !

and

—(p*+r* +pzr2)—\/(p2 +r+ p ) +d(p+r+ pr)(p+r+ prt) -
2Ap+r+p’r)

1

Theorem 2.11: Let (p, p,¥,7) be type of G-circuit con-
tained in a® = (E)G Then (P,7,7,P) is the type of

G-circuits contained in (—05 )G = (—E)G .

Proof: Let p,r be distinct positive integers. Then by
Theorems 2.3 and 2.5 and Corollary 2.10 G-circuit shown
in Figure 7 is of the type (p, p,7,r) having reduced

numbers ¢, and

(p2+r2+p2r2)+\/(p2+r2+p2r2)2+4(p+r+prs)(p+r+p2r)

2(p+r+ prs)
& o —oeg
\/. ' \/ —cea
r times < p times >
: g ' times
< r tumes > P
TIANAA

(4} [= 31 a9
Fig-7: G-circuit of (01)% = (1) = (a2)€ = ()€
Figure 7. G-circuit of (& o= (al)G = (& )= (0{2)G

o —¥g

VN

‘——v—’>

r times >
> p times

v,

r times <

_< p times
AAA

— ¥ g g

Fig-8: G-circuit of (—a1 )% = (—a1)® = (a3)® = (a4)®

Figure 8. G-circuit of (- & o= (—OCI)G =(& )= (@ A
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Similarly G-circuit shown in Figure 8 is of the type

(g, p,s, p) and contains two reduced numbers

(pz+2pr—r2+er2)+\/(pz+2pr—r2+p2r2)2+4(p-¢—r+prz)2
2(p+r+pr2)

3

>

B (=p*+2pr+r’ +pzr2)+\/(—p2 2pr+rt + )Y +4(p+r+pir)’

4

2p+r+pr)

3. Conclusion

The idea of types of G-circuits in G-orbits of real quadratic
field by modular group, which is given in this paper, is
new and original. We have proved that for mutually dis-

tinct positive integers p,q,r,s there are exactly five types

(p.q,r,s), (p,p,7,s), (p.q, p,s), (p,p, p,s) and

(p, p,r,r) of G-circuits of length four, in G-orbits o
where o € Q(\/; )\ Q. There are four disjoint G-orbits
a’, (~a)?, (E)G and (—E)G containing G-circuits of
the types (p,q,7,s), (p, p,7,s).Similarly there are two
disjoint G-orbits t = (—E)G and (—a)? = (E)G con-
taining G-circuits of the types (p,q, p,s), (p, p, p,S)
. At the end we find that there are two disjoint G-orbits
a = (E)G and (—a)° = (—&)G containing G-circuits

of the type (p, p,r,7) .
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