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Abstract

Objectives: To identify the entanglements of arbitrary two-qubit quantum channels and the capabilities to realise quantum
teleportation. Methods: The implementation of Schmidt de composition and measurements of quantum system state are
equiped in this research. Findings: By constructing the general form of an arbitrary two qubit and measurement state,
we able to determine an entanglement of an arbitrary two qubit by utilising Schmidt decomposition. Next, a capability of
an arbitrary two qubit entangled state to realise teleportation can be identified by formulating measurement state and
unitary operator. Improvement: The methods used in this paper have relatively simple calculations and very beneficial to
be implement before developing quantum teleportation system experimentally.
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1. Introduction

The emergence of quantum teleportation in 1993 pro-
posed leads to perseverance to perform research on
this topic theoretically and experimentally.! Introduced
quantum teleportation of an arbitrary a qubit using an
entangled state of Einstein-Podolsky-Rosen (EPR) pair.
In experimental aspect, several exceptional experimen-
tal implementations of quantum teleportation have been
exhibited both in laboratory and in free space.>* On the
other side, there is a continuation of research theoretic
call yon quantum teleportation. One of interesting topics
on quantum teleportation is entangled state. Have suc-
cessfully formulated two-qubit quantum teleportation
system by delivering the requirements of a realisation
of teleportation. Moreover, identify a quantum channel
whether is able to realise teleportation or not by calcu-
lating its determinant of transformation operator. Next,
if the determinant of operator is zero, then quantum tel-
eportation cannot be realised.” A year later, showed the

*Author for correspondence

relation between the determinant of transformation oper-
ator and SLOCC (stochastic local operation and classical
communication) invariant also can be used to determine
the capability of quantum channels to realise quantum
teleportation.® Recently, investigated quantum teleporta-
tion single qubit with Werner-like state as a resource in
2014 to continue their previous results on quantum tele-
portation of single-qubit pure state using non-maximally
entangled pure state.?

However, in the case of teleportation of single-qubit
pure state still remains an area that could be explored.
This is because the realisation of quantum teleportation
also depends on entangled state which is used as quan-
tum channel. In this paper, we report entangled states that
are able and not able to realise quantum teleportation. We
deployed Schmidt Decomposition to define the entangle-
ments of quantum channels. Furthermore, we determine
the capability of quantum channels to realise quantum
teleportation by using particular measurements which we
have prepared.
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2. Single-Qubit Teleportation
through EPR States

Suppose Alice delivers information Bob in the form of
unknown single-quit state (particle 1)

L}, = al0), + bl1),, (1)
where
lal* + |B]* = 1. (2)

Generally, the information | ¥ } is sent to Bob by sharing one
of entangled state EPR pairs/Bell states (particle 2 and 3)
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(3)
where subscript 1, 2, and 3 in Equation (1) and (3) denote
the possessor of particle. It means particle 1 in | y) belongs
to Alice and particle 2 and 3 in |@™} are possessed by
Alice and Bob. In order to show a process of quantum
teleportation, it is beneficial to put one of EPR states to be
a quantum channel, for example, we have selected 33 )
in Equation (3).

Theoretically, the system state of three particles is

Plr}iza = lxh @ @)
=2 (al001) + b|101) + al010) + b[110)) (4)

By combining Alice’s state and the quantum channel
yields annihilation of initial state of Alice which means
this teleportation system is in accordance with the mini-
mum requirement of quantum teleportation system, i.e.
non-cloning theorem.!

Next, Alice employs a measurement on the system
state by interacting with another quantum state, for
example one of EPR state listed in Equation (3).

To show a calculation of measurement on the system
state (3), we selected |@23 ) to measure the system and to
be symbolised as

|7} =%(|nn}+|11}3. (5)

The mechanism to teleport the information to Bob is

[{ﬂ:l @ Ijlw}igg = {ﬂ-’lw}ig @ Ilw}g- (6)
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Obviously, quantum state that received by Bob is
1
[P = 2(al1) + blo)), )

That is not completely the same as initial state in Equation
(1). The consequence of this is we have to implement a
suitable unitary operator to reconstruct quantum state in
Equation (7) to be exactly the same as Equation (1).The
appropriate unitary operator is 2g,, where @ is selected
Pauli matrix. By applying 2, to Equation (7), we have

[¥); = 20,7 (al1) +b]0)) = (al0) + BI1)); (8)

Eventually, Bob receives the quantum state that is the
same as initial state sent by Alice.

For other EPR pairs in Equation (3) aplied as a mea-
surement, the related unitary operators implemented to
Bob’s quantum states are

- For measurement |7} = ¢35,

() = 20,0, (al1) — b|0)); = (al0} + bI1)),
- For measurement |z) = 3, ,

()5 = 213 (al0) + b|1)) = (al0) + bl1)),

- For measurement |7} = @25,

[ = 20, 2 (al0) — b 1)) = (al0) + b|1)), 9)

where
I'= (; 2} Oy = {2 3} 10y = {? _oi} .0 = (; —01)
(10)

By implementing one of the unitary operators in Equation
(9) for selected measurement, Bob obtain particle 3 which
is really the same as initial state delivered by Alice.

3. Quantum Channel and
Measurement using Two-Qubit
in General Form

A realisation of quantum teleportation depends on deliv-
ered quantum state, quantum channel, and measurement
performed by sender (Alice). If Alice send single-qubit in
Equation (1) and we arrange general form of two-qubit
quantum channel

l@) 5 = €,l00) + €,101) + €,110) + ¢5|11) (11)

and general formulation of measurement
Im) = myl00) + my101) + m, |10} + my|11) (12)

We have the general form of system state is
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') = lx)s ® l@das
= x,¢,1000) + x,46, 1001} + x,6,]010) + x,0,[011)

+a,6,1100) + 2,04 [101) + x,0,|110) + 2465|111}
(13)
Next, we perform Alice’s measurement by interacting
Equation (13) with ({m| @ I} of Equation (12) to eliminate
particle 1 and 2. As a result, Bob receives the information
from particle 3

lx s = (mpxy+ max )egl0dy + 411330 + (myxy +mgxy)
(c210%3 + c51)5)- (14)

Finally, we applies a unitary operator according to Alice’s
measurement to rebuilt Equation (14) to be the same as
Alice’s state that have delivered.

4. Arbritary Two-Qubit Quantum
Channel and Measurement

In the previous example, we used EPR pair to represent
quantum channel and measurement. It does not require
work to prove the entanglement of quantum channel and
measurement because EPR pairs are proven to be entan-
gled state and able to realise quantum teleportation.

On the other hand, the using of an arbitrary two-qubit
demands methods to verify that an arbitrary two-qubit
is entangled state or not. Moreover, although an arbi-
trary two qubit is entangled state, it requires calculation
to verify its capability to realise quantum teleportation.
We employ Schmidt decomposition to identify an entan-
glement of an arbitrary two-qubit quantum channel.*®
Consecutively, for an entangled two-qubit need to be
authenticate its capability to realise quantum teleporta-
tion by formulating two-qubit measurement. If there is
no suitable measurement, then the entangled two-qubit is
not able to realise quantum teleportation.

Next, we provide the calculations to show the process
of two-qubit entaglement validations and to determine
appropriate measurements for verifiable entangled states.
For first example, suppose we have quantum channel

o) = 2 (100) + |11)) (15)

that will be verified whether it is entangled state or not.
We use Schmidt decomposition to examine the entangle-
ment. According to Schmidt decomposition, coefficients
of Equation (15) form a matrix'®!
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. (—— “), (16)
0 0

CTC=(1 0}. (17)

Now, the eigen value of Equation (17) is equal to zero
|cTc - I.1| =0

|1EA —0,1| =0

—A(1—-4) =0

Now, we have two result of 4, i.e. 4, =1 and 4; = 0. Asa
result, the matrix of the eigen values of cTc is

—{v1 0
A= (No 0) (18)
Based on Schmidt decomposition, if the number of non-
zero diagonal components is greater than one, then the
quantum channel is entangled. On the other hand, if the
number of non-zero diagonal components is only one,
then the quantum channel is separable. As a consequence,
we terminate the calculation.

Next example, we employ quantum channel as follows

|g::-=§(|oo)+lo1)+I10)—|11)) (19)
Similar as the previous example,

(1 1y 4+ _1/1 0

c—{l _1},0 C_Z{IJ 1), (20)
|cTc—L1| =0

05—4 0 _

| 0 0.5—,1|_'J

(05— 2% =0

1 . .
Then we have 1, = 1, = - which form a matrix

A= ) (21)
0 =
V2
Equation (21) reveals that the quantum channel is entan-
gled, because the number of non-zero diagonal coefficients
is greater than one. It means the next process, which is the
verification to determine wheter the quantum channel can
realise teleportation or not, need to be executed. From Eq.
(19),wehavecs =¢; = ¢; = —¢3 = % By utilising Equation
(11),(12), (13) and (14) form, = m, = m, = —my =  we
obtain the quantum state possesed by Bob as follows

lx"s = i(xow} +x,]1)) = a5(x10) + x4 ]1)) (22)
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Eventually, we prove that the quantum channel in Equation
(19) is able to realise quantum teleportation because there
is a appropriate measurement to recontruct Equation (22)
to be the same as Equation (1) by operating a unitary
operator gz. Obviously, from Equation (22) we can deter-
mine the associate unitary operator in the form of

oy = 21 (23)
Next, let a quantum channel
l@) = 0.5|00) + 0.5|01) + 0.7|10) + 0.1|11). (24)
Similar as the previous example,

_ (05 05\ ; _1/074 032y (25)
=07 o1)ete=? (032 036)
|CTC - Lll =0

074 -4 0.32
0.32 026 — 4

A*—4+009=0.
Then we have 4; = 0.9 and A = 0.1 which form a matrix

A= (»? \%) (26)

|=o0

Equation (26) indicates that the quantum channel is
entangled, because the number of non-zero diagonal coef-
ficients is greater than one. Now, we determine wheter the
quantum channel can realise teleportation or not. From
Equation (19),wehavec, = 0.5,¢; = 0.5,¢, = 0.7,¢; = 0.1
. By utilising Equation (11), (12), (13) and (14) for
My =My = My = —My = %, we obtain the quantum state
possesed by Bob as follows

l¥'}s = 0.6x,]0) + 0.3x,]1) — 0.2x,]0) — 0.1x, [1)
= (0.6x, — 0.2x,}|0} + (0.3x, — 0.1x,[1), (27)

Unfortunately, Equation (22) state that quantum channel in
this example is not able to realise teleportation because there
is no unitary operator can transform this equation to be the
same as Equation (1). The reason of this is that no measure-
ment state is able to form |¥"}5 to the form of Equation (1).

5. Conclusion

The methods of identifying an entanglement of an arbi-
trary two qubit and its capability to realise teleportation
is applied. By examining from the general form of an
arbitrary two qubit and measurement state, we have suc-
cessfully to determine an entanglement of an arbitrary
two qubit by utilising Schmidt decomposition. Next,
a capability of an arbitrary two qubit entangled state to

B ¢4 | Voo (43) | November 2017 | www.indjst.org

realise teleportation can be identified by formulating
measurement state and unitary operator. If there is no
measurement and unitary operator is able to transform
measured quantum state, then the entangled state that is
used as quantum channel is not able to realise quantum
teleportation, and vice versa. Finally, we provide obvious
examples to show the calculations.
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