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Abstract

The objective of this article is to give graceful labeling to some new classes of lobsters in a bid to resolve the three and
half decade old Bermond’s conjecture that all lobsters are graceful. Here we use the method of component moving
transformation such as the transfer of the first and second type and the derived transformations such as BD8TF, 1]JTE,
and 2JTF for generating graceful trees from a given one. In a bid to resolve Bermond’s conjecture here we give graceful
labelings to many classes of lobsters possessing at least one of the two distinct features from those found in the literature
as detailed below. 1.The central paths of the lobsters contain one or more vertices which do not have any neighbour apart
from those on the central path. 2.0ne or more vertices of the central paths are attached to leaves. 3. The vertices on the
central path may be attached to any of the fifteen different combination of odd, even, and pendant branches.

Keywords: AMS classification: 05C78, BD8TF, Graceful Labeling, Lobster, 0dd and Even Branches, Transfers of the First

and Second Type, 1]JTF, 2JTF

1. Introduction

Let G be any graph with g edges. Let f: V (T) >
{0,1,2,.....q } be an injection. For any edge (x,)) define

g(x,y)= f(x)— f(»¥)]|. If g isinjection, then we call

G a graceful graph and f a graceful labeling of G. A lobster
L is a graph which possesses a unique path such that the
distance of each vertex of L from H is at most two. One
sees that a lobster L with diameter at least five possesses
a unique path H =y, y,...... y, such that each vertex y , 1
<j < n -1, is adjacent to two vertices in H and the cen-
tres of one or more stars K, . The vertices y and y _ are
adjacent to exactly one vertex of H and the centres of at
least one star K, with r > 1. The path H is termed as the
central path of the lobster L. The star K, is said to be an
even branch if r even and, an odd branch if r is odd, and
a pendant branch if r = 0. A vertex y, on the central path
is attached to centres of stars which are represented by

*Author for correspondence

a triple (a,b,g), where a,, b and g are the number of odd,
even, and pendant branches respectively, adjacent to y.
Here the symbol o represents an odd number, e represents
a non-zero even number. For example, when we say that
any, is attached to the combination (e, o, 0), we mean that
y; is adjacent to an even number of odd branches, odd
number of even branch, and no pendant branches.

In 1964 the famous graceful tree conjecture! was pub-
lished which states that “all trees are graceful”. Another
conjecture due to Bermond got published as a special
case of the graceful tree conjecture? according to which
“all lobsters are graceful”. Bermond’s conjecture is also
unresolved so far and only some specific classes of lob-
sters are known to be graceful. One may refer to** ¢'*for
the latest updates on the advancement made in resolv-
ing Bermond’s Conjecture. In this paper we apply the
transformation techniques for constructing graceful trees
discussed in*¢ and find some new generalized class of
lobsters. The graceful lobsters of this article contains the
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central path H = x, x,...x, in which the vertex x is
attached to an even number of odd branches and an odd
number of pendant branches and the path H\{x } parti-
tions into three parts, ie. P=P U P, U P, such that a
vertex of P, is attached to a combination of the form (x,0,
z); x 2 0,z 2 0, a vertex of P, is attached to a combination
of the form (x,3,0); x 2 0, y = 0 (respectively, (0,52) , y =
0, z > 0), and a vertex of P, is attached to a combination of
the form (x,0,0), x = 0 or (0,0), y > 0.

2. Preliminary Results

Here we state some existing terminologies results bor-

rowed from*>%! to prove our main result.

2.1 Definition

For an edge e = {x; y} of a tree T, we call x(T) as that com-
ponent of T —e in which x lies.. Here x(T) is said to be a
component incident on the vertex y. If a and b are vertices
of a tree T, x(T) is a component incident on g, and b does
not lie in x(T) then replacing the edge {a; x} in T with an
edge formed by joining b and x is referred as the component
x(T) has been transferred or moved from a to b. Here by the
label of the component “x(T)” means the label of the vertex
x. Let a and b be two vertices of a tree T. By a > b transfer
we mean that some components from a are transferred to
b. We write a, > a, > a, > a, ....." This as to mean the con-
secutive transfersa, >a,a, >a,,a, > a,.....

Eachvertexa, i=1,2........ n — 1 1is called a vertex of the
transfera > a, ....... >a_ >a,.
2.2 Lemma

sLet T be a graceful tree with a graceful labelling f. Let a
and b be two vertices of T; let x(T) and y(T) be two com-
ponents incident on a and b does not belong to u(T) U
v(T). Then the following hold:

(i) If fix) + fly) = fla) + f(b) then the tree TV formed
from T by transferring the components x(T) and y(T)
from a to b also possesses a graceful labeling.

(ii) If 2 f(x) = fla) + f(b) then the tree T? formed from
T by transferring the component x(T) from a to b also
possesses a graceful labeling.

2.3 Definition

Let T be a tree with a vertex labeling f. We consider the
vertices of T whose labels form the sequence (s, t, s - 1, ¢
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+ 1,5 -2, t +2) (respectively, (s, t, s+1,¢t -1, s+ 2, t — 2).
Let s be adjacent to some vertices having labels distinct
from the labels of the above sequence. A s - t transfer is
called a transfer of the first type if the labels of the verti-
ces (or components) which are moved to ¢ are consecutive
integers. A s > t transfer is called a transfer of the sec-
ond type if the labels of the vertices which are moved to ¢
decompose into two disjoint sets of consecutive integers
A transfer consisting of eight successive transfers s > t >
s=1>t+1>s>t>s—-1>t+1>s—2 (respectively,
s>t>stl>t-1->s>t> s+l > t—1 > s+2), with each
transfer is a transfer of the first type is termed a back-
ward double 8 transfer of the first type or BD8TF s to s
—2 (respectively, s to s+2). A transfer consisting of four
consecutive transfers s>t +1 > s—1 > t+1 > s—2 (respec-
tively,s >t —1>s+ 1>t —1->s+2), with each transfer
is a transfer of the first type is called a I - jump transfer of
the first type or in brief 1IJTF s to s — 2 (respectively, s to
s+ 2). A transfer consisting of two successive transfers of
the first type s > t + 1 > s — 2 (respectively, s >t — 1 > s +
2), is called a 2 - jump transfer of the first type or in brief
2JTF sto s — 2 (respectively, s to s + 2). Figure 1 illustrates
these transfers.

(d) (e) ()

Figure 1. The graceful trees in (b), (¢), d), (e), and (f) are
obtained from the graceful tree in (a) by applying transfers
of the first type 31 > 1, the transfer of second type 31 >
3, BDSTF 31 to 29, 2JTF 31 to 29, and 1JTF 31 to 29,
respectively.

2.4 Lemma

&l0UT et fbe a graceful labelling of a graceful tree T, let s
and ¢ be the labels of two vertices of T. Let s be attached to
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a set A of vertices (or components) possessing the labels

nhr+1,r+2,.... r + u (different from the above vertex

labels), which satisfy (r + 1+i) + (r + u—i) = s + t,i 2 0

(respectively, (r + i)+(r+u—1-i) = s + t, i =2 0). Then the

following hold.

(a) On executing successive transfers of the first type s > ¢
S>s=1>t+1>s=-2>t+2>.... (respectively, s > ¢
>s+13t—-1>s4+42>t-2>....... ), an odd number of
elements from A remain at each vertex of the transfer,
and we obtain a new graceful tree.

(b) If A contains an even number of elements, then on
executing successive transfers of the second type s >
t>s—1>t+1->s-2>t+2>.....(respectively, s > t > s+1 >
t=1>s+2>t-2>....... ), an even number of elements
from A remain at each vertex of the transfer, and we
obtain a new graceful tree.

(c) By a BDS8TF s to t + 1 (respectively, t — 1), an even
number of elements from A remain ats, t, s — 1, and
t + 1 (respectively, s, t, s+1, and 1), and the rest get
transferred to s—2 (respectively, s+2). By a IJTF s to
s+1 (respectively, s-1), we an even number of elements
from A remain ats, s — 1, and t + 1 (respectively, s, s
+1,and ¢t — 1) and no component at ¢, and the rest get
transferred to s—2 (respectively, s+2). By a 2JTF s to t
+1 (respectively, t—1), an even number of components
remain at s and #+1 (respectively, £~1) and no compo-
nent at t and s—1 (respectively, t+1), and the rest get
transferred to s—2 (respectively, s+2). The resultant
tree formed in each of the above cases is graceful.

(d) Consider the transfer R:s > t>s—1>t+ 1> ... >....
(respectively, s > t>s+1>t—-1-> ... > ....), such
that R partitions as R: T, > T',, where T" | is sequence
of transfers in which the transfers are either the trans-
fers of the first type or the derived transfers and 7", is
a successive transfers of the second type. The tree T™
obtained from T on execution of the transfer R pos-
sesses a graceful labeling.

3. Results

Here for a given lobster L with g edges and the central
path H= x x x,.....x , we first construct a graceful tree

(caterpillar) G(L) as shown in Figures 2 and Figure 3.
Here we first make the transfer x, > x, > ....... >SX >X

followed by the transfer x _ >x >>x > ... >x2>xl

+

>x0>>q—- M (orm— 1 ) to move the labels incident
2 2
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on x, in G(L). Finally, we carry out the transfer g— m/2->

L N IR tvely, 2L
., — = — +1 > ... respectively,
2 71 2 pecvEY
m—1 m—1 m—1
q- “1> +1>g——— 2> ... >) and
2 2 2

move the labels incident on g — % (respectively, mT_ )

soasto getback L together with a graceful labeling. We use
the ideas involved in Lemmas 2.2 and 2.4 to give graceful
labeling to the lobsters of this paper starting from a cater-
pillar tree of the type in Figures 2 and Figure 3.

Figure 2. The tree G(L) corresponding to the lobster L for
the case m is even.

m-1

a- —5 -1
/ \3‘0 Xy Xz X3 Xm.1 X Xm+1
e & & -~ e ————®
\ _m-1  m-1 _om-1 -1 0 +1
\\./; 3 3 q 57 *1 5 -1 qa q
m-1

2

Figure 3. The tree G(L) corresponding to the lobster L for
the case m is odd.

3.1 Construction

We construct a class of lobsters with the central path
H = x,x,x,.....x, in which the vertex x, is attached

to an even number of odd branches and an odd number
of pendant branches and the path H\{x} partitions into
finite number of paths P, = X, t 1, X, 2, X,
1<i<mt =0t =m, such that the combinations of
branches incident on the vertices of Pi may have one of
the following features. Let n, and n, be integers, such that
Il<n <n <n

1. For 1 < i < n we have either (i) or (ii) as given
below.

(i) t, - t_, = 4 and the four vertices of P, may be attached
to any one among the block of combinations -

B :(e 0,¢),(e 0,e), (e 0, e),and (e, 0, e); B, : (e, 0, e),
(0,0,0),(0,0,0),and (e, 0, ¢), B,: (e, 0, ¢), (0, 0, ¢), (e, 0, 0),
and (e, 0, ¢), B,: (¢, 0, ¢), (¢, 0, ¢), (¢, 0, 0), and (e, 0, e), B, :
(e,0,¢),(0,0,¢e), (e 0,¢e),and (e 0, ¢), B, : (e, 0, e), (e, 0, 0),
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(e,0,0)and (e 0,e), B,: (e, 0, ¢), (0, 0, e), (0, 0, e), and (e,
0,e); B,: (e, 0,¢),(0,0,0), (e 0,0),and (e, 0, e); By: (e, 0,
e), (0,0, e), (0,0, 0), and (e, O,e), B, : (0, 0, ¢), (0, 0, e), (o,
0,e),and (0, 0, e); B, : (e, 0, 0), (e, 0, 0), (e, 0, 0), and (e, 0,
0),B,:(0,0,¢),(0,0,¢),(0,0,0),and (0,0, ), B, : (e, 0, 0),
(0,0, 0), (e, 0, 0), and (e, 0, 0), B, : (0, 0, ¢), (0, 0, 0), (0, 0,
0),and (o, 0, €); B, :(e, 0, 0), (0, 0, 0), (0, 0, 0), and (e, 0, 0).

(ii) t -t , is any integer and each vertex of P, is attached
to (0,0,0).

2.For n, + 1 <i < m, the combinations of branches inci-
dent on the vertices x, may be as given in (a) and (b) below.

(a) For n, + 1 < i < n  we have either (i) or (ii) as given
below.

(i) t-t_, =4 and the four vertices of P, may be attached
to any one among the block of combinations -

B :(e e 0), (e e 0), (e e 0),and (e ¢ 0); B',: (e ¢
0), (0, 0,0), (0,0, 0), and (e, ¢, 0); B', : (e, ¢, 0), (0, &, 0), (e,
0,0), and (e, e, 0); B', : (e, &, 0), (e, ¢, 0), (e, 0, 0), and (e,
e, 0); B'.: (e, € 0),(0,¢0), (e, e, 0),and (e, ¢, 0); B : (e, e,
0), (¢, 0,0), (e, 0, 0),,and (e, ¢, 0); B’ : (e, ¢, 0), (0, ¢, 0), (0,
e, 0),and (e, ¢, 0); B',: (e, ¢, 0), (0,0, 0), (¢, 0, 0), and (e, e,
0); B',: (e, e, 0), (0, ¢, 0),,(0, 0, 0), and (e, ¢, 0); B' ) : (0, &,
0), (0, e, 0), (0, &, 0), and (o, ¢, 0); B'H 1 (e, 0, €), (& 0,0), (e
0,0),and (e, o, e); B'12 : (0, ¢, 0),(0, &, 0), (0, 0,0), and (o, e,
0); B',: (e, 0,0), (0, 0,0), (¢, 0,0), and (e, 0, 0); B’ : (0, ¢,
0), (0, 0, 0), (0, 0,0), and (o, ¢, 0); B' . :(e, 0, 0), (0, 0, 0), (0,
0, 0), and (e, 0, 0).

(ii) ¢-¢,, is any integer and each vertex of P, is attached
to (o, 0, 0).

(b) For n, + 1 < i < m the branches incident on the
vertices x, may satisfy either (i) or (ii) as given below.

(i) t-t,, =4 and the four vertices of P, may be attached
to any one among the block of combinations - B”, :(e, 0,
0), (0,0, 0), (0, 0, 0), and (e, 0, 0); B”2 : (€,0,0), (0, 0, 0), (e,

0, 0), and (e, 0, 0); B, : (e, 0, 0), (e, 0, 0), (0, 0, 0), and (e,
0,0).B",: (0, 0, 0), (0, 0,0), (0, 0, 0), and (o, 0, 0).

(ii) £-t, is any integer and each vertex of P, is attached to
(e, 0,0).

3.2 Example

The lobster L in Figure 4 is a lobster of the type in
Construction 3.1. Here o, = 4; ¢, = 2; p =350, = 2; ¢ = 0;
p,=%40,=0¢=0p,=00,=0¢=0p,=00,=4%¢,
=0;p,=20,=3¢e,=0;p.=3;06=2;¢,=0p,=3;0,=0;
e,=0;p.=350,=2€,=0;p,=350,=2;¢,=0; py=5;0,, =
1;610:0;1)1021;0112 1‘;61122‘;1711:0;012:3;612:2;1)12
:0;013 = 3’ 613 = 0’ p13 = 0’ 014 = 1’ el4 = 2;p14 = 0’ 015 = 3’ elS
= l;pIS = 0’ 016 = 2’ e16 = 2;p16 :0;017 = 07 el7 = 4;p17 = O’ 018
=4;e19=0;p19=0;019=2;el9=2;p19=0;020=4;620=0;
p20:0;021:3;621:0;p21:0;022:3;622:0;p22:0;023:
5e,=0;p,=0;50, =3, =0;p,= 0. Thus, x, is attached
to (e, 0, 0), x, is attached to (e, 0, e), x, is attached to (0, 0,
0), x, is attached to (0, 0, 0), x, is attached to (e,0,e), x, is
attached to (o, 0, 0), x, is attached to (e, 0, 0), each 0fx7 is
attached to (0, 0, 0), each of x, and «x, is attached to (e, 0,
0), x,, is attached to (o, 0, 0), each of x, and x,, is attached
to (o, ¢, 0), x, is attached to (o, 0, 0), x,, is attached to (o,
e 0), X, is attached to (o, o, 0), X, 1s attached to (e, ¢, 0),
x,, is attached to (0, e, 0), x , is attached to (e, 0, 0), x,, is
attached to(e, ¢, 0), x,, is attached to (e, 0, 0), and each of

X and x,, is attached to (o, 0, 0).

21° x22’ x

23’

3.3 Theorem

The lobster L in Construction 3.1 is graceful.
Proof: Suppose that for i = 0,1,2,.....m, 0+ e+ p. = A , and

[E@)| =g N, :ioi » N, :iei’
i=0 i=0

Figure 4. A lobster of the type in construction 3.1.
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N P T
i=0 i=0

Next we proceed as per the following steps.

Step 1: We first form the graceful tree G(L) as shown
in Figures 2 and Figure 3 with |[E(G(L))| = q + 1, i.e. we
attach a new pendant vertex x _ to the vertex x , the
degree of each vertex x; 1 < i < m, is two, and x0 is
attached to q —m pendant vertices. We consider the fol-
lowing graceful labeling f of G (L).

If m is even:

m . m
——iL,v=x,,i=012,...—
2 2
m . . m
f(v)= q Y +1+i,v=1x,,,i= 0,1,2,....3
m m m
rr=—+L,—+2,.....9——
2 2 2
for theq —m pendant vertices adjacent b x,
If m is odd:
mol -, i=012,. "L
2 2
m—1 m+1
M L iv=x,,i=012.. """
FO) = q > i,V =2Xx,,,i >
r,r:L_l l,im 1+2, ...... ,qfim_lfl
2 2
for the q — m pendant vertices adjacent v x,

Let A be the set of all pendant vertices adjacent to x,
in G (L). The set A, can be written as A = {a, a, .........
aqrm}, where, for1 <i<q-m,

q—%l_l f m+15 odd

m+1
2

Further, the sums of consecutive elements of A are
alternately, g and g + 1 with a, + a, = flx) + flx)). By
Lemma 2.2, we form a new graceful tree by moving all the
vertices of A from x to x,.

Step 2: Observe that the set A and the labels of the ver-
tices x, and x, of the transfer T : x, > x> ........ >X X >
x, ., correspond to the set A and the vertex labels a and b

f m+15 even

of Lemma 2.4. We carry out the transfer T as a sequence
of transfers T — 7% — ... > T"" with T, 1 <

i < n, is the transfer

IA

X > e —>x,, T, =0forl<i

ti+1

n, define the set Ai as the set of labels obtained by deleting
the elements of A kept at P_, P, = {a . By the transfer
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Tl(i) we keep the required r, vertices on the vertices x; of
Pl,,whererj:ojforl <i< nzandforn2+ 1<i< n,rjisan
integer with 0 < r; < A, such that r, is odd if P, is attached
to the combination B”, or Case2(b)(ii) and r is even if P, is
attached to one among the combinations B”,, B”,and B"3.
The transfer Tl(i) ,1 < i < n may be one of the following.

Case I: If the combinations of branches incident on
. B> B,,B,,B,,B,,B", Case

1(ii); Case 2(a)(ii) and Case 2b(ii) then T,” consists of
t-t._, successive transfers of the first type.
Case II: If the combinations of branches incident on

B, B, B, and B"

Pi 1S any one among B

P, is any one among B,, B,, B_,B
then T consists of one BDSTE.

Case III: If the combinations of branches incident on
P isany oneamong B,, B, B,,B B’3, B’5, B'g, B’B and B"Z
then T,” consists of one 1JTE.

Case IV: If the combinations of branches incident on
P is any one among B,, B, B,B,, B, B'7, B’g, B'15, B”,
and B",then T,” consists of one 2JTF.

Since a transfer T, may be a sequence of the trans-
fers of the first type, a BD8TF, a 1JTF, or a 2JTF so each
transfer in T, is one among the transfer of first type,
BD8TE, 1JTE and 2JTE By Lemma 2.4, the resultant tree
thus formed is graceful.

11°

13’

Let A | be the set of vertex labels which are trans-
ferred to the vertex x , after the transfer T, described
above. Next make a transfer X, >x,ieq+t1>0 of the
first type bringing back each element of A to x and
remove the vertex x  and obtain a new graceful tree, say
G,

Step 3: Next consider the transfer, T: x > x >

b S > x, > x,. The labels of the vertices x and

x,,and the set A  satisfy the hypothesis of Lemma
2.4. We partition the transfer T, : T\ — T,”) —
T > .. — T, and carry out the transfer T, by

successively carrying out the transfers 7’ 2(1) T 2(2) T. 2(")
in order, where for i = 1, 2,......., n, 1. 2(5) is the transfer

X, o >X, P e —>X —>Xx, .Forl <i
n-1 =1+1 n—i

-1t

< n, define the set A as the set of labels obtained by

n+i+l

deleting the elements of A _keptat P . . By the transfer

T we keep the required A; =7} vertices on the ver-
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tices x; of P The transfer T z(i) ; 1 < i < nmay be one of

the following.

Case I: If the combinations of branches incident on
P .., is any one among B B .B . Casel(ii); Case 2(a)
(ii), and Case 2b(ii) then T,” consists of t-t_ successive
transfers of the first type.

Case II: If the combinations of branches incident on

.., is any one among B,, B,, B,,B,, B',, B, B\, B',

B" B',,B' and B" then T,” consists of one BDSTFE.

Case III: If the combinations of branches incident on

1
1312’

p

'
10°

P . isanyone among B,, B,, BQ,B'3, B'4, B'g, B
and B’ then T, consists of one 1JTF.
Case IV: If the combinations of branches incident on

. ! r r ” "
P . isanyoneamong B, B, B,, B',, B\, B',, B",and B",

then T,” consists of one 2JTE.

Since a transfer T,” may be a sequence of the transfers
of the first type, a BDSTFE a 1JTF, or a 2]JTF so each trans-
fer in T, is one among the transfer of first type, BDSTE
1JTE and 2JTE By Lemma 2.4, the resultant tree thus
formed, say G,, thus formed is graceful.

Step 4: A, is the set of vertices transferred to the

2n+1

vertex x, in step 3. The setis A,  of the form A, =

{az(k_%)ﬂﬁaz(k_%)ﬂ, ,aq_m} Now carry out the

transfer x| > a, of the first type keeping p, vertices from
A
2n+1

vertices to a,. The resultant tree thus formed; say G, is
graceful by Lemma 2.4.

and transferring the set say C, of the remaining

Step 5: Next we carry out the transfer T, : a, > a, > a,

> a, where s 22’1/ .

J=1

Observe that the way we have carried out the transfers
T, and T, in Steps 2 and 3, the first N, labels of T are the
centers of the odd branches incident on H, the next N,
labels are the centers of the even branches incident on H.

304 305

298

299 18 297

301

302

2

Figure 6. The graceful tree obtained after step 3.

The set C, and the transfer T, satisfy the hypothesis
of Lemma 2.4. The transfer T, consists of N, successive

298
297

292

290 271
289 269 7
38 35 39 34 81 32 334 42 30
5
278 @
276 280 e % 555 40 36 274 282 505 o5 284

Figure 7. The graceful tree obtained after step 4.
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Figure 8. The Lobster L with a graceful labelling.

transfers of the first type, followed by N, —1 successive
transfers of the second type so as to get the desired lobster
L. By Lemma 2.4, the lobster L thus obtained is graceful.

Example: The lobster L in Example 3.2 (Figure 4) is a
lobster of the type in Theorem 3.3. Here q = 314. We first
form the graceful tree G(L) as in Figure 5. Figure 6 repre-
sents the tree obtained after step 3. Figure 7 represents the
tree obtained after step 4. Figure 8 represents the lobster L
with a graceful labeling after step 6.

3.4 Construction

We construct a class of lobsters with the central path H =
X, X, X,......x, in which the vertex x_ is attached to an even

number of odd branches and an odd number of pendant
branches and the path H\{x } partitions into finite num-
ber of paths P, = x x, 1<ismt =0t =
m, such that the combinations of branches incident on the
vertices of P, may have one of the following features. Let
n, and n, be integers, such that 1 < n <n,<n

1. For 1 < i < n, the combinations or block of com-
binations of branches incident on P, are same as in (1) in
Construction 3.1.

2.Forn +1<

X

[ARES EETANS ETLIRRES B

i < m , the combinations of branches
incident on the vertices x, may be as given in (a) and (b)
below.

Vol 10 (6) | February 2017 | www.indjst.org

(a) For n, + 1 < i < n,, the combinations or block of
combinations of branches incident on P, are same as in (2
(a)) in Construction 3.1.

(b) Forn, +1<i<

vertices x, may be as either in (i) or (ii) given below.

m the branches incident on the

(i) t, - t_, = 4 and the four vertices of P, may be attached
to any one among the bock of combinations combination
- B/ :(0, ¢, 0), (0, 0,0), (0,0, 0),and (0, ¢, 0); B, : (0, e,
0), (0, 0, 0), (0, &, 0), and (0, ¢, 0); B : (0, & 0), (0, ¢, 0),
(0,0,0), and (0, ¢, 0). B, : (0, 0, 0), (0, 0, 0), (0, 0, 0), and
(0, 0, 0);

(ii) ¢, - t_, isany integer and each vertex of P, is attached
to (0, e, 0).

3.5 Theorem

The lobster L in Construction 3.4 is graceful.
Proof: Suppose that for i =1,2,3,....m, 0, + ¢, + p, =
and |E(L)| = g;

A,

Nme:(ol-)J\’fi(e,-),l\;:i(pi).Leti(,ii) =k,

Next we proceed as per the following steps.
Step 1: Repeat Steps 1 to 5 in the proof of Theorem
33.2
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3.6 Construction

We construct a class of lobsters with the central path
H=x,x x,...x,  inwhich the vertex x_ is attached

to an even number of odd branches and an odd number
of pendant branches and the path H\{x} partitions into

finite number of paths P, = x X X, ,1<i

PINCTR ZENTSRR ,
< n such that the combinations of branches incident on
the vertices of P, may have one of the following features.
Let n, and n, be integers, such that 1 <n <n, <n.

1. For 1 < i < n, the combinations or block of com-
binations of branches incident on P, are same as in (1) in
Construction 3.1.

2. For n +1 < i < m, the combinations of branches inci-
dent on the vertices x, may be as given in (a) and (b) below.

B’ :(0,¢¢), (0, ¢ ¢e), (0, ¢ e),and (0, ¢, e); B),: (0, ¢,
e), (0, 0, 0), (0,0, 0), and (0, ¢, e); B'3 :(0, ¢ ¢), (0,0, e), (0,
e, 0),and (0, e e); B',: (0, ¢ €), (0, ¢ ¢), (0, ¢, 0), and (0, ¢,
e); B.:(0,¢¢),(0,0,¢e),(0, ¢ ¢e),and (0, ¢, e); B, : (0, ¢, ¢),
(0, ¢, 0), (0, e, 0),,and (0, e, e); B, : (0, ¢, e), (0, 0, e), (0, 0,
e),and (0, ¢, e); B’8 :(0, ¢, ), (0,0,0), (0, ¢, 0), and (0, ¢, e);
B): (0, ¢ ¢), (0,0, €),(0, 0, 0), and (0, ¢, €); B, : (0, 0, ),
(0,0, ¢),(0, 0, €),and (0, 0, €); B',, : (0, ¢, 0), (0, ¢, 0), (0, ¢,
0), and (0, ¢, 0); B, : (0, o, ¢),(0, 0, ¢), (0, 0, 0), and (0, o,
e); B',:(0, ¢ 0),(0,0,0),(0, ¢ 0),and (0, e, 0); B', : (0, 0,
e), (0, 0,0), (0, 0, 0), and (0, o, €); B, :(0, e, 0), (0, 0, 0), (0,
0, 0), and (0, e, 0);

(i) ¢, - t_, is any integer and each vertex of P, is attached
to (0, o, 0).

(b) For n, + 1 < i < n, the combinations or block of
combinations of branches incident on Pi are same as in (2
(b)) in Construction 3.4.

3.7 Theorem

The lobster L in Construction 3.6 is graceful.
Proof: Suppose that for i = 0,1,2,....m, 0, + e,+ p, = A,
and |E(L)| = g;

N,=2 (0 N2 D (€):N, =D () Let 3 (4) = k.
i=0 i=0 i=0 i=0

Next we proceed as per the following steps.

Step 1: Repeat Step 1 in the proof of Theorem 3.3.

Step 2: Observe that the set A and the labels of the ver-
tices x, and x, of the transfer T : x> x,> ....... >X X >
x_, correspond to the set A and the vertex labels a and b

of Lemma 2.4. We carry out the transfer T, as a sequence

B ¢ | Voo (6) | February 2017 | www.indjst.org

of transfers 7' — T,* — ... — T with TV 1<

i <nisthetransfer x  —5x .. x> =0
i-1 i-1 i

for 1 < i < n, define the set Ai as the set of labels obtained
by deleting the elements of A_ keptat P_, P = {a /.

By the transfer T,” we keep the required r, vertices
on the vertices X, of P, where =0, forl <ic< n, 7,
=ej,forn1+ 1<i<n,andforn +1 SiSn,rjisan
integer with 0 < r, < A, such that r, is odd if P, is attached
to the combination B”, or Case2(b)(ii) and T is even if P,
is attached to one among the combinations B”, B", and

B", The transfer

T?1<i< nissameasin Step 2 in the proof involving
Theorem 3.3.

Since a transfer T, may be a sequence of the transfers
of the first type, a BD8TF, a 1JTF, or a 2] TF so each trans-
fer in T, is one among the transfer of first type, BDSTE
1JTE, and 2JTE By Lemma 2.4, the resultant tree thus
formed is graceful. Let An+1 be the set of vertex labels
which are transferred to the vertex x _ after the transfer
T, described above. Next make a transfer X, >Xx,ieq
+ 1 —> 0 of the first type bringing back each element of
A ., to x and remove the vertex x  and obtain a new
graceful tree, say G,.

Repeat Steps 3 to 5 in the proof involving Theorem 3.3
so as to get a graceful labeling of L. 2
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